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PREFACE. 


I T has now come to be generally recognized that the 
most satisfactory method of teaching the Natural 
Sciences is by experiments which can be performed by 
the learners themselves In consequence many teachers 
have arranged for their pupils courses of practical instruc- 
tion designed to illustrate the fundamental principles of 
the subject they teach The portions of the following 
book designated Experiments have for the most part 
been in use for some time as a Practical Course for 
Medical Students at the Cavendish Laboratory. 

The rest of the book contains the explanation of the 
theory of those experiments, and an account of the deduc- 
tions from them. This part has grown out of my lectures 
to the same class. It has been my object m the lectures 
to avoid elaborate apparatus and to make the whole as 
simple as possible Most of the lecture experiments are 
pei formed with the apparatus which is afterwards used 
by the class, and whenever it can be done the theoretical 
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consequences are deduced from the results of these 
experiments 

In order to deal with classes of considerable size it is 
necessary to multiply the apparatus to a large extent The 
students usually work m pairs and each pan has a separate 
table On this table are placed all the apparatus for the 
experiments which are to be perfoimed. Thus for a class 
of 20 there would be 10 tables and 10 specimens of each 
of the pieces of apparatus With some of the more elabo- 
rate experiments this plan is not possible For them the 
class is taken in groups of five or six, the demonstrator m 
charge performs the necessary operations and makes the 
observations, the class work out the results for themselves 

It is with the hope of extendmg some such system 
as this in Colleges and Schools that I have undertaken 
the publication of the present book and others of the 
Senes My own experience has shewn the advantages of 
such a plan, and I know that that expenence is shared by 
other teachers The practical work interests the student 
The apparatus required is simple , much of it might be 
made with a little assistance by the pupils themselves 
Any good-sized room will serve as the Laboratoiy Gas 
should be laid on to each table, and theie should be a 
convenient water supply accessible , no other special pre- 
paration is necessaiy 

The plan of the book will, I hope, be sufficiently cleai , 
the subject-mattei of the vanous Sections is indicated by 
the headings in Clarendon type , the Experiments to be 
performed by the pupils are shewn thus 

Experiment (1) To explain the use of a Vernier and 
to determine the number of centimeti es m half a yard. 
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These are numbered consecutively. Occasionally an 
account of additional experiments, to be performed with 
the same apparatus, is added m small type Besides 
this the smnll-tj T pe articles contain some numerical exam- 
ples worked out, and, in manj r cases, a notice of the 
principal sources of eiror m the experiments, with indica- 
tions of the method of making the necessary conections. 
These latter poi fcions may often with advantage be omitted 
on first reading. Articles or Chapters of a more advanced 
character, which may also at first be omitted, are marked 
with an asterisk 

I have found it convenient when arranging my own 
classes to begin with a few simple measurements of 
length, surface, volume and the like These are given 
in Chaptei I. 

The tuo following chapters deal with Kinematics and 
treat the subject in the usual method 

When questions dealing with Momentum, Force, and 
Energy come to be considered two courses at least are 
open to the teacher It is possible to make the whole 
subject purely deductive; we may start with some de- 
finitions and axioms — laws of motion, either as Newton 
gave them, 01 m some modem dress — and from these 
laws may deduce the behavioui of bodies under various 
circumstances 

Another and moie instructive method, it seems to 
me, is to attempt to follow the track of the founders of 
Mechanics, to examine the circumstances of the motion 
of bodies m certain simple cases in the endeavour to dis- 
coier the laws to which they aie subject This method 
has been followed m Ohapteis IV. and V. I have made 
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free use of a piece of apparatus — the ballistic balance- 
devised by Professor Hicks of Sheffield, and by its aid 
the student is led to realize the importance of mo- 
mentum in dynamics and to study the transference of 
this quantity fiom one body to another The rate at 
which momentum is transferred is then considered (Chap- 
ter v) and a name — Force — is given to the rate of 
transference It is shewn that in many cases the rate of 
change of momentum is constant, while otheis are re- 
ferred to in which the rate of change of momentum 
depends only on the position of the body. Experiments 
are described to prove that in a given locality all bodies 
fall with the same uniform acceleration 

It is then shewn that with Atwood’s machine, when 
the nder is on, the weights move with uniform accelera- 
tion , and hence the kmematical formulae obtained earlier 
in the book relating to the motion of a particle moving 
with uniform acceleration are verified by experiment , the 
connexion between the mass moved, the acceleiation and 
the weight of the nder is also investigated 

Some idea of the Ians of motion in a simple case 
having been thus obtained from observation and expen- 
ment, Newton’s Laws of Motion are enunciated m 
Chapter vi and then consequences aie deduced m the 
oidmary way Some portions of the preceding chapters 
are of necessity repeated by this method of procedure, 
which may have other disadvantages as well These I 
hope aie counter-balanced by the gam lesultmg from a 
more intelligent appreciation of the subject on the part of 
the learner 

Mechanics is too often taught as a branch of puie 
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mathematics. If the student can he led up to see in 
its fundamental principles a development of the conse- 
quences of measurements he has made himself, his interest 
m his work is at once aroused, he is taught to think 
about the physical meaning of the various steps he takes 
and not merely to employ certain rules and formula in 
order to solve a problem. 

Chapter vni. deals with the third law of motion and 
the principle of energy ; while in the succeeding chapters 
other problems are discussed. 

The Second Part of the book deals with Statics 
I believe it to be desirable that a student should 
commence the study of Mechanics with Kinematics and 
Kinetics, and have therefore arranged the book on this 
plan At the same time it will, I hope, be found that 
the Statics is m great measure independent of the other 
part of the subject, though at the cost of some repetition. 
It will be possible therefore for a teacher to take it before 
the Kinematics 

In the Third Part some of the simple experimental 
laws of Hydrostatics are discussed and explained. 

The book has grown considerably beyond the limits of 
my lectures, though it is by no means a complete treatise 
on Elementary Mechanics; still I hope it may prove 
useful as an introduction to the subject 

I have to thank many friends for help Mr Wilber- 
force and Mr Fitzpatrick have assisted in arranging and 
devising many of the experiments. Mr Fitzpatrick has 
also read all the proofs Dr Ward’s suggestions in many 
parts of Chapters IV., v, vi and vn. have been of the 
highest value My pupil, Mr G G Schott of Trinity 
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College, collected for me many of the Examples, while 
Mr Green of Sidney College has most kindly worked 
through all the Examples and furnished me with the 
answers 

The illustrations have for the most part been drawn by 
Mr Hayles from the apparatus used m the class 

R. T. GLAZEBROOK. 


Cavendish Labobatobv. 
January, 1895 
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CHAPTER I. 

FUNDAMENTAL QUANTITIES METHODS OF MEASUREMENT 

1. Mechanics and its signification. Mechanics is 
Refined by KirchhofF as tlie Science of Motion Its object 
is to describe the kinds of motion which occur m !Natuie 
completely and in the simplest mannei 

Motion is change of position, that winch moves is known 
as “ Matter ” 

For the complete apprehension of Mechanics the ideas 
of Space, Time and Mass are necessaiy and sufficient 

To these fundamental notions the idea of Force depend- 
ing on the mutual action of bodies is subsidiary. 

It will be our first step to consider in some detail the 
various quantities with which we have to deal and the 
methods wo employ to measuie them 

2. Units of Measurement. Any Quantity is of 
necessity measured in terms of a unit of its own kind , thus 
we measure the distance betwoen two points m miles oi feet, 
centimetres or inches, the area of a field m square yards 
oi square metres, the mass of a lump of stone in tons or 
kilogrammes, the time between two events in hours or seconds 
We shall thus have to consider, fiistly, what are the units 
in terms of which the various quantities which occui m 
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Mechanics are to be measured, and, secondly, how we shall 
compare the quantities with these units 

Thus, for example, when it is stated that the distance 
between two fixed points is three feet, it is implied that 
a cer tain unit of length called a “foot” has been adopted 
and that three of these placed end to end exactly cover the 
distance 


3. Fundamental Quantities m Mechanics. The 

three fundamental quantities in Mechanics in terms of which 
other quantities which may occui can be measured aie, 
Length, Time and Mass. 

4. The Unit of Length. The umt of length generally 
used in England is the Yard. 

Other measures of length, the inch, foot, fathom, mile, etc 
are submultiples or multiples of the yard, and can be expressed 
in terms of it , 

The Yard is defined by Act of Parliament 1 as follows 
“The straight line or distance between the centies of the 
transverse lines on the two gold plugs m the bronze bar de- 
posited m the office of the Exchequer shall be the genuine 
standard yard at 62° Fahrenheit, and if lost it shall be re- 
placed by its copies ” 

In accordance with the Weights and Measures Act of 1878 the 
British Standards are now kept at the Standards’ Office of the Board of 
Trade at Westminster The copies referred to above are those preserved 
at the Royal Mmt, the Royal Sooiety, the Royal Observatory, and the 
Houses of Parliament 

Another umt of length which is authorized by Act of 
Parliament in England is the Metre. 

This was defined by a law of the French Pepubhc in 1795 
to be the distance between the ends of a rod of platinum 
made by Borda, the temperature of the rod being that of 
melting ice At this date the distance between the pole and 
the equator along a certain mendian arc of the Earth’s surface 


1 18 and 19 Viet cap 72, July 30, 1855, 
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had recently been measured by Delambre, and it was supposed 
that Borda’s platinum rod represented one ten-milhonth of 
this distance 

Further research has shewn that this is not exactly the 
case, and thus the metric standard of length is not the ter- 
restrial globe but Borda’s platinum rod 

The divisions of the metre are decimal Thus 
10 Decimetres = 1 Metre 
10 Centimetres = 1 Decimetre 
10 Millimetres = 1 Cenhmetie 


It is this fact and not the actual length which gives the 
metric system its value for scientific measurements In such 
measurements the unit of length is now almost invariably the 
Centimetre, that is to say, it is one-hundredth part of the 
length of Boida’s platinum rod when at the temperature of 
melting ice 


The relation between these two standards, the yard and 
the metre, has been the subject of very careful investigation 
According to the most recent measurements it has been found 
that 

1 metre = 1 09362 yards 


Hence 


= 39 37079 inches 
1 inch = 0 0253995 metre 


= 2 53995 centimetres 


In this book we shall adopt the Centimetre as the unit 
of length 


5. Methods of measuring Lengths. The measure- 
ment of a length consists in the determination of the number 
of centimetres and fractions of a centimetre which are con- 
tained in it, and the method to be adopted in making the 
measurement will depend to some extent on the magnitude 
of the length , different methods would be required to measure 
a fraction of a centimetre or many kilometres Some of the 
methods used m measuring small lengths will be given later 
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6. Measurement of Area and of Volume. The 

units of area and of volume depend directly on that of length, 
they are respectively a square whose side is one centimetre, 
nnrl a cube whose edge is one centametie in measuring an 
area we determine the number of square centimetres it con- 
tains, in measuring a volume we find tho number of cubic 
centimetres in it The volume of 1000 cubic centimetres is 
called a Litre, and is often employed as a unit of volume 


7. Experiments on Measurement of Length, 
Area and Volume. 

Experiment 1 To explain the use of a veimci and de- 
termine the number of centimetres in half a yat d 

You are given a rod half a yard long and a metre scale 
divided to centimetres The scale has a vermei attached 
This is another shoit loose scale which has ten divisions 
marked on it On laying this along the metre scale it will 
be found (as in Eig 1) that these ten divisions occupy the 



same length as nine divisions of the scale ' Each division 
is therefore ^ of a division of the scale, so that one division 
of the vernier is less than one of the scale by of a scale 
division, that is, in tins case, by 1 millimetre Place the rod 
so that one end comcides exactly with the end division of 
the scale, and place the vernier along the scale so that its 
end division, marked by an anow, comcides with the other 
end of the rod This division will probably not come opposite 
to a division of the scale Suppose it falls between two, say 
46 and 47 The rod is between 46 and 47 centimetres long 
The vernier enables us to measure the exact length more 
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ncaily , foi on looking along the vernier it "will be seen that 
its divisions and those of the scale get more and more nearly 
coincident until some division of the vernier, say the eighth, 
coincides almost exactly with one of the scale Let us count 
back fiorn tins to the arrow-head or division 0 of the veiniei, 
lemembcnng that a vernier division is 1 mm less than a scale 
division The distance between 7 of the vernier and the 
coi responding scale division is 1 mm , between 6 and the 
scale division 2 mm , and so on, so that the distance between 0 
and the scale dnision, -which we have supposed to be 46, is 
S mm The rod is theiefore 46 8 cm long Had the coinci- 
dence of vernier and scale been at 5 or 6 the rod would have 
been 40 5 or 46 6 cm. We have raeicly to note the division 
of the vernier which coincides with a scale division and re- 
member that m tins case, when 10 vernier divisions comcide 
■with 9 scale divisions, the divisions of the verrnei enable us 
to read to tenths of the scale divisions Other examples of 
the vernier should bo studied, such as one m which twenty 
divisions correspond to nineteen of the scale, which therefore 
leads to twentieths of a scale division 

Experiment 2 To find the circumference of a cucufai 
disc and so to xcnfij the formula Circumference = 2ir x Radius 
ichae 7t stands for 3J- appi oximutcly 

Measure the diameter of the disc by laying it on a finely 
divided scale, or better by the use of the cahpeis (Eig 2) — a 



pair of calipers for the puipose can be constructed out of a 
draughtsman's T-square and set square A scale is xnatked 
along the straight edge of the T-square and a vernier on the 
set square. Lay the T-square on the table and place the 
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disc so as to touch both the stiaight edge and the cross piece 
of the square Place the set square against the straight 
edge and slide it along until it touches the disc Since 
now both the cross piece of the T-square and one edge of 
the set squaie are at right angles to the straight edge 
of the former the distance between these two as measured 
along the scale and vernier will give the diameter of the 
disc To find the circumference, make a mark with a 
pencil, or otherwise, on the edge of the disc, and place 
this in contact with the zero of a finely divided scale, then 
roll the disc along the scale, taking care that it does not slide, 
until the mark again comes in contact with a division of the 
scale Note this division The distance between thiB division 
and the zero of the scale is equal to the circumference of the 
disc Repeat the observations to secure accuracy It will be 
found that the ratio of the cncumference to the radius is 
approximately equal to 2x^2. This ratio is usually denoted 
by 2ir Thus v = approximately 

Experiment 3 To find the area of a cii cle and to verify 
the formula Area = mr, where r denotes the i advus of the circle 

You are given a sheet of paper divided by two senes of 
parallel lines at nght angles to each other into a number of 
small squares The distance between any two consecutive 
lines is -j— inch, so that each squaie has an aiea of 01 sq inch 
Draw on this a circle of some 3 or 4 inches diameter and 
measure the diameter. The circle will enclose a large number 
of complete squares Count these up and reckon their area 
The circumference will also intersect a number of squares 
Estimate for such intersected squaies the total area which 
lies within the circle Thus the area of the cncle can be 
found approximately and the formula verified This method 
can be applied to any other figure 

Experiment 4 To find the volume of a sphere and to 
verify the formula Volume = ^irr 3 , where r is the radius of the 
sphere 
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Measure the diameter of the sphere by the calipers and 
hence find its radius Place 
the sphere in a test tube or 
small beaker, Fig 3, -which 
has a mark made on its out- 
side by means of a file or by 
gummnig on a piece of paper. 

Fill a burette with water up 
to a known volume, and let 
the water run from the bu- 
rette into the beaker until 
the lattei is filled up to the 
maik, and note at what level 
the water in the burette now 
stands Find hence the 
volume of water which has 
been placed m the beakei. 

Remove the sphere and the 
water from the beaker, and 
by again letting water run m 
from the burette find the 
volume of the beaker up to 
the mark The difference be- 
tween these two relumes is 
clearlv the volume of the 
sphere, and the formula can p,„ 3 , 

he \enhed The \olume of 

any other solid which sinks m water can be found in the 
same way Care must ho taken to remove ail air bubbles from 
the solid 

Experiment 5 To find the thickness of a glass coier-shp 
by the scrcio 

The instrument, Fig 4, consists of a platform with three 
feet, whose extremities foim an equilateral triangle Through 
the centre of the platform passes a fourth foot, winch can be 
raised or lowered by means of a screw 

The pitch of the screw used is 20 threads to the inch, so 
that if the platform m which the screw works be held firm and 
the screw’ turned once lound, its end advances or recedes of 
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an meh A disc is fixed on to the set ew-head and its edge divided 
into 100 parts, and a vertical scale 
divided into fa inch is attached 
to the platfoim If the disc be 
turned so as to bring the edge of 
this scale from any one division 
to the next, the end of the screw 
moves one-hundredth of one-twen- 
tieth of an inch, or ~fa<> 
hence, by noting the number of 
whole turns and parts of a turn 
made by the disc, we can measuro 
the distance moved ovei by the 
screw-point The whole number 
of turns are given by the leadings 
of the vertical scale, for the disc 
moves over one division for each turn Place the instru- 
ment on a fiat sheet of glass, and turn the disc until the scrcw- 
pomt is in contact with the glass, lead the screw-head ; place 
five or six cover-slips one on the top of the other on the 
glass and raise the screw until they will lust pass underneath 
it Read the position of the disc when the point of the screw 
is just m contact with the top cover-slip, having noted the 
number of whole turns made by it From this whole number 
of turns and the two readings of the disc calculate the total 
thickness of all the cover-slips, and then, by dividing this by 
the number of slips, the average thickness of each one 



Experiment 6 
diameter of a wire 


To use the screw gauge to measure the 


The Screw Gauge is shewn m Fig 5 It consists of a metal 
arm ABC , through one 
end of this passes a steel 
plug D with a planed 
face, and through the 
other a screw EF The 
pitch of the screw is 
half a millimetie, and 
the end E is planed so 
as to be paiallel to the 




7-8] METHODS OF MEASUREMENT 9 

J 

face D and peipondicular to the axis of the screw The screw 
can be turned by means of the milled head G until its end E 
comes in contact with D j each complete turn of the screw 
separates the planed faces by half a millimetre A scale of 
half-millimetres is engraved on the frame of the mstiument 
parallel to the axis of the screw and the milled head G carnes 
*1 cap 11 "with a bevelled edge The circumference of this edge 
is divided into a scale of fifty paits, and when the end of the 
screw is in contact withU the zero of tins scale and the zero of 
the scale on the frame should coincide On making a complete 
turn of the screw the cap is moved back half a millimetre, and. 
the zero mark on the bevelled edge is bi ought opposite the 
first dmsion of the linear scale Thus the diwsions of this 
scale which are exposed register the number of half-millimetres 
between D and E Smce the bevelled edge is divided into 
fifty parts a rotation through a single part corresponds to a 
separation of the plane ends by of £ of a millimetre or by 
■p— of a millimetre Thus, if a dmsion (say 24) of the bev elled 
edge coincides with the linear scale, the distance betw een the 
plane faces is a whole number of half-millimetres, which is 
given by the number of divisions of the hnear scale exposed, 
together with of a millimetre Thus, to measure the 
distance betw een the plane ends, read the number of half-milli- 
metres cvposcd on the linear scale and add to this the numbei 
of hundredths of a millimetre given by the reading of the scale 
on the bevelled edge 

When using the insti ument to measure the diameter of a 
wire first test the zero reading , then hold the wire between D 
and E and turn the screw-head G until the wire is gently 
chpped between the two plane faces In this case the distance 
betw een these faces is the diameter of the wire 

8. Other Instruments for measuring lengths. 

(a) Scales and Composes. 

A pair of compasses and a finely divided scale are often the most 
convenient apparatus for measuring lengths. The compasses are ad- 
justed until the distance between their points is exactly the length to be 
measured , they are then appbed to the scale and the length is read off. 
Instead of an ordinary scale a diagonal scale may be nsed This is 
shewn m Fig 6 There are eleven equidistant parallel lines running the 
whole length of the scale dividing it into ten spaces The scale is 
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divided into inches by lines running across it at right angles to this 
senes of parallel lines These are numbered 0 , 1 , 2 , 3 , starting from D as 
zero. The first inch, AB and CD, along each of the top and bottom lines 


a 



C 8 G 4 2 O 


O 

Fig 6 

is divided into tenths The alternate divisions, starting from D to tlio 
left, are numbered 2, 4, 6 etc , the alternate vertical divisions starting from 
C upwards are also numbered Lines are drawn obliquely across the first 
rectangular division A BDC of the scale as shewn m the figure, thuB A is 
joined to division 9 of CD, division 9 of BA to division 8 of CD and so 
on , these oblique lines enable us to measure to one tenth of the smnll divi- 
sions of the scale For consider the distance betweon any vertical line, say 
that through the 1 inch division, and an oblique line such ns that through 
the small division 4 When measured along the lowest horizontal lino 
this distance is 1 4 inches, when measured along the top line it is 15 
mohes Thus on passing from the bottom to tho top of the scale it 
increases by 1 inch, but it increases by an equal amount for each vertical 
space passed over, and here are ten of these spaces, hence the increase 
for each vertical space is 01 inch Tims the distance along the fifth 
line from the bottom and between the vertical line through the 1 mob 
mark and the oblique line through the 4 inch mark is 1 inch +4 tenths 
+ 5 hundredths or 1 45 inches 

Thus to measure on the scale a distance with the compasses place the 
right leg on one of the vertical divisions at the point whero it crosses 
the bottom horizontal line, say at division 2 inch Let the left leg of 
the compass fall between the points in which the fourth and fifth obhque 
hues cut the bottom horizontal line Then the distance is between 2 4 
and 2 5 inches Slide the compasses upwards, keeping the right-hand leg 
in the vertical division through 2, and the line joining the two legB parallel 
to the horizontal lines on the scale, until the left hand leg falls on a 
horizontal hne as close as possible to the point in which it is intersected 
by one of the obhque hues, let this occur on the fifth horizontal line, the 
distance between the legs is greater than 2 4 inches by 5 hundredths of 
an inch, thus it is 2 45 inches 
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( b ) Caliper-Compasses are made in special 
the dimensions of curved bodies Thus, Fig 7 
shews a pair of Calipers of simpler construction 
than the slide calipers described in Exteui- 
mekt 2 

The outside calipers AB can he set so that 
the points A, B just come in contact with two 
points on the outside of a cylindrical or convex 
surface, the distance between which is required, 
while by means of the inside calipers CD the 
distance between points on the inside of a cavity 
within which the instrument can be introduced 
can be measured ; in either case the distance is 
found by adjusting the calipers and then laying 
off the length between the points on a scale 



. (c) The Beam Compass This instrument is shewn in Figuie 8 

* A sliding piece C, fitted with a vernier and a clamping screw, is attached 


D t 



to a long straight scale AB A pomt D is attached to one end A of the 
scale and the eliding piece C carries a similar point E 

The instrument is adjusted so that when the points D and E are in 
contact the vernier is at rero on the scale , the reading then of the scale 
and vernier m any position gives the distance between the points D and 
E, The instrument ib set so that D and E coincide respectively with 
the two points the distance between which is required, and this distance 
can then be read off directly 1 


9. Time. The next fundamental Physical Quantity which 
we have to consider is Time. “The idea of Time,” says Max- 
well, “in its most primitive form is probably the recognition of 
an order of sequence in our states of consciousness ” We can 


1 For further particulars as to the method of using such measuring 
instruments, see Glazehrook and Shaw, Practical Physics , Chapter iv 
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associate certain sense expressions m a group and separate 
them off from other groups which we perceive simultaneously 
Thus we gam the idea of space, but we have also the power of 
perceiving things m succession, we recognize a group of sense 
impressions as like another distinct group, the impiess of which 
is stored in our memory, we perceive events which follow each 
other as well as others which have a simultaneous existence 

Our measure of time is derived from the apparent motion 
of the stars , this apparent motion is a consequence of the mo- 
tion of the earth round its axis, and we feel that this motion, 
m the interval from noon to noon, marks off senes of like 
sequences of events , we recognize that the time occupied in 
one such complete lotation is approximately constant Owing 
to the motion of the earth round the sun the interval between 
two successive passages of the sun across the mendian of 
any place differs slightly from day to day The average of 
such intervals during the year is the mean solar day 

A mean solar day contains 86400 seconds and the funda- 
mental unit of time is the Mean Solar Second 

10. Mass. Our third fundamental quantity is called 
Mass 

If we consider the bodies with which we have to deal as 
composed of Matter, then any body will consist of a definite 
quantity of matter This quantity is usually called its Mass. 

We shall find however in the sequel that we can give a 
definite meamng to the term Mass as used in Mechanics 
without attempting to define the term Matter We have 
means for comparing with great accuracy the masses of dif- 
ferent bodies , we can therefore measure the Mass of any body 
in terms of some standard Mass For the present then we 
look upon Mass as a property of bodies which we recognize 
by experiment and winch we can only define when we have 
considered those experiments 

We do not know what matter is, it may be that it has no pheno- 
menal existence apart from oar conception of it, but it is beyond our 
province to discuss this here If we assume that there is a substratum 
of something we call matter in a body, then the quantity of that matter 
is measured by the mass of the body, and the masses of bodies can be 
compared m an exact manner, 
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There is one case in which there is no difficulty m compar- 
ing the quantity of matter in two bodies For consider two 
cubes of some homogeneous 1 substance such as platinum, each 
one centimetre in edge, they are alike in all respects , if they 
are composed of matter the quantities they contain are ob- 
viously equal The two cubes combined will have double the 
volume of either singly, there is double the quantity of matter 
in the two that there was in either. The quantities of , matter 
in two portions of the same homogeneous substance are propor- 
tional to the volumes of the two We cannot apply this argu- 
ment to portions of different substances; equal volumes of 
iron and lead we shall see have different masses, they are said 
to contain diffeient “quantities of matter”, it is only when 
we have considered the laws of motion that we can state 
exactly what is meant when we assert that the “quantities of 
matter” in two given bodies are equal, and how it is possible 
to compaie the “quantity of matter” in a lump of iron with 
that in a heap of feathers 

11. Measurement of Mass. Masses are measured m 
terms of a unit of mass 

Definitions The mass of a certain lump of Platinum 
marked PS 1844 1 lb , deposited m the Standards depai Invent of 
the Board of Tiade at Weslmmstei, is the English Unit of Mass 
and is called the Pound Avoirdupois. 

The mass of a certain lump of platinum made by Borda in 
1795 and kept at Pains is the Unit of Mass on the metrical 
system and is called the Kilogramme 

It was intended that Boi da’s kilogramme should be equal 
to the mass of 1000 cubic centimetres of distilled water 
at 4° C 8 The exact detei munition of the mass of such a 
■volume of water is difficult and its value probably differs 
sbgbtly from that of Borda’s platinum mass Hence the 

1 A homogeneous substance is one which has identical properties at 
all points Water or any other liquid, glass, brass, iron are examples of 
homogeneous substances Substances, such as a piece of conglomerate 
rock, which have different properties at different points, are called hetero- 
geneous 

2 The mass of water which can be contained m 1000 c o is greater 
at this temperature than at any other, hence this temperature was 
chosen as the standaid See Glazebrook, Cambridge Natural Science 
Manuals, Heat, p 88 
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metncal standaid of mass is really the mass of a lump of 
platinum and not, as was intended, the mass of a definite 
number of units of volume of water The volume at 4° C 
of a kilogramme of watei is called a Litre and is equal to 
999 97 cubic centimeties 

Still the statement that the mass of 1 cubic decimetre 
(1000 c c ) of distilled water is 1 kilogramme is sufficiently 
nearlytrue for most purposes, and enables us to introduce great 
simplification into many numerical calculations 

The unit of mass which is now usually adopted for scien- 
tific purposes is the Gramme. One Gramme contains one- 
thousandth part of the mass of Borders kilogramme Standard 

Since a kilogramme (1000 grammes) is very approximately 
the mass of 1000 c c of distilled water, a gramme is veiy 
approximately the mass of 1 c c of distilled water at 4° 0 

The divisions of the gramme are decimal . 

10 Decigrammes = 1 Gramme, 

10 Centigrammes as 1 Decigramme, 

10 Milligrammes = 1 Centigramme 

Careful experiment has shewn that the kilogramme contains 
2 2046 pounds 

12. Density. For a given substance, the mass of a 
body depends on its volume, while, for bodies of given volume, 
the mass depends on the substance of which the bodies consist 
and on its physical state A large lump of iron has a greater 
mass than a small lump of lion, but a small lump of iron 
may be of greater mass than a large lump of cork It is 
useful to have some term to denote the mass of a definite 
volume of any body, say 1 cubic centimetre 

Definition of Density The Density of any homogeneous 
substance is the mass of unit volume of that substance 

It follows from this definition that to determine the density 
of a body we must find the number of units of mass m the 
umt of volume, we require therefore to know the unit of mass 
and the umt of volume, if these be the gramme and the cubic 
centimetre respectively, we may say that the density is so 
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many grammes per cubic centimetie Thus in these umts 
the density of water is 1 gramme pei c c , that of iron 7 76 
grammes per c c In any other umts the numerical measuies 
of the densities of these substances would differ from the above 
Thus a cubic foot of water contains 998 8 oz or 62 321 lb , 
hence the density of water is 998 8 oz pei cubic foot or 
62 321 lb per cubic foot , iron is 7 76 times as dense as 
water, hence its density is 7’76 x 62 321 lb. per cubic foot 

From the above definition of density we can find a relation 
between the mass, the volume and the density of a body. 

Proposition 1 To shew that if the mass of a homogeneous 
body be M giammcs, its density p grammes pei cubic centimetre 
and its volume Y cubic cenhmeti cs, then LI = Yp 

For by the definition, 

the mass of 1 c c — p grammes , 
therefore the mass of 2 c c = 2p grammes, 
and the mass of 3 c c. = 3p grammes, 
hence the mass of Fee. = Fp grammes. 

Therefore M= Fp. 

We may wnte this as 


M 



and thus we have the result that the density of a homogeneous 
substance is the ratio of its mass to its volume 

A result similar to the above holds for any other consistent 
system of units 

Various methods of determining by experiment the density 
of a body will bo given later 1 . 

13. The Comparison of Masses. A balance is the 
instrument usually employed m the comparison of masses The 
tli eor} r of the balance is discussed in the Statics, and the 
method of measuring mass is there considered. 


1 See Hydrostatics. 
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14. The C.Cr S. system of measurement. We 
shall find that the other physical quantities with which we 
have to deal in Mechanics can be expressed in terms of the 
units of length, tune and mass or of some of these units 
When we take the Centimetre, the Gramme and the Second 
as fundamental units we are said to employ the cos system 
This is now generally used for scientific purposes, when a 
quantity has been measured in terms of these fundamental 
units, it is said to have been determined m absolute 
measure 


If we know the relation between the cos system and some other 
system of units it ia easy to change from one to the other in our cal- 
culations Thus if we wish to change to the Foot-Pound-Second System 
we have approximately 

1 cm = 03281 feet 
1 gramme = 002205 pound. 


Examples 

centimetres 


(1) Find the number of cubic feet in 1000 cubic 

1000 c cm =1000 x ( 03281) 3 c feet 
ss 08532 o feet 


(2) The density of apiece of glass is 2 5 grammes per c cm , find it in 
lb pel c foot 

We have 

1 c cm = ( 03281) 3 o feet 
= 00003532 c feet 
2 5 grammes =2 5 x 002205 lb 

Hence a volume of 00003532 c feet contains 2 5 x '002205 lb. 


Thus density required 


_4 fix 002205 
“ 00003532 


lb pero foot, 


And this reduces to 2 5 x 02 43 or 156 08 lb per c foot 


IS. Terms used in Mechanics. Mechanics is the 
Science of Motion In studying motion we shall generally 
require to khowbotb the Displacement or change m position 
of the body, and also the time during which that displacement 
has occuri ed 
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This bianch of the subject is called Kinematics. It 
may be described as the Geometry of Motion, Geometry 
deals with Space only, Kinematics has for its subject Space 
and Time. 

"When we come to consider the mutual relations between 
moving bodies the science of motion is called Kinetics , 
while in Dynamics we pay special attention to the con- 
nexion between Force and Motion In Statics we consider 
the conditions which must exist among a set of Forces im- 
pressed on a body which remains at rest 

Statics and Dynamics are usually applied to the Mechanics 
of Solid bodies The Sciences winch deal with the equili- 
brium and motion of Fluid bodies are respectively Hydro- 
statics and Hydrodynamics. 

We are concerned in nature with Material Bodies A 
Body is a poition of “matter” bounded m every direction 
We 6hall consider a Body as composed of a number of matenal 
Particles 

A Material Particle is a poition of “matter” so small 
that for the purposes of our investigations the distances be- 
tween its different parts may be neglected 

In Dynamics we deal first with the motion of one or more 
isolated particles, or of a body which we can treat as a particle, 
we can aftei wards proceed to consider the motion of a body of 
finite size 

We must remember that it will depend on circumstances whether we 
can treat a body as a particle or not Thus, apart from a small effect due 
to the resistance of the air, the shape of a falling stone does not affect the 
rate at which it falls to the earth , w e may solve a problem relating to a 
falling stone correctly on the supposition that the whole of the stone is 
concentrated into one point and that tho stone behaves as a particle, the 
same would be true of a cricket ball so long as it is m the air, but the 
motion of tho cricket ball, on striking the ground or being hit by the 
player, depends on its shapo and on the amount of spiu given to it by the 
bowler, these must bo considered before we can state how Hr will move 
immediately after it is struck, m solving this part of the problem we can- 
not treat the ball as merely a particle The words “for the purposes of 
our investigations” in the above definition are of importance, m the 
present book when considenng Dynamics we deal with the motion of 
particles 

G D. 


2 
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EXAMPLES. 

MEN SITUATION 
[Take the value of r as 22/7 ] 

1. Deduce to centimetres (1) 1 ft 2 in , (2) 2 yds , (3) 5 ft , 
(4) 1 furlong 

2 Deduce to kilometres (1} 1 mile, (2) 4000 miles, (3) 600 yds , 
(4) 1 metre, (5) 25 millimetres 

3 Find in centimetres the circumference of circles whose radii are 
(1) 1 ft , (2) 10 yds , (3) 4000 miles, (4) 750 metres 

4 Find m square centimetres the areas of the oiroles whose radii are 
given in Question 3 

5 A circle of radius 5 inches is out out from a circular disc of radius 
9 inches , find the aiea of the remainder 

6. The oiroumference of a circle is 1 mile, find its area 

7. The area of a circle is equal to that of a rectangle whose sides are 
44 and 126 feet, find its radius 

8. A circle and a square have the same perimeter, determine which 
has the greater area 

9 An equilateral tnangle is desonbed on one side of a squaie of which 
the side is 10 feet , find the area of the figure thus formed 

10 A circle of 20 centimetres radius is divided into three parts of 
equal area by two aoncentno circles , find the radii of the circles 

11 A circle is 20 centimetres in radius, find the area of a square 
which can be inscribed m it. 

12 A sphere when placed in a beaker as m Exp 4 displaces 38 786 
cubic centimetres of water, find its radius and its surface 

13 Ten cover-shps are placed under the spherometeras desonbed in 
Expenment 5, the pitch of the screw being-J a millimetre, and the point is 
raised 8 56 turns , find the average thickness of a cover-slip 

14 The density of copper is 8 95 grammes per o cm The diameter 
of a piece of copper wire is 1 25 mm and its length 1025 cm , find its 
mass 

15 Find the density of a cylinder 1 foot m height and 6 inches m 
radius whose mass is 60 lbs 
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16. Find the density of a sphere 10 cm in radios and 5 kilogrammes 
in mass 


17. Determine the density of the cylinder described in Question 15 
in grammes per c cm 

18 Find the density of a pyramid on a triangular base each side of 
•which is 10 cm and which has an altitude of 30 cm , the mass of the 
pyramid being 8 kilogrammes 

19. The density of mercury is 13 59 grammes per c cm ; find it in 
grains per cubic inch 

20. Compare the densities of a sphere 5 cm. in radios, 5 kilos in 
mass, and a cylinder 1 foot in height, C inches in radios and 60 lb in 
mass 


2—2 



CHAPTER I L 

KINEMATICS VELOCITY. 

16. Motion. A Body is said to move -when it is m 
different positions at different tunes Thus, m order to de- 
termine the motion of a body, we have to determine its posi- 
tion at different times and investigate whether the position 
changes or not We may notice first that the motion with 
which alone we can deal is relative motion 

Two passengers seated in a railway carriage are at rest relatively to 
each other and to the carnage , they are however m motion relatively 
to objects by the side of the line along which the tram is moving The 
planets are m motion relatively to the sun , the whole solar system, sun, 
planets and satellites, is in motion relatively to the stars In all problems 
of motion we must have some point which so far as that motion is con- 
cerned we treat as fixed and from whioh we regard the motion We may 
investigate the motion of a cricket ball thrown upwards from the earth, 
but in the investigation we should usually suppose the point from which 
the ball is thrown to be at rest , as a fact of course this is not true, that 
point and the ball with it partake of the motion of the earth round its 
centre, of the motion of the earth’s centre round the snn, and so on, 
but for our purposes this is immaterial 

Definition Motion zs change of position 

17. Measurement of Position of a Particle. 

The position of one particle relatively to another is determined 
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if we know the length and the direction of the line joining the 
two We may say then that one 
particle, A Fig 9, is in motion rela- 
tively to a second particle B when- 
ever the length or direction of the 
line AB jonung the two varies 

When a particle is moved from 
one position A to another position 
A' it is said to be displaced. The 
Displacement of the particle is 
measured by the length and direction of the line AA'. 

We are however m general concerned with the rapidity 
with which the change in position occurs, moreover the motion 
may be Uniform or Variable 

Definition The Motion of a pai tide is Uniform if the 
pai tide passes ovci equal spaces in equal tunes . 

The motion of a particle is Variable if the pai tide passes 
over unequal spaces m equal times 

Since an interval of time is measured by the angle which the earth 
turns tbrongh about its axis m that interval, equal times are those m 
which the earth turns through equal angles If then m a senes of 
intervals in which the earth turns through equal angles a moving particle 
passes oier equal distances the motion of the particle is uniform , if on 
the other hand the distances traversed by the particle are unequal, 
while the angles turned through by the earth are equal, then the motion 
is variable 

18. Rate of Change of a Quantity. The phrase, 
Rate of, is one which wall often occur and which it is desirable 
to consider By rate of change is meant generally the change 
in a quantity which takes place during some given interval of 
time adopted for convenience as the unit of time — or more 
exactly the ratio which that change bears to the interval 
of time during which it has occurred 

Thus the statement that the Rate of Interest is 3 per cent 
per annum means that in one year a sum of £100 increases by 
£3. If this rate continues uniform, then in 10 years the 
increase on £100 will he 3 x 10 or £30, the total increase is 
obtained by multiplying the rate of interest by the time during 
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which interest has accrued Again, if we know that in 5 
years £100 has increased by £15 and that the rate of inteiest 
has been unif orm, we infei that that rate is 15/5 or 3 pei cent 
per year 

We might speak in the same way of the rate of giowth 
of the population of a town, meaning the mciease in popula- 
tion per week oi per day as the case may be, or of the daily 
rate of progress of a building, meamng the amount built 
in a day 

Thus we see (1) Any quantity vanes uniformly when it 
increases— or decreases — by equal amounts in equal times, and 
(2) the rate of change of a quantity, which vanes uniformly, 
is the ratio of the change m that quantity to the interval of 
time during which it has occuired, it is measured by the 
change which takes place in the umt of time 

19. Average Rate of Change. But Quantities do 
not always change uniformly The amount of interest obtain- 
able foi a given sum may vaiy from day to day The daily 
rate of growth of the population of a town will not be the 
same throughout the year , more children are bom on some 
days than on others In such cases we are often concerned 
with the Average 1 Rate of Change This average rate of 
change is found by calculating the actual change during any 
time and dividing that by the time 

Thus the statement that dui mg the year the aveiage daily 
rate of increase in the population of London was 340, does 
not mean that 340 children weie bom on each day, but that 
dunng the year 340x365 or 124100 were born, so that the 
total mciease during the year is the same as though 340 were 
bora on each day Or again, consider the case of a railway 
tram which performs a journey of 42 miles in an hour We 
should say that its average rate of motion is 42 miles an 
hour, but this does not imply that it is moving uniformly at 
the rate which would enable it to traverse the distance m this 
time , at times it moves more quickly, at the stations it is at 
rest for some few minutes, and on starting agam its rate of 
motion is less than 42 miles per hour We must distinguish 

1 The word average as used here has reference to time 
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between its average rate of motion and its rate of motion at 
any instant of the hour 

20. Graphical Representation of Rate of chang-e. 

Suppose now we represent on a diagram the two cases of 
uniform and variable motion tbus Draw a horizontal line, say 
30 cm long, to represent an houi , divide it into half centi- 
metres so that each 5 mm represents 1 minute, and at the end 
of each division erect a vertical line to represent the distance 
traversed up to the end of that minute Then, m the case of 
uniform motion, if we represent 1 mile by 1 cm , since 42 
miles per hour is the same as 42/60 or 7 miles per 1 minute, 
the first vertical line will be 
•7 cm. or 7 mm long, the second 
will be twice this, the third 
three times, and so on, the ver- 
tical hnes will increase uniform- 
ly m height, each will be 7 mm 
higher than the precedmg, a 
line joining these ends will be Fig 10 

straight and will be umfoimly inclined to the horizon The 
figure obtained will be similar to that shewn m Fig 10 

21. Variable Rate of Change. 

Consider now the case in which the rate of motion is not 
uniform, let us suppose for the present that we may treat it as 
uniform during each minute, but that it vanes from one minute 
to the next, the increments in the lengths of the vanous 
vertical hnes will be different The tram starts slowly, the 
first line will therefore be less than 7 mm long, the second less 
than 14 mm After a time however the tram must exceed its 
average rate of motion, each 
successive increment will be 
greater than 7 mm until an- 
other station is approached, 
when they will agam decrease , 
dunngthe three or four minutes 
for which the tram stops the 
corresponding vertical lmes will 
all be of the same length, the 
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line joining their ends will be horizontal The diagram ob- 
tained will lesemble Pig 11 The late of change of the train’s 
position during different minutes is variable , unequal distances 
are traveised in equal tunes , the rate of change however for 
each minute is obtained by finding the alteration during that 
minute , moreover, if we multiply the change so obtained by 
60, the number of minutes m the hour, we can get the rate 
of motion in miles per hour. 

Now the figuie just obtained does not represent accurately 
the motion of the tram, for it does not move uniformly for 
1 minute, then change its rate of motion and so on, we should 
get a neaier repicsentation to the tiuth if we divided each 
5 mm. into GO parts, each lopiesenting a second, and supposed 
the rate of motion to be uniform for each second but to change 
at the end of every second, this would not be exact, but by 
proceeding thus and dividing each second into a very largo 
number of very small fractions and supposing the rata of 
motion uniform during each fraction, but variable from fraction 
to fraction, we may get as close a representation to the truth ns 
we please In this manner wo come to see that the Hale of Mo- 
tion at any moment is found by dmdinq the distance haierscd 
during an indefinitely short intei val of time by the number of 
seconds m that interval 


If we divide each minute as shown in Figs 10 or 11 into 
a veiy large number of parts wo shall obtain, instead of the 
senes of straight lines, such as those shown m Fig 11, a 
very much larger number of such straight lines Each 
of these will be very shoi t, and it will bo impossible to dis- 
tinguish the many-sided polygon thus formed and a figure 
bounded by a regular smooth cuive as in Fig 12 The one 
however represents the senes 
of discontinuous changes at 
very bnef intervals, the other 
the regular continuous change 
in the rate of motion which 
actually occurs with a train 
We may compare the two pro- 
cesses with those of mounting 
a lull (a) by a senes of stairs 
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or steps, (b) by a gradual slope If the number of steps in the 
stair be sufficiently laige and the size of each sufficiently small 
the two processes are indistinguishable, the steps merge into 
the continuous slope We arrive then at the definition of the 
teim Rate of Change applicable to all cases 

Definition of Rate of Change The Rate of Change 
of any quantity is the oatio of the change tn that quantity to the 
internal of time duung which it has occuired when that interval 
is sufficiently small J 

The rate of change therefore is found by dividing the 
change which has taken place dunng an interval of time by 
that interval when the interval is made sufficiently small 

Let us now suppose that at a given moment the rate of 
change ceases to vary and that the quantity concerned con- 
tinues to change at the same late as it did at that moment 
From this tune on the rate of change is uniform, and is equal 
therefore to the ratio of the change in any interval — not 
necessarily a veiy small interval — to the interval during 
which that change has taken place If we take the interval 
to be one second — the unit of time — we may m this case say 
that the rate of change is the change which has taken place 
in one second , or the change per second 

We may thus sum up with the statement that the Bate of 
change of any quantity, when uniform, is the change m that 
quantity per second, and, when variable, is the ratio of the 
change which would take place in that quantity to the interval 
of time during which that change has occurred when that interval 
is made very small. In measuring the rate of change of any 
quantity we adopt the process indicated m the definition 
above and divide the change occurring m any intei val by the 
number of seconds in the interval when tins number is suffi- 
ciently small 

22. Velocity and its measurement. We proceed 
now to apply the idea of rate of change to vanous dynamical 
quantities 

1 This dehmtion it will be seen is the same as the statement on 
page 21, except that the last clause is additional. This clause is not 
neccssaiy if the rate of change he uniform 
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Definition Velocity is Pale of Change of Position 

We have already defined Motion as change of position, 
we may therefore state that Velocity is rate of motion 

Velocity may be either Uniform or Tamable Uniform 
Velocity is measured by the change in position which occurs 
per second Variable Velocity is measured by the ratio of 
the change in position m a given interval to the number of 
seconds in that interval when that number is sufficiently 
small, that is by the change which would occur per second 
if during the second the velocity remained uniform. 

A particle moving with uniform velocity describes equal 
spaces in equal times A particle moving with variable velocity 
describes unequal spaces m equal times 

To measure velocity we need to know the change m 
position, or displacement, per second, this change is deter- 
mined if we know (1) the distance the particle moves through, 
(2) the direction of motion The word Speed is employed to 
denote the distance traversed per second without reference to 
the direction 

Definition The Speed of a particle is the rate at which 
it describes its path 

A particle moves with uniform Speed if it travels over 
equal distances in equal intervals of time, if the Velocity 
be uniform, not merely will the distances be equal but their 
directions will be the same 

In strictness therefore the velocity of a particle can he uniform only 
when the particle is moving m a straight line and passes over equal 
distances in equal times The term uniform velocity is however often 
applied where uniform speed would ho more accurate , thus the hand of 
a clock is said to move with uniform velocity, but since the direction of 
motion changes the velocity is not strictly uniform though the speed is 

23. Motion of a particle with uniform speed 

Pkoposition 2 To find the distance — s cm — traversed m t 
seconds by a pai tide moving with a uniform speed of v cm pel 
second 

Since the speed is uniform, the particle passes over v cm m 
each second 
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Hence distance traversed m 1 second = v cm , 
distance traversed m 2 seconds = 2v cin , 
distance travel sod in 3 seconds = 3» cm , 

* •• 

distance travel sed in t seconds = tv cm. 
Thcrefoic $ = 


Hence also 


s 

v = 7‘ 


This ]n<t result gives n formal pi oof of tlio statement that speed 
when uniform is measured nthcr by the distance traversed per second 
or by dividing the distance traversed in any interval of time by that 
interval 

24. Average speed. The Average speed of a particle 
moving over a given distance in a given time may be defined 
as the speed with which a second particle, moving uniformly, 
•would describe the given distance in the given tune 

Jt is found therefore by dividing the distance traversed by 
the number of units of time taken to traverse it 

Thus, consider two trains, one of which is moving uni- 
formly at the rata of 50 miles an houi, while the second staits 
from one station and arrives, aftei an interval of an hour, at 
a second 50 miles distant The average speed of the second 
train is the •-peed of the first tram. 

25. Variable speed. The actual speed of the second 
tram at each moment is not 50 miles an hour To find its 
value wc should requnc to determine the distance tiaveised 
by the train m some veiy short interval, and divide that 
distance by the interval, piob.ibly m the case of a train the 
speed would not vmy much dunng a single second , and if 
we could measure accurately the distance traversed m one 
second we should defoi mine the speed dunng that second 

26. Units of 6peed. Speed is measured by the number 
of units of length traversed per unit of time 

The numerical measuic thciefoie of the speed oi of the 
velocity of a pailicle will depend on the unit of length 
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and on the uni t of time The same speed may be expressed 
by very different numbers 

Thus, since a mile contains 5280 feet, a speed of 60 miles 
per hour is the same as one of 60 x 5280 feet per hour , and 
since an hour contains 3600 seconds this velocity is the same 
as one of 60 x 5280/3600, or 88, feet per second In order 
then to specify a speed or a velocity we must state the umt of 
length and the unit of time 

A velocity of 88 means one which is 88 times as great 
as the unit of velocity, and conveys no definite information 
unless we state clearly what that umt is It may be a 
velocity of 88 feet per second, or 88 miles per hour, or any- 
thing else 

Definition A particle has Unit Velocity when it 
traverses unit distance m unit time 

In the c g s system, a particle has unit velocity when it 
traverses 1 centimetre per second 

In stating, then, that the velocity of a particle is v, it 
is necessary to specify the umt distance and the umt time, 
and to write, if the c g s system be used, a velocity of v cm 
per sec 

Examples (1) Which tram has the greater speed, one moving at 
the rate of 60 miles an hour or one which tiavels 100 yards t n three 
seconds * 

The first train m 60 x 60 seconds moves over 
60x1760 yards, 

i a i 1760x60 
in 1 second it moves — — yards , 

60 x 60 

• the speed is 29$ yards per second. 

The second tram m 1 second moves ^ yards , 

the speed is 33$ jards per second 

Thus the second train is moving 4 yards per second the faster. 
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(a) Fttid in feet per second the speed of the earth round the sun, 
assuming it to describe in 365 days a circle of 92000000 miles radius. 

Taking the value of - a<? 22/7 the circumference of the earth’s orbit is 
2 x 22 x 92000000/7 miles, 

or 2 x 22 x 1760 x 3 x 92000000/7 feet 

Again, 363 days contain 366 x 24 x 3600 seconds 

Hence in 365 x 21 x 3600 seconds the earth moves 

2x22x1760x3x92000000 . . 

feet , 

. 2 x 22x1760 x 3 x 92000000, . 

Ike » ^3 65^73000 ,CCl 

And this reduces to 97691 feet per second 


(3) Find the average velocity of a tram which tales 7 minutes to 
traverse the first three miles after leaving a station, then moves for half 
an hour at the rate of 40 miles an hour, and finally comet to rest, taking 
6 minutes to traverse the last 2 miles 

The rhole distance travelled is 3+20+2 or 25 miles. The time 
taken is 7+30+6 or 42 minutes Thus the aiernge speed is 25/42 or 
about 393 mile per minute 


27. Graphical representation of Velocity. 

Proposition 3. To shoo that a velocity can be represented 
by a straight line. 

To determine the value of a velocity we require to know 
its amount and its direction, these two quantities can be 
represented by a straight line containing as many units of 
length as the velocity contains units of velocity and drawn 
in the direction of motion. 

Thus velocities may be completely repiesentcd by straight 
lines 


28. The Composition 

a man in a railway carriage 
Let him move diagonally 
across the carriage from A to 
11, Fig 13 Then if the 
carnage is at rest his displace- 
ment is AB, but suppose the 
carnage to be in motion mid 
letAl'represent the displace- 
ment of any point of the 


of Displacements. Consider 



Fig. 13 
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carnage during the interval in which the man has moved from 
AtoB Draw BC equal and parallel to A A' , then relatively to 
the carnage the man moves from A to B, but relatively to the 
rails B has moved from B to C, thus the man is at C , his 
actual displacement 1 is AG, and it is made up of the displace- 
ment AB relative to the carnage and BG relatively to the 
lines 

In this case AC is said to be the Resultant of the two 
displacements AB and A A', and these displacements aie spoken 
of as the Components of AG 

Moreovei we may continue this process The rails are not at 
rest, they are m motion round the axis of the earth 

Let A A", Rig 14, represent the displacement of any 
point on the rails Draw CD 
equal and parallel to AA", 
then both man, carnage and 
rails have been displaced 
through a distance represent- 
ed by GD , the man there- 
fore will be at D His dis- 
placement is AD, and this is 
the resultant of AB, BG and 
CD while these displacements 
are the components of AD, 

Definition The single displacement which is equivalent 
to two or more displacements impressed on a particle is called 
the Resultant of those displacements 

Each of a number of individual displacements, the combined 
effect of which is equivalent to a single displacement, is spoken 
of as a Component of that single displacement 

Proposition 4. To find the resultant of a number of dis- 
placements. 

1 This does not at all imply that the man has moved along the 
Btraiglit line AC, lint merely that he was at A and is at C 



Fig 14. 
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Consider in the first place two displacements OA and OA', 
Fig 15. Draw AB equal and 
parallel to OA'. In conse- 
quence of the displacement 
OA alone the particle would be 
at A, m consequence of the 
second displacement OA' the 
point A is brought to B Thus 
tho particle is brought to B 
and its resultant displacement 
is OB 

Now let there be tluee 
displacements OA, OA’, OA", 
construct the figure as above 
and draw BG equal and paral- 
lel to OA". In consequence of the displacement OA", B is 
brought to G, thus the paiticle is at C and its displacement 
is 00 

The general rule, theicfore, is obvious From any point 0 
draw OA to repiesent the first displacement, from A, the 
extremity of OA, draw AB to represent the second, from B 
draw BG to represent the third, and so on Thus if P be the 
last point thus found OP is the Resultant displacement 

We notice that the vanous displacements and their 
resultant form a closed polygon , if it should happen that 
the point P should coincide with 0 it is clear that the re- 
sultant displacement is zero ; the particle will remain at rest 
Thus if a senes of displacements can be xepiesented by the 
sides of a closed polygon taken m order the particle remains 
at rest Moreover it is immateual in what order the displace- 
ments are made; wo can prove this graphically by drawing 
the figure in various ways, starting with OA' or OA" instead 
of OA, then drawing from A', A'B' to represent OA, and so on, 
it will be found that we always arnve in the end at the same 
point P. 

In geneial then, if the several displacements be represented 
by all but one of the sides of a polygon taken in order their 
resultant is represented by that side taken in the opposite 


c 



Fig 15 
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direction This proposition is called the polygon of dis- 
placements 

29. Special cases of the composition of displace- 
ments. 

Proposition 5 When the component displacements are all 
m the same straight line the resultant is their algebraical sum. 

For consider two such displacements Draw OA, Fig 16, 
to represent the first, AB to repre- 
sent the second , then A B is in the 6 * A ? jjj 

same stiaight line as OA and if _ e 

OA and AB are drawn in the Flg 16 

same duection, Fig 16, then OB = OA + AB 

While if OA and AB are drawn in opposite directions, 
Fig 17, then 

OB = OA-AB 5 51 b * a 

In either case OB is the alge- 
braical sum of OA and AB Flg 17, 

The proposition may clearly be extended to three or more 
displacements 


30. The Parallelogram of Displacements. 

Proposition 6 If two displacements represented m direction 
and magnitude by tioo straight lines OA, OB meeting at a point 
be impressed on a particle , the resultant is 00, the diagonal 
through O of the parallelogram which has OA, OB for adjacent 
sides 

For from A draw AG, Fig 18, equal and parallel to OB 
Join OG and BC Then OAGB 
is a parallelogram and OC is the 
diagonal through 0 

In consequence of the dis- 
placement OA the particle is 
moved to 4 , in consequence of 
the displacement OB, A is moved 
to G Thus OC is the resultant 



Fig. 18 
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displacements and it is the diagonal through 0 of the paral- 
lelogram AOBC 


This proposition may be pnt into a 
slightly different form, thus * 

If tiro sides OA, AC of a triangle 
OAC, Fig 19, represent displacements 
impressed on a particle, then the third 
side OC represents the resultant dis- 
placement In this form it is known 
as the Tnangle of Displacements. 



Proposition 7 To find an expression for the resultant of 
two displacements at right angles 

Let OA, OB, Pig 20, represent two displacements, P, Q 
respectively, at right angles to each 
other Complete the rectangle 
A OBG Let R be the resultant of P 
and Q, then JB is represented by OC. 

Since the angle OAC is a right 
angle we have 


= OA 2 + OJP, 
JP=P*+Q\ 



Hence R = J{P i + Q-) 

^Proposition 8 To find an expression for the resultant 
of two displacements inclined to each other at any angle 

Let OA, OB represent respectively two displacements P, Q 
inclined to each other at an angle y 

Complete the parallelogram AOBC Then OC represents 
R the lesultant of P and Q. Draw CD perpendicular to OA 
meeting OA produced. Pig 20 (a) or OA, Pig 20 (b), in D 
Then AOB — y, in Pig 20 (a) the angle y is less than a right 
angle , m Pig 20 (b) it is greater. 


n t>. 


a 
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Now in Fig 20 (a), 

OD = OA-\ AD = 0A + AO cos BAG 
= OA + OB cos AOB = P + <2 cos y, 
CD = AC sm CAD = OB sin y = Q sm y. 



In Fig 20 (b), 

OD = OA-AD = OA-ACcosDAC 

— OA — OB cos (180 -y) — 0 A OB cos y 
— JP+Q cos y, 

CD = A C sm CAD = OB sm (180 -y) = Q sm y. 

Hence in eitliei case we have 

lP=0C a = 0D* + DC a 

-{P+Q cos y) 2 + sm 2 y 
= P 2 + Q 2 + 2PQ cos y , 

R = J{F 2 +Q*+ 2PQ cosy} 

There are many speoial oases of this last proposition which can be 
sohed by Geometry without reference to Trigonometry Thus, suppose 
the angle between the two displacements to be do 0 . 

Hence, constructing Fig 21 as above, we have 
AD 3 + CD s s=AC s =Q 9 
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Also 


And 

Hcnco 


AD^DG, 

.. AD=DG=-0~. 

v* 

OD = OA+AD=P+-^. 


R 3 =Off ! ~OD s +DG 3 



-B 3 +Q i +PQ,J 2. 


Or again, if 7=60% we have, Fig 22, 
AD=IAC=IQ, 

m4 



=j«+Q 2 +pg 

These are both given by the general formula by putting y=45°, 

cos y— ~z and y=C0°, cos 7=4 respectively 
v* 

If the two displacements bo equal the resultant bisects the angle 
between them, for, Fig 23, if 

OA=AG, 

then iAOC= lAGO 
= l BOG 

Join AB, cutting OG m D, 
then AB bisects OG at right 
angles. And 

JR = 0C=20D=20A cos AGO 
=2P cosj-y. Fig 23 
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31. The Resolution of Displacements. 

Just as we can combine or compound two or more dis- 
placements and find their resultant, so conversely we can 
resolve a single displacement into a number of others which aie 
equivalent to it , these are called its components 

Proposition 9 To find , by a graphical construction, the 
components oj a displacement m any two given directions 

Let OC, Pig 24, be the given displacement, and LM, LN 
the two given directions Thiough 0 draw OA paiallel to LM 
and through 0 diaw AC parallel to LN. These two displace- 



ments OA, AC have OC tor their resultant, hence OA, AC are 
components of OC and they aie parallel respectively to LM 
and LN, that is they are drawn m the given directions 

♦Proposition 10 To find an expression for the components 
of a displacement m two given directions 

Let OC, Pig 24, represent R the given displacement, and 
let OA, AC be the components in dnections making angles a, 
/}, respectively with OC 

Then AOG=a, 

J30C = AGO = (3 

Hence OAC=180 — (a + /3) 

Now m the tnangle OA C the sides are proportional to the 
sines of the opposite angles 
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Hence 


00 


OA 


AG 


sin OA G ^ sin ACO sm AOG 3 
R P Q 


Hence 


P = i2- 
Q=J{‘ 


sin (a + /?) sm /? sm a * 

Moreover from the figure a + /3 = y. 

sm y 
,sin a 
sm y ' 

Proposition 11 To find the components of a displacement 
in two directions at right angles 

Let OC, Fig 25, be the displacement R, OA, OB two 
directions at nght angles m winch 
the components are required 

Let AOG— a 

Draw GA, CB perpendicular to 
the two directions respectively 
Then OA, OB represent the compo- 
nents P, Q 


Also cos 0(7 = cos a, 



Hence 


OA = OC cos a. 
P = R cos a 


OB 
OC 

. OB = 00 sm a. 


Again ^ = cos BOG = smAOC^ sm a, 


Hence Q = lt sma 
If we put BOG = ft we have cleaily 
OB = 00 cos ft 
Q — R cos ft 

And in this case a + /?= 90°. 
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Thus, when a displacement is resolved into two others 
mutually at nght angles, the component m each direction is 
found by multiplying the original displacement by the cosine 
of the angle between it and the direction of the component 

It must be remembered that this result is only true when the two 
components are at nght angles 

Thus, let OA, OB (Fig 26) be tiro com- 
ponents of 00 at right angles Draw OB' 
making an angle y with OA and through 
C draw OA' parallel to OB' If now OG 
be resolved into two displacements m di- 
erections OA and OB' inclined at an angle y, 
the component m the direction OA is no 
longer OA but OA' 

A displacement represented by OA is 
I? cos a, where a is the angle between 00 Fig 26 

and OA, that represented by OA' has not this value 

32. The Composition of Velocities In the pre- 
vious propositions we have considered the composition of 
displacements without reference to the time taken to pioduce 
the displacement 

Now a velocity is measured by the displacement pro- 
duced in the unit of time , if therefore the various lines of 
the figures represent displacements per second, they represent 
velocities and the propositions are therefore true of velocities 
as well as of displacements 

Thus if a point has a number of velocities co mmuni cated 
to it simultaneously, it will move m the direction of the 
resultant velocity as given by a construction similar to that 
of § 28 (the polygon of displacements), and its speed will 
be measured by the length of the line representing that re- 
sultant velocity 

It is immaterial to the result 
how the particle comes to possess 
these vanous velocities, thus, a 
man moving across a railway 
carriage has his own velocity 
relative to the carnage, this is 
superposed on the velocity of the 
carnage along the lails, this again 




Fig 27. 
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on the velocity of the lines about the axis of the Earth, and 
this on the Telocity of the Earth about the Sun ; to find the 
resultant draw OA, Fig 27, to represent the velocity of the 
man across the carnage, AB to represent the velocity of the 
carriage, BC that of the rails round the Earth’s axis, and 
CD that of the Earth’s centre round the Sun. Join OD , 
then OD is the actual velocity of the man relative to the 
Sun. 

Or again, we may suppose the particle to be set in motion 
by a number of blows de- 
livered simultaneously, one of 
which would give it a ve- 
locity OA, Fig 28, a second 
would give a velocity OA!, a 
third OA" , and so on, the re- 
sultant is found in the same 
manner, thus, from 0 draw 
OA to represent the first ve- 
locity, from A draw AB equal 
and parallel to OA' to repre- 
sent the second, from B draw 
BC equal and parallel to OA" 
to represent the third, and so 
on, then if P is the ex- 
tremity of the last line thus 
velocity 

Experiment 7 To illushate the composition of velo- 
cities 

As an illustration of the composition of velocities, consider 
the motion of a marble which is i oiling with uniform speed u 
along a tube AB, Fig 29, and suppose each point of the tube 
to be moving with uniform speed v parallel to AC The two 
motions v ill be independent, the marble will move relatively 
to the tube as though the tube were at rest, while the tube 
moves as though the marble were not present In A C take 
ALy equal to v, draw L X M X parallel to AB, and make L X P X 
equal to u At the end of one second the tube vill be in 
the position L X M X , the end A having come to L x . 



A v 


Fig 28 . 

drawn OB is the resultant 
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Since in one second the marble has moved a distance u 



A ► u B 

Tig 29. 


along the tube, and P X L X is equal to u, the marble will be 
at P, 

Again, if AL 2 is equal to 2i>, then L S M„ diawn paiallel 
to AB is the position of the tube after 2 seconds, and if LJP 2 
is equal to 2 u, then P. is the position of the marble Thus 
the position of the marble at any time can be determined, 
and it will be seen on making the construction that all the 
points thus found lie on the line AP t oi that line pioduced, 
thus the maible moves m a straight line AP X P a . 

Again, AP y is the distance tiaversed in one second, AP S 
the distance traversed in two seconds Now, from the figuie, 
AP S is equal to twice AP t Thus the distance traversed 
m two seconds is equal to twice that tiaversed m one second , 
continuing thus we see that the distance traversed is 
proportional to the time of travel sing it, and hence the 
velocity is uniform Again, AP X is the distance traversed 
in one second, it is theiefore the lesultant velocity, and AP X 
is the diagonal of a parallelogram whose sides are u and v 
Thus the parallelogram of velocities is vended 

This example illustrates the method adopted in the formal 
proof of the proposition which is given below m a form 
slightly modified fiom the proof of the paiallelogiam of dis- 
placements in § 30 
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33. The Parallelogram of Velocities. 

Proposition 12 If a particle possess simultaneously two 
velocities represented by two adjacent sides of a pat aUelogram , 
these are equivalent to a single resultant velocity represented by 
the diagonal of the parallelogi am passing though their point 
of intersection 

Let OA, OB, Pig 30, represent the two velocities u, v 
lespectively Complete the 
parallelogram AOBG, and 
draw the diagonal 00 Then 
00 shall represent the re- 
sultant velocity 

(l) Let the two velocities 
be uniform Then OA, OB 
represent the displacements 
of the point in one second 
due to the two velocities sepa- 
rately Now we may consider the motion to be made up of 
a displacement with velocity u along OA, and a displacement 
with velocity v of the line OA parallel to itself 

Owing to the first, at the end of one second, the particle 
would be at A, but owing to the motion of the line OA 
the pomt A at the end of one second will have come to C. 
Thus the particle will be at 0 

Again the component velocities are uniform, i e the same 
in magnitude and direction at each instant, hence their re- 
sultant must be a unif orm velocity, hence the particle has 
moved in one second from 0 to G with uniform velocity Hence 
the straight line OG represents the resultant velocity 

(n) When the two velocities are not uniform the proof 
given m (i) still applies, for a variable velocity can be measured 
by the distance which would be tiaversed m one second if during 
that second the velocity remained constant. Thus OA, OB 
represent the distances which would be traversed m one second 
by the particle moving with velocities u, v respectively, if during 
the second those velocities remained constant Hence 00 
represents the distance which would be tiaveised in one second 
by the particle when moving with the resultant velocity, if 
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during the second the resultant velocity remained constant 
Hence 00 represents the resultant velocity 

Thus whether the component velocities be uniform or 
variable the diagonal OG still represents their resultant 
Hence the parallelogram of velocities is true 

There is however an important distinction to be observed between 
the two cases Let us suppose that 0 m Pig 30 represents the original 
position of the particle, then if the velocities be uniform the position of 
the particle at the end of one second if it possessed the velocity u only 
would be A and its actual position is 0 OC represents not only the 
velocity of the particle but also its path, it has moved with uniform 
velocity along the line OC from 0 to C 

If the velocities be variable, then OA and OB do not represent the 
actual displacements of the partiole m one second due to the two 
velocities respectively, and therefore OG is not the actual displacement 
due to the resultant velocity The particle at the end of a secoud is not 
at C The line OG represents the resultant velocity but not the path 
described 


34. Composition and Resolution of Velocities. 


The various propositions proved for displacements m §§ 28, 
30 may now be extended to velocities Thus we have the Tri- 
angle of V elocities (§30) If two velocities be repi esented by two 
sides of a triangle taken in order tlieir resultant is repi esented 
by the third side taken m the reverse direction 


Hence if OAC, Fig 31, be a 
represent two velocities possessed 
simultaneously by a particle, then 
OG represents the resultant velo- 
city 

Or, putting the same result in 
another form If a particle pos- 
sess velocities lepresented m direc- 
tion and magnitude by the three 
sides of a triangle taken in order it 


triangle and if OA, AG, 



Pig 81 

remains at rest 


Resultant of two velocities at right angles, § 30 

If 44, v repiesent the two velocities and U the resultant, 
then 

U = (« 2 + v>)\ 
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Resultant of two velocities inclined at an angle y, § 30. 

If it, v be the two velocities, U the resultant, 

U = {« 2 + v- + 2 uv cos y}* 

Components at light angles of a velocity U, § 31 

Let u, v be the two components at right angles, and let u 
make an angle a with U, tben v makes an angle 90“ - a with U, 
and wo have 

u=U cos a 

v ~ V cos (90° - a) = U sin a, 

it and v aie spoken of as the resolved pai Is of the two velo- 
cities 


Components m any two dn cchons of a velocity U, § 31. 


Let it, v the two components make angles j., (3, respectively 
with U. 


smft 

sin (« + /?)’ 


„ sin a 

V-U rrr . 

sm (a + P) 

The proofs of these vanous piopositions are identical with 
those given m the corresponding sections quoted, the woid 
velocity being substituted for displacement It is left as an 
exercise to the student to wnte them out in this form 


Examples (1) Find the resultant of velocities of 2 to the North, 3 to 
the Fast, 3 to the South, and 4 to the West 

Draw a vertical lino OA , Fig 32 {a), upwards 2 cm m length, draw BA 
horizontal to the nght 3 cm in length, BG 
\crtical downwards 3 cm m length, CD hori- 
zontal to the left 4 cm m length Join CD, it 
is the resultant required 

Also if OL bo diawn perpendicular on CD 
it is clear that OL is 1 cm and LD is I cm 

Hence OD—J 2 cm 

Thus the resultant relocity is to the South- Fig 32 (a) 

west 
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Ah ter. Velocities of 2 north and 3 south have clearly a resultant of 
1 south, velocities of 3 east and 4 west have a resultant 1 west, the 
resultant of 1 south and 1 west is south-west 

(3) A boat is rowed across a river $ a mile wide with a velocity of 
3 miles per hour , and the stream carries it down with a velocity of 4 miles 
per hour Find its actual velocity and the distance parallel to the bank 
between the stai ting point and the point at which it arrives 

The velocity of the boat is the resultant of two at right angles of 
3 miles an hour and 4 miles an hour respectively, denoting it by U wo 
have 

1/2= 3 s + 4® = 25, 

17=5 miles per hour. 

The time taken to cross the river is independent of the motion down- 
wards Thus, since the nver is £ a mile wide and the velocity at right 
angles to the stream is 3 miles an hour, a distance of $ a mile is 
traversed m & of an hour 

Thus the time of crossing is 20 minutes 

But the sticam moves at the rate of 4 miles an hour, thus in $ of an 
hour the boat is earned £ of a mile down 

Thus the distance parallel to the bank between the points is §rds of 
a mile 


(3) Find the icsultant of two velocities of 60 cm per second and 
100 cm pci second inclined at an angle of G0° 

Substituting in the formula 

D 3 =« 3 +i> a +2ue cosy, 
we have I7 3 = 50 3 (l+4+2x2x£) 

=50 a x7, 

V=S0yJ7 cm per second 

This might be solved as in § 30 without quoting the Trigonometrical 
formula 


(4) A particle has a velocity of 10 cm per second m a north-west 
direction, find its components to the north and to the west 

Draw 0(7, Fig 32, 10 cm long to represent the given velocity From 
O and G draw OA and GA eaoh at 45° to 0(7 
meeting at A, then OA and AG represent the two 
components Also from the figure, 

AO=AC, 

0C 3 =A0 3 +A0 3 , 




Thus 

second 


10 


each of the components is -^cm 


per 
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(S). A particle has a velocity of 16 cm per second which is resolved 
into two components at right angles The magnitude of one component is 
9 cm. per second, find that of the other 

If « be the other component we have 

u 3 +9 s = 15* 

A u 2 = 163 _ 92 = ( 15 + 9 ) (15 - 9) = 24 x 6 . 

Hence u=12 cm per second 


( 6 ) Find an expression for the resultant of a number of velocities 
n v u 2 , u 3 , etc making angles a lt a*, a z , etc. with a fixed line. 

Let U be the resultant and let it male an angle 0 with the line 

Then the resolved parts of the resultant in any two directions at 
right angles must be equal to the resolved parts of the components in 
these two directions. 

Hence resolving along and perpendicular to the fixed line 
V cos 0 = iq cos Oj + « a cos 0 $ + « 3 cos a 3 + 

= 2 {u cos a} . . ( 1 ), 

where 2 is written for abbreviation and means the sum of a number of 
terms such as 


Osin sm ai+Uj, smo 3 + 

=2{«sina} . . (2) 

Hence squaring and adding, since sin 3 0 + cos 2 0 = 1 , 

0 2 =[2 {« sin a }] 2 -{-[2 {u cos a }] 2 

. n 2 {u sin a} 

tan 0 ==-} f . 

2 {« cos a} 

and from these equations the resultant velocity TJ and its direction 6 can 
be found * 


(7) The resultant of two velocities of 3 cm pei sec and 5 cm. per sec 
respectively is a velocity of 7 cm per sec Find the angle between the two 

Let 7 be the angle required, then if «, v be two velocities inclined at 
an angle y which have a resultant U we know that 

U 2 =u 3 +i; 2 + 2 uv cos y 

Hence 7 s -5 1 +3 s +2xSx3cosy; 

30 cos 7 = 7 s - 5 2 - 3 s 

=49-25-9=15, 

coS7=J, 

7=60°. 

Hence the angle between the component velocities is C 0 °. 



46 


DYNAMICS 


[oh. n 

35. Experiments on the Parallelogram Law. 

The parallelogram law foi the composition of displacements 
and velocities can be illustrated by means of the apparatus 
shew n in Fig 33 and dcscnbed m the following expenment 



Experiment 8 To venfy the parallelogram law for the 
composition of velocities 

A block of wood is made with a groove so as to slip along 
the horizontal edge of a drawing-board, held with its plane 
vertical , to this wooden block is fitted a pulley round which 
a string passes, one end of the string is fastened to the 
drawing-board and the other to the pulley, as the block 
is moved along the edge of the board the pulley is rotated 
about an avis at right angles to the board and the string is 
unwound Rigidly attached to this pulley are one or more 
pulleys of difFcicnt diameters, which revolve round the same 
axis as the first, one end of a strmg is fixed to one of these 
pulleys, and to the othei end is attached a weight sliding on 
a bar which hangs vertically dowm from the block or can be 
lived at any required angle to the horizon , the weight is 
thus raised or lowered as the pulley rotates and carries a clip 
to which a piece of chalk can be attached If now the block 
be moved along the edge of the board the weight will be 
moved houzontally with a ceitain velocity, that of the block, 
but owing to the motion of the block the pulleys are rotated 
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and the string to w Inch the weight is attached is wound up , 
and so motion along the bar is imparted to the weight , the 
actual displacement of the w eight will be the resultant of these 
two displacements 

Perform the experiment as follows fix the bar so as to bo 
vertical; mark the point on the bar at which the weight is, 
slide the block along the edge of the board through a measured 
distance, and trace by means of the chalk attached to the 
weight the path of its motion, it will be found to be a straight 
line Measure the distance along the bar thiough which the 
weight has moved and draw from the point at which the 
weight staits two stiaight lines, one hot izontal and equal to 
the distance mot ed by the block, the other parallel to the bar 
and equal to the distance tiaversed by the weight along it It 
will be found that the line marked by the chalk is the diagonal 
of the parallelogram of which the tw o lines are sides Now these 
tw o lines represent the component displacements of the weight, 
and w e see that the diagonal represents the resultant Hence the 
parallelogiam law is verified Repeat the experiment foi other 
positions of the bar canying the weight, that is foi other 
angles between the component -velocities The ratio of the 
displacements m the two directions depends on the diameters 
of the pulley s used and can be v aried by using different sued 
pulleys 

*36. Relative Velocity. 

It has ahead) been pointed out that all motion with which 
w e are concerned is relatn e motion, and we hn\ e seen that a 
pai tide A is m motion relative to a second particle B, when 
the length or direction of the line AJi varies It is often 
desirable to detcinune the motion of one particle i dative to a 
second which is itself m motion Now it is clear that the 
relative motion of two pai tides is not altered by super- 
posing on both the same velocity, for example, the relativo 
motion of two flics crawling on the window of a railway 
carnage is tho sauio, whethei the carnage bo at rest or m 
motion 

AYc can apply tins then to find tlio motion of A relativo to 
B thus Superpose on tho motions of A and B a velocity equal 
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and opposite to that of B The relative motion is unaltered, 
the particle B is reduced to rest while A moves with a velocity 
which is the lesultant of its own velocity and the reversed 
velocity of B This resultant motion is now the motion of A 
relative to B 


Example The paths of two ships intersect at right angles, one shtp, 
moving with a velocity of 15 miles an hour, is 15 miles from the point of 
intersection, the other, moving with a velocity of 20 miles per hour, t$ 10 
miles from this point, find the least distance between the ships 


Let 0, Fig 34, be the point of intersection of the paths, A the position 
of the first ship 15 miles from 0, 3 that of the second 10 miles from 0 
Bisect OA in C and join BC, from A draw AD perpendicular to BG 
produced. 

Then BO =10 miles, 

OG—GA—1 5 miles, 

BC=12 5 miles, 
for BCT-^BO'+OC 1 

If we take BO to represent a velo 
city of 20 miles on honr, OG will re- 
present one of 15 miles per hoar m a 
direction opposite to that m winch A 
is moving If then we superpose on 
the ships a velocity represented hy OG, 
the ship A will be reduced to rest while 
B will move in the direction BG with 
a velocity represented on the same scale by BC, this is a velocity of 25 
miles an hour Thus the relative motion of the two shipB is represented 
by a velocity of 25 miles an hour m the direction BG 

The two ships will be nearest apart when B has arrived at 2), and 
this least distance is given by AD 



Fig 34. 


Now 


AD _ OB 
AG~BC ’ 


JT , AC OB 7 5x10 
. AD=- m -=- wr 


=6 miles 


Thus the least distance apart of the ships will be C miles 


Moreover 


CD CO 
AD ~ OB ' 


CZ> =4 5 miles, 
•• BD =17 miles 


whence 
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Hence since the relative velocity of B along BB is 25 miles per hour, „ 
tlio ship B will reach D m 4? hour from the time at which it was at B, 
and at this time the two ships will be the closest togethei. 

*37. Angular Velocity. 

Let P, Fig 35, be a point winch 
is moving along a plane curve APB, 
and let 0 be any fixed point in the 
plane of the cuivo and OA a lived 
ime through 0. As P moves the 
angle PDA varies, the late of 
change of this anglo is called the 
angular velocity of the point P about 
0, and is measured m general by the 35 

ratio of the change m the angle to the interval of time during 
which that change has occuired when that interval is made 
sufficiently small 

"When the angular velocity is uniform it is measured by the 
ratio of the angle 0, described m the mteival of time t seconds, 
to the time, so that m this case if w be the uniform angular 
v clocity we have 

6 



6*= ml 


*38. Motion with uniform speed in a circle, 

curve described be a circle, with 0, Fig. 

30, as centre, wo can find a relation 
between the uniform angular velocity 
about 0 and v the uniform speed of the 
particle m the cucle 

For if 8 be the arc described in time 
t measured from A we have, since the 
speed is constant, 

E = Vt 

But if a be the radius of the circle, 
and 0 the circular mcasuio of the angle AOP, then 

a 


If the 


B 




a i>. 


4 
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But 0 — <nt, 



Hence v=ato 

Hence the speed in the circle is found by multiplying the 
angular velocity by the radius of the circle 

Example Assuming the eaith to be a sphere whose radius ts 
G 436 x 10 6 metres, find in metres per second the velocity of a point on 
the equator 

The earth rotates uniformly through an angle whose circular measure 
is 2sr (44/7) in 24 hours 

its angular velocity is 

Hence the velocity of a point on the equator is 
44 x 6436 x 10* 

7x24x3600 ’ 

and this reduces to 4G8 metres per second 

A relation identical with the above holds between the speed, the 
radius of the circle and the angular velocity about the centre eien when 
the two are not uniform, provided that v and « stand for the values 
of the speed and the angular velocity at the same moment of time 

39. Graphical Representation of Space passed 
over by a particle. Draw a horizontal line OX, Dig 37, 
divide it into a number of equal 
parts in the points rVj ,X S ,X 3 etc 
and let each such part represent 
a small interval of time From 
each point draw hnes 
PjjiTj, etc at right angles to 
OX to represent the velocity of 
the particle at the end of the 
corresponding interval, join the 
points P X P 2 If the intervals 
be sufficiently small the line joining these points will be a 
continuous curve Such a curve is called a velocity curve , it 
is defined by the property that if a perpendicular PiY be drawn 
from any point on it to meet the time line OX in N then 
PiV is the velocity of the paitiele at the time represented 
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Let ns now suppose the velocity to be constant ; the lines 
l\X lt P 2 iVj. etc. Trill all be 
of the same length, the ve- 
locity cane is & straight 
line such as 1’F parallel to 
OX, Fig. 35. Let/'i'be 
two points on the curve 
and PX,FX' perpendicular 
to OX, let t be the time 
represented by XX' and 

let -e be the constant velocity, s the distance traversed. 

Then © = 

NOW 8 — Vf, 

e=PXv XX' = area PXX’F. 



Pre.SS 


Thus in this case of uniform velocity rtc area between (ha 
rd/jcity curve, the line OX «««? free fine? perpendicular to the 
line OX represents graphically the space traversed by theparlvdc. 

Some further consideration shews us that this proposition 
is always true whether the velocity he uniform or variable 

For we have seen that we may approach the case of a 
continvs/vAy varying velocity ty dividing the time up into 
a large number of small intervals and supposing the velocity 
to remain constant during each interval but to change suddenly 
at the end of every interval 


Draw the velocity curve for such a case supposing for 
the present the intervals 
during which the velocity 
is constant to he seconds. 

It will consist, as shewn 
in Fig 39, of the series 
of horizontal and vertical 
straight lines 

P l Ti,P i R i P z R z ... 

alternately parallel and 
perpendicular to #2f. 

Daring the time i^iST^ 



*5 
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the velocity is constant and equal to P x X l} the space travel sed 
is the area P x h\N„R x> at the time A r „ the velocity clianges 
to P t X s increasmg by PJt x , for the next second XJF S the 
velocity is constant and equal to P 2 iV», the space is represented 
by P i A r t A r z R i , and so on Thus in this case the whole space 
traversed is the aiea between the velocity cuive, the line 
OX and the two bounding lines P X N , and P n X n 

This lesult will be equally true if we divide each second 
into a large numbei of parts and suppose the velocity to change 
at the end of each part Instead of a single step between 1\ 
and P 5 we obtain a large number of steps , instead of a single 
parallelogiam such as P x R x X;.R x we have a large numbei , the 
sum of the areas of these parallelograms is still the space 
traversed If now we make the number of parts sufficient 
each individual step will be indefinitely small, the broken 
line will merge into the continuous velocity cuive, and the 
sum of the parallelogiams will become the aiea of that curve 
Thus the space traversed during a given time is given by the 
area bounded by the velocity curve, the line OX and two lines 
perpendicular to OX di awn from points on OX which represent 
the beginning and the end of the time Whenever then we 
can calculate the area of this cuive, we can find the space 
traversed by the particle In the important case considered 
in the next chapter the velocity increases uniformly with the 
time and the curve is a straight line The area is bounded by 
straight lmes and can therefore be easily calculated 

By drawing a diagram to scale on squared paper and then determining 
the area by the method given m Experiment 3, we can find the space 
traversed m many cases m which we are gi\en the relation between tho 
velocity and the time In solving such a question it is necessary to 
be careful as to the units in which the lmes m the diagram arc measured 
Suppose, for example, 1cm along the time lino represents an rntenal of 
1 second, and 1 cm at right angles to this a velooitj of 1 cm per second , 
then an area of 1 sq cm represents the distance traversed m 1 second 
by a particle moving with a velocity of 1 cm per second , that is, it re- 
presents a line 1cm in length, if however we had taken a length of 
lem at right angles to the time line to represent a velocity of vcm 
per second, then an aiea of 1 sq centimetre would represent a length of 
v centimetres. 
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Examples. 

(l) The velocities at the ends of 1, 2 10 seconds are 5, 7, 9 .23 cm. 
per second, find by a diagram the space traversed in 10 seconds 

(2} The velocities at the ends of 1, 2 10 seconds are l a , 2 : 10 s cm 
per second, find by a diagram the space traversed in 10 seconds. 

These examples are left for the student to solve with the aid of a 
ruler and squared papir. 


EXAMPLES. 

UNIFORM SPEED. 

1 Find in feet per second the following velocities : 

(1) 10 miles per hour, (2) a quarter of a mile in 44 seconds; 
(3) 92009000 miles m $£ minutes ; {4} 25000 miles in 24 hours 

2 Find in centimetres per second the velocity of a body which 
traverses 

(1) a cm mb seconds ; (2) a circle of 10 cm radius in 1 second , 
(S) 7G cm in 10 minutes; (4) the perimeter of a square 1 foot m edge 
in 1 minute 

3, Tne speed of a steamer is 22 knots, reduce this to cm per second. 

4. A particle has a leloc ty of 30 miles per hoar, how many feet 
does it traverse (1) in 1 minute, (2) in a day, (3) in a year 0 

5 A man walks a mile in 10 minutes, a second mile in 12 and 
a third in 15; he runs a fourth mile in 5 minutes, find his average 
c peed (1) in feet per second, (2) in miles per hour. 

6 A and B start to walk towards each other from two places 6 miles 
apart. A walks twice as fast as B Where will they meet ? The meet- 
ing tales place SO minutes after the start, find the speed of each. 

7 A starts along a roid at a speed of 3 miles an hour, after 40 
minutes B follows at a speed of 5 miles an hour, how far must B go 
before overtaking A 9 

8. The iclocity of sound is 1100 feet per second, a man in front of 
a cliff claps his hands and hears an echo after 5 seconds, how far is he 
from the cliff? 

9. A man climbs a bill inclined at 30’ to the horizon, if he rises 
tertically 1000 feet m an hour find Ins Epeed in feet per second 

10 The radius of the Earth’s Orbit is 92 million miles and the radios 
of the Earth 4000 miles, compare the i elocities of a point on the equator 
at middav and at midnight. 
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11. Find the resultants of the following pairs of velocities in direc- 
tions at nght angles to each other, the velocities are all expressed m 
centimetres per second. 

(1) 3 and 4 , (2) 6 and 8 , (3) 12 and 15 , (4) t>j and v s , where 

12 Find by a graphical constrnction and by the formulas the re- 
sultants of the following velocities 

(1) 3 and 4 at C0°, (2) G and 8 at 43°, (3) 1 and 2 at 30°; 
(4) 1 and 2 at GO 0 

13 A boat is rowed across a river at the rate of 3 miles per honr, the 
river is flowing at the rate of 4 miles per honr; find the velocity of the 
boat 

14. A ship is sailing at the rate of 10 miles an honr and a sailor 
climbs the mast 200 feet high m 30 seconds Find his velocity relative 
to the Earth 

15. The paths of two ships steaming North and East respectively, 
with velocities of 12 and 16 miles per honr, meet The two ships are 
eaoh 12 miles distant from the point of intersection Determine after 
what time they will be aloscst together and what that closest distance 
will be 

16 Two equal velocities have a resultant equal to either, shew that 
they are inclined to each other at 120° 

17 The resultant of two velocities u nnd v is equal to w, and its 
direction is at nght angles to that of u Shew that v is equal to u*J2 

18 Find by a graphical construction or otherwise tlio resultant of 
the following velocities m the directions of the sides of a square taken 
in order 

(I) 1,2, 2,1, (2) 6, 4, 5, G , (3) 2, 5, 6,3, (4) 7, 8, 4, 5 

19 Find by a graphical consti notion or otherwise the resultant of 
the following velocities in the directions of the sides of an equilateral 
tnongle taken m order 

(1) 3, 3, 3, (2) 4, 6, 6, (3) 5, 8, 10, (4) G, 9, 12 

20 Find the horizontal and vertical components of the following 
velocities 

(1) 1000 ft per second m directions inclined respectively at 30°, 
45° and G0° to the horizon 

(2) 25 miles per hour at 60° to the vertical 

21 Besolve a velocity of 1000 feet per second into two equal velo- 
cities inclined at 60° to each other 
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22. A velocity of 600 feet per second is resolved into two at right 
angles, one of these is 260 feet per second, find the other 

23. A velocity of 5 miles an hour to the East is changed into one of 
6 miles an hour to the North, find the change m velocity 

24. A velocity represented by one side AB of an equilateral triangle 
ABC becomes changed into one represented by the side AG , find the 
change m velocity 

25. l?md by a graphical construction or otherwise the resultant of 
the following velocities, which are gi\ en m centimetres per second 

(a) 13 to the North, 20 to the East, 20^/2 to the North-west, 
35 to the West 

(l) 1, 2, 3, 4, 5, 6 parallel respectiv ely to the sides of a regular 
hexagon 

26. One of the rectangular components of a velocity of GO miles per 
hour is a velocity of 30 miles per hour, find the other component 

27. A hod> moves during each of 6 consecutive minutes with velo- 
cities respectively of 1, 2, 3, 4, 5 feet per second , find the space traversed 

28. The spaces traversed up to the end of 1, 2, 3 and 4 minutes by 
a body moving with constant velocity during each minute are 2, 8, 18 
and 32 feet respectively Shew on a diagram tho velocity duung each 
minute 


29. The velocity of a body starting from rest increases uniformly by 
1 foot per second at tho end of every second of its motion Determine 
by means of a diagram or otherwise the space passed ovei in t seconds. 

30 The components m two directions of a velocity of 30 miles per 
hour are velocities of 15 and 25 miles per hour, determine their 
directions 

31. Two velocities u and v have a resultant TJ which makes an angle 
a with the direction of u, if u be increased by U while v is unchanged Bhew 

that the new resultant makes au augle ~ with the direction of u 

32. Two particles are projected simultaneously with equal velocities 
from the points A and B, one from A towards B, and the other in a 
direction at right anglos to AB , find how far the former will have 
travelled towards B when the two pai tides are nearest to one another 

33. If a point begins to move with velocity ti, and at equal intervals 
of tune r, a velocity v is communicated to it, find the space described in 
n such mtervals 


34 Compare the velocities of two trains, one travelling with a velocity 
of 50 miles per hour and the other with a velocity of 55 feet per second 



CHAPTER in. 

KINEMATICS ACCELERATION. 

40. Change of Velocity. The velocity of a particle 
may change either in magnitude or m direction or in both 
these respects 

Let OA represent the velocity of a particle at a given 
instant, if the velocity lemam uniform, OA will continue 
to lepiesent it, suppose however that the velocity changes 
and that after an interval it is represented by OB If the 
change occur in the magnitude only, the paiticlc will continue 
to move in the same direction as before 

OAB will be a straight line, and AB, Fig ‘10, will repre- 
sent the velocity which must be 

added to the ongmal velocity OA g > ■■ — — + 5 B 

to give OB 

If the change in velocity take ^ 

place in direction as w’ell as in magnitude, OA and OB will be 
mcbned to each other, Fig 41, but 
AB will still represent the change 
m the velocity, for by the parallelo- 
gram of velocities A A is the velocity 
which must be compounded with OA 
to give OB 

Thus AB represents in direction 
and magnitude the velocity winch 
must be superposed on OA to change it into OB 
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If then we represent by two straight lines drawn from 
a point the initial and final velocities of a particle, the line 
joining the extremities of these two lines represents the 
Change of velocity of the particle 

Examples. (I) A particle moving North-east with a velocity of 1 foot 
per second is observed , after a time , to be moving East icith a velocity of 

feet per second, find the change in velocity 

Here, Pig 42, 

OA=l, OB=J2 and A 01? =45°. 

Draw AG normal to OA meeting OB 
in C, then AGB= 45° and AC=AO= 1 

Hence OC 2 —2 = OB 1 , thus G and B 
coincide, and AB the velocity added is 
1 ft per second in the South-east direc- 
tion 

(2) A velocity of 10 feet per second is changed into one of 10 feet per 
second inclined at 60° to the former, find the change m velocity 

In this case, 

OA — OB = 10 and A OB =60, 

A Z OAB= L OBA=± (180 - 60) =60°. 

Thus AB=0A = 1Q 

The additional velocity is one of 10 feet 
per second inclined at 60° to OA. 


Fig 43. 

4rl. Acceleration. "When the velocity of a particle is 
variable it is said to have acceleration. 

Definition. The Acceleration of a •particle is its rate 
of change of velocity 

Acceleration may be Uniform or Variable. Uniform 
acceleration is measured by the ratio of the change of velocity 
to the interval of time during which that change has occurred, 
l e by the change of velocity in one second , variable accelera- 
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turn is measuied by the some iatio when the interval is 
sufficiently small, that is, by the change in velocity which 
would take place in one second if during that second the 
velocity changed uniformly 

The numerical measure of an acceleration is the number of 
units of velocity added per second Now velocity is measured 
by the numbei of units of space traversed per second 

When, then, we state that the acceptation of a particle 
moving with uniform acceleration is a, we mean that m each 
second an additional velocity of a cm per second is given 
to the particle To define then an acceleration we must know 
the numbei of units of space per unit time which are added 
to the velocity, and further we must remember that this 
additional velocity is confened in the unit of time 

Just then as when considering a velocity we speak of 
so many centimetres per second, so when dealing with accele- 
ration we speak of so many centimeties per second per 
second 

Definition op Unit Acceleration A particle has Unit 
Acceleration when its velocity met eases in each second by 
1 centimes e per second 

If the units of space or time be changed the numerical 
measuie of a given acceleration is changed also 

The method of calculating these changes is shewn below 

Example A particle has an acceleration of 32 2 feet per second 
per second, find its value ( a ) m cm per sec per sec , ( b ) in yds per mm 
per mm 

For (a) we have 1 ft =30 48 cm 

Now in 1 sec a vel of 82 2 ft per sec is added, 

. m 1 sec a vel of 32 2 x 30 48 cm per sec is added 
• tho non measure is 32 2 x 30 48 cm per sec per see. 

This reduces to 981 5 cm per sec per sec. 

For (6), 1 ft =£jd , 1 min =00 sec 
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In 1 see. n vcl of 32 2 ft per see is added, 

32 2 

.■ml see a vel of — 5 — yds per see is added, 
o 

in 1 seo 0 vel of 3 — yds per mm is added, 

d 

.♦. in 1 nun a vel of 5 yds per mm is added 


Thus the new measure is 


32 2x60x60 
3 


yds 


per min per mm 


Tins reduces to 38640 yds per mm. per min. 

It will he noticed that m (b) the change m the nmt of time comes in 
twice The reason foi this is clear, the unit of time affects the measure 
of the velocity and affects also the time during which, when calculating 
the acceleration, the change in the velocity is to be reckoned 


42. Uniform acceleration in the direction of 
motion. The change in. the velocity of a body may he a 
change in magnitude, in direction or in both 

For the present we deal only with the case of a body 
moving 111 a straight line with uniform acceleration 

The change of velocity will be one of magnitude only, 
and that change will be a uniform one, the speed will vary 
but not the direction of motion The velocity may either 
increase or deciease, m the first case the acceleration is 
positive, m the second negative 

Proposition 13 To detei'mme the velocity of a body moving 
in a straight line with uniform accelei ation m terms of the 
initial velocity , the accelei ation and the time of motion 

Let the initial velocity be u, the velocity after t seconds v, 
and the acceleration a 

In 1 second a velocity of a centimetres per second is 
added and the acceleration is uniform 

Hence m 2" the velocity added is 2a, 
m 3" the velocity added is 3a, 
and in l" the velocity added is at 
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Thus at the end of t seconds the velocity is 

u +at. 

Hence v^u + at 

If the velocity decreases with the time, the acceleration is 
negative and we have 

v = u~at 

The proposition can he put rather differently thus 

The change m velocity m t" is v-u Therefore the change per 
Becond is [v - u)/t 

But the acceleration is the ohange of velocity per second 



v~u=at, or v=u+at. 

Proposition 14 To draw 1 the velocity curve for a particle 

moving with uniform accelei ation 

Diaw a honzontal line OX, Pig 44, to represent time 
and a vertical line OY to re- 
present velocity Choose a 
convenient length to repie- 
sent the unit of time, and 
also a convenient lengtli to 
represent the unit of ve- 
locity 

Mark off along OY a 
length OA to represent the 
initial velocity u 

Through A draw AM 
parallel to the time line and, 
commencing from A, divide 
AM m M u M s , il/ 3 , etc into 
equal parts, each of which shall represent 1 second At M 1} M„, 
etc draw P 1 M 1) P 2 M S , P S M 3 , etc perpendicular to A M, and pro- 
duce these to meet the tune line OX in JS i, A r 2 , etc Make P\M-, 
equal to a, P S M S equal to 2 a, P S M S equal to 3a, etc Then these 

1 For this and similar purposes squaied paper suoh as is used m 
Experiment 3 is convenient 
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-\anous Imos repiesenfc the lnoiements of the velocity lip to the 
end of the first, second, third, et-c second, and the lines 2\N „ 
P s K t , 2 jilji etc represent the actual -velocity at the end of 
the first, second, thud, etc second 

Thus the line AP^Pj, i epresents the velocity curve and 

the construction shews that it is a straight, line 

Examples (i) J particle mot mg from rest with uniform acceleration 
has a t ctocitif of 200 ft per second aftei ~ seconds, find its acceleration 
In cacli second n velocity of 100/3 feet per second is produced 
Hence the acceleration = 32 ft per see per see 

(3) A particle ram mg und< r a vcqatnc accih ration of 32 fed per 
second per second is projected with a i chatty oj 100 feet per second Find 
when it mil come to rest and what will be the leloatij after 10 seconds 
In each second a velocity or 32 feel per second is destroyed 
Therefor* the initial velocity of 100 foot per second will be destroyed 
in 100/32 seconds 

Thus the particle is instantaneously at rest after 5 "seconds 
The acceleration now produces in each second a velocity m the oppo- 
site direction of 32 feet per second Theicfore nftor 5 seconds more, 
l e at the end of 10 seconds, the velocitv will be 

5 v ( - 32) or - ICO feet per second 
Ahtcr Let t he the velocity after t seconds 
Then r=100-32 t 

If f, represent the time at vhich the particle is at rest, at vvhicli 
therefore r is ?tro, re have 0=l(iO-32fj, 

tj=Jj3-=5 seconds 

Again after 10 seconds, 

1=100-32x10= -100ft pcrscc 

(3) Draw the t eloalij curie tn the case of (2) 

Drav, the time and velocity lines OX and 01% 2'ig Jo In OY take OA 
to represent a velocity of ICO ft 
per second Draw a hno from A 
parallel to OA and in it take ,1/ 3 so 
that AM j may represent 1 second; 
from JJ/j drew 21 /jPj vertically 
down to represent a velocity of 32 
feet per ‘ccond Join 4P, and pro- 
duce it, APj is the required v do- 
city curve It moots the hno OX 
in N, where from the figure, 

ON=z jAM x Fig 45. 

Hence ON represents 5 seconds. 
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43. Acceleration, space traversed and time of 
motion. 

Proposition 15 To find the space passed over in a given 
time by a body starting from, rest and moving with uniform 
acceleration 

The space passed over is given by the aiea of the velocity 
curve which, in this case, will be a straight line passing through 
the point 0 from which the time 
and velocity lines are drawn 
Let ON, Pig 46, represent the 
time t and NP perpendicular to 
ON the velocity at the end of 
the time interval 

Then PN -at 

Join OP, the velocity curve 
is the line OP and the space s 
lequired is the area of the tri- 
angle OPN 

Now the area of a triangle is half the product of the base 
and the altitude, 

s = area OPN = £ PN ON 
= ^ at. t = % at 9 . 

Hence s = \at s 

Thus the space passed over m the first second is J a while 
the velocity at the end of that second is a The space tra- 
versed is found by multiplying half the acceleration by the 
square of the time 

Proposition 16 To find the space passed over by a particle 
moving with uniform acceleration when the particle starts with 
an initial velocity 

The space lequired will be the area of the velocity curve 
In OY, Pig 47, take OA equal to the initial velocity u, let 
ON represent the time t, and NP perpendicular to OX, the 
velocity after t seconds, 

so that 



PN=u+at . 
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Join AP Then AP will bo the velocity curve and the space 
required is the area OAPN 

Draw AM parallel to OX to 
meet PN in M 

Then PM ~ at, MN ~ OA = u 

Hence 

s ~ area OA PAT 
= paiallclogram OAMN 
+ triangle APM 
= OA x ON + ^ PM x A M, Fig. 47. 

and AM = ON = t. 

Hence = 

*=vt + l at 3 . 

Thus the space actually travel sed is found by adding 
together the spaces the particle would tiavcise (1) if it moved 
with the constant velocity n and (2) if it staited fiom lest 
with the constant acceleration a 

Proposition 17 To find the average velocity of a particle 

moving with uniform acceleration 

We can put the last formula m a diffeient form thus let 
v be the final velocity of the particle, then v = PN 

Join AN, then tho figuio OAPN is made up of the two 
triangles OAN and PAN , the bases of these tuanglcs are OA 
and PN and their altitude is ON. 

Thus 

e = aica OA PN = tuanglo OAN + tnangle APN 
= ]0A ONi$PN ON 
= \ {OA + PN) ON 
= b(u + v)t. 

Now we know, § 24, that when a particle moves with 
variable speed the space tiaversed is found by multiplying 
the average speed and the time 
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In tins case, therefore, the average speed so defined is 
$(u + v) 

Thus, the avei age speed of a particle moving with uniform 
acceleration is half the sum of the initial and final speeds 

The above formula may be applied to the case m winch 
a is negative, we have then 

s = ut — \ at 1 
= $(u + v)t, 

for v=u — al 

In a later chapter (§ G8) experiments will be gnen by which tlio 
student can vcnfj for himself the truth of the formula! proved m this 
section Those who have a difficulty m following the steps of the proof 
may adopt the experimental proof The argument just gnen maj he 
made clearer to some by giving tho following algebraical proof which 
sums up in symbols its lcsults 

Let ns suppose the whole time t divided up into a series of n equal 
small intervals each equal to r, so that nr—t 

At the beginning of each interv al tho velocity will have tho values 
respectively «, u+nr, u+2 ar, u + n-lar, and at tho end of each 
interval it will have the values 

M+flr, u + 2 ar, u+Sar, u + rear 

The space traversed will be greater than that which would bo traversed, 
if during each interval the particle moved with the velocity which it has 
at the beginning of the interval, and less than that which would bo 
traversed if during each interval the particle moved with tho velocity it 
has at the end of the interval 

In the first case the space would be s 1( where we have 

*i= Kr+ (u + ar)r+(u + 2ar) r + + (u +n-la) r, 

.. s 1 =uwT+aT s (l + 2+ re-1) 

= lm T + a^ 

t 


• *i=«t+^(l-i), 


Now 
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and in the second case the space would be where 

s 2 =(» + <Tr)r+(M-*-2ar)r+ +(u+nar)r , 

=wnr+cr 2 (l + 2-5-3+ +n) 

=«f+iat*(l+i). 

Bat s lies between and s 3 and these two quantities can both be 
made as nearly equal as we please to ut + * at- by making n ^ery large, 
for then 1/n vanishes 

Hence 


44 Acceleration, Velocity and Space traversed. 

Proposition 18 To find a ; dalion between the velocity, the 
acceleration , and the space traversed for a particle moving with 
uniform acceleration 

Let u be the initial velocity, ^ the velocity after t seconds 
during which the particle has traversed a distance s and a 
the acceleration 

We have proved that 

v — u — at, 
s = iit + b al s 

We wish to eliminate t from these equations 

The first gives us 

t _v-u 

a 


Hence 


Hence 


a - a- 
2as = 2uv - 2u* + V s + v? — 2 uv 


= V — u 


v=u- + 2as 


If the acceleration be negatne we start with 

v-it= -at, 
*s=«t-ia£ 3 , 
V-—U-— -2 as 


and find 
G. D. 


5 
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We can put the proof otherwise, thus 

, v-u 

we have a ~~t~ ' 

s=i(t» + w)t 

Hence on multiplication, 

as=|(i>- «) (o+u)=i (o s - u s ), 
or t,*=tt s +2as 

45 Formulae connected with uniform accelera- 
tion. We have thus proved the following formula in which 
the symbols have the meanings attached to them in the 
preceding sections 


V =?i + Of 

(>). 

s =ut + $at" 

(»)> 

ifi — ur + 2 as 

(in) 

We may also wnte (n) as 

's 

+. 

II 

CO 

(iv) 

If the paiticle start fiom lest u is zero, 

and the equations 

become 

v ~ai 


s =\at° 

( n ) a i 

V s — 2 as 

(in) a, 

s 

(iv)« 


Examples (l) A particle starts mth a velocity of 3 cm pur sec and 
an acceleration of 2 cm per sec per sec , find its velocity after 10 sec and 
the distance traversed m 10 sec 

Let v be the velocity after 10 seconds, s the distance traversed 

Then v=3+2x 10=23 cm per sec 

*=3xl0+£ 2 10*= 130 cm 

(2) Mow far must the particle, moving as m Example (1), move in order 
that Us vcloctty may become 5 cm per second 1 

To solve this Tse need equation in, giving a relation between the 
■velocity and the space 

If the space required be « cm , we have 

5 8 =3®+2x2xs, 

4s=5 s -8 2 =lG; 
s=4 cm. 
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(S) A particle has a velocity of 20 cm per second and an acceleration 
of — ocm per sec per sec , how far will it move before coming to restl 

If v be tbc Telocity lifter it lias traversed s cm, we have 
i a s=20 2 -2xoxi 

If tlie particle is at rest for a moment, we have v zero, and lienee 

103 = 202 = 400 , 

. s=40 cm. 

Thus the particle is brought to rest after moving 40 cm , if the 
acceleration continue to act it will only remain at re&t for an instant, 
and then commence to retrace its path passing through the Etortmg 
point with its initial velocity . 


(4). A particle starts with a velocitu n and an acceleration— a, shew 
that it comes to rest after an interval u/a seconds and passes through the 
starling point again after an internal 2u/a seconds 

The velocity after t seconds is it -at, when the particle is at rest this 
is zero, 

/ u-al=0, 



a 


The distance of the particle from the starting point at t" is 

vt~iat s 

When the particle is at the starting point this distance is zero Then 
uf-*at 5 =0, 1=0, 

or u-{al=0, 

whence /=— 

a 

Thus the particle is at the starting point initially and reaches it 
again after an interval 2 uja 

During half this interval the particle is moving from the starting 
point, during the second half it is moving to it 


(6) A particle has an initial velocity of 125 cm per sec and an ac 
celeration of (a) 10 cm per sec per sec , {b) -10 cm per see per sec How 
long will it tale in either case to mote over 420 cm t 

We know the initial velocity, the distance traversed and the accelera* 
tion and require to find the tune. 

This is given us by equation u, Let it be t seconds, then for (a), 
420=I2ot+il0t 2 , 
t 5 +2r»t-84=0; 


5—2 
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-25±7625+33G 

t g 


-25±31 


= 3 or —28 


From the eolation t = 3 we see that, 3 seconds after startmg, the particle 
■will be at a distance of 420 cm from the startmg point Now as to the 
solution t= - 28", we infer from this that it is possible to start the particle 
from a position 420 cm from the starting point with such a velocity that 
after 28 seconds it is at the starting point and is moving with a velocity 
of 125 cm per second. Let 0, Fig 48, 
be the original starting point, A a 

point 420 cm to the right of 0, then B O A 

if the partiole is projected towards A p ^ 

with a velocity of 125 cm per second “ 

it will arrive at A in 3 seconds, this is the first solution But it is also 
possible to start the particle from A towards 0 with such a velocity that 
it passes through O to B, comes to rest for an instant at B and then 
returns to O, arriving at O with a velocity of 125 cm per second, 28 
seconds after it has left A , if this be possible then we may say that the 
partiole was at A - 28 seconds before leaving O 

And this is clearly possible In the first case, the particle arnveB at 
0 with a velocity of 155 cm per second, viz its original velocity of 
125 om per sec and the velocity of 80 om per seo generated in 3" by 
the acceleration Suppose now it be projected from A towards 0 with 
this velocity It will arrive at 0 after 3 seconds and have a velocity of 
125 om per second , it will then continue to move towards B for 12 5 
seoonds, in which time the velocity of 125 om per seo will be destroyed 
Thus it arrives at B 15 5 seos after leaving A It will then return from 
. B to O and will arrive at 0 after another 12 6 secs with the velocity of 
125 cm. per second Thus the interval between the start at A and the 
time at which the particle reaches 0 with a velocity of 125 cm per seo 
towards A is 16 6 + 12 6 or 28 seoonds Thus under the given conditions 
of acceleration and velooity the partiole might be at A, 420 cm. from 
O, either 3 seconds after passing O, or 28 seconds before passing O 

(b) Tailing now the other case in whioh the acceleration is -10, 
we have 

420=125t-4 10 t\ 
i s -25t + 84=0, 

^ _ 25 ± jy/(625 - 336) 


25 ±17 


=4 or 21. 


The reason for the double value of t is clear as before The particle 
starts from O and arrives at A after 4 seconds, during which time its 
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velocity has been reduced to 125 - 40 or 85 cm per second It moves on 
with decreasing velocity until it is brought to rest at B after a furthor 
interval 85/10 or 8 5 seconds Thus it takes 12 5 seconds to reach B 
from 0 It now returns towards 0 under tho acceleration 10 starting 
from reBt at B and after a further interval of 8 5 seconds again passes 
through A Thus it reaches A the second time 12 5+8 5 or 21 seoonds 
from the start. The figure for this case is different. 


46. Falling Bodies. When a body is allowed to fall 
to the earth’s surface from a point above it, it is found (1) that 
the acceleration is uniform 1 2 , (2) that the acceleration is the 
same for all bodies 

The Experiments on which these statements are based will 
be described later See §§ 65, 129 

This uniform acceleration of all bodies when falling from 
a given point is spoken of as the acceleration of gravity, or 
better, the acceptation due to gravity It is usually denoted 
by the symbol g 

Again, Experiment shews us that the acceleration of a 
falling body difiers slightly at different places on the earth , it 
is greatest at the poles and least at the equator A body falls 
from a given height more rapidly at the pole than at the 
equator. 

The value at the pole is 983 11 cm per sec per sec and at 
the equator 978 10 cm per sec per sec. 

At Greenwich the value is 981 17 cm per sec per sec 

Since 1 foot contains 30 48 cm the value of g at Greenwich 
is 981 17/30 48 or 32 191 feet per sec per sec s . 

Hence we see that the formulas of Section 45 are all applic- 
able to the case of a falling body. 

1 This statement is only tme for distances above tbe surface which 
are small compared with tho radius of the Earth (4000 miles) It may 
ho applied therefore without error to the experiments described m this 
book 

2 See Example, p 58 In working numerical examples wo may use 
tho values 980 cm per sec per Bee or 32 feet per Bee per see 
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When the body is projected downwards and starts with 
velocity u the acceleration g is in the direction of motion, and 

v = u + gt (i), 

s = ut + $gt 2 (n), 

v s = vr + 2gs . (m) 

If the body be “diopped” it starts from rest so that u — 0 

If the body is projected vertically upwards and starts with 
the velocity u the acceleration g is opposite to the direction 
of motion and we have 


v =w— gt 

(i)a, 

s=ut-\g£ 

(«) 

% 

II 

«$. 

1 

Co 

(m) a 


47. Problems on falling bodies 

(1) To find the space passed over by a fialhng body in the 
nth second of its motion 

Let «! be the space up to the beginning, s 3 up to the end 
of the nth second, then s 2 - s 1 is the space required 

Now, assuming the body to have been diopped, 
8 x =\g(fi-l )*, 
s 3 - \gn 9 

•*. s 3 - Sj = \g {nr -(«- \f} = \g (2 n - 1) 

(2) A particle is projected vpwards with velocity u. 

a. Find the height to which it will rise Let this be E, 
the particle moves up till it reaches the height H, then it 
is instantaneously at rest and finally falls Hence at a height 
II the velocity is zero, 

0 = m 2 — 2gE, 

- 

/? Find the time of using Let this be T u then at time 
T x the velocity is zero, 
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0 = m - gl\ , 

. T x =-. 

9 

y Find the time of falling Let this be T it then T t is 
the time of falling a height H 

•• **■*-*-£ 

T, = ~ = T 1 
9 

Hence the times of rising and falling aie the same See 
also Example 4, p 67 


S. Find the time at which it is at a height h Let this 
time he 1\. 

Then h — uT B — \gT£> 

gl's - 2 uT 3 + 2/t = 0 
*Ju?—2gh 
3 ~ 9 

Hence T s has two values, one corresponding to the upward 
passage, the other to the downward passage of the particle 


e Find the velocity at a height h Let this be v 

Then v* = vr — 2 gh 

Hence if h — 0, or the particle is on the ground 

v 2 = « 2 , V — d=U 

Thus the velocity with which the particle reaches the 
ground is equal and opposite to that with which it starts 


48. Composition and Resolution of Accelerations. 

A particle may have two or more accelerations communi- 
cated to it simultaneously We pioceed to determine the 
resultant effect. 
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Proposition 19 To find the resultant of two accelerations. 

Acceleration is measured by the change in velocity per 
second If then OA, OB, Pig 49, represent two accelerations 
communicated to a body, OA and OB represent the changes 
which take place m the velocity 
of the body per second 

Complete the parallelogram 
AO BO Then two velocities OA, 

OB have for their resultant 00 
Thus the lesultant change per 
second in the velocity of the body 
is OG Hence 00 is the result- 
ant acceleration 

But OG is the diagonal of a parallelogram whose sides are 
OA and OB, the component accelerations Thus accelerations 
are combined according to the parallelogram law Hence the 
Propositions in Sections 30 — 31 about the Composition and 
Resolution of displacements apply to accelerations 

We may give an alternative proof of the above pioposition 
thus 

Let PO, Pig 50, represent the velocity of the body at any 
moment, let OA and OB 
represent the accelerations 
or changes per second which 
are to take place indepen- 
dently m the velocity Draw 
AG equal and parallel to OB, 
then to find the velocity at 
the end of 1 second we have 
to combine with PO two 
velocities repiesented by OA 
and OB 

Combining PO and OA 
we get PA, combining with 
this OB we get PO Thus 
PC represents the resultant 
velocity at the end of the second and PC is obtained by 
combining PO and 00 Thus OG is the change in velocity 
per second, that is, it is the resultant acceleration- 
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EXAMPLES. 

MOTION WITH UNIFORM ACCELERATION 

1. Find the space tnnersed by a falling body in the eighth and 
tenth seconds of its motion 

2. With what velocity must a body be projected downwards in order 
to describe in 1 second a space equal to that described by a body falling 
freely in 2 seconds? 

3. A bullet is shot np with a speed of 1000 feet per second, how 
high will it nse and after what time will it strike the earth again ? 

4. A body starts with a velocity 5 and has an acceleration of 2 5 
in the direction of motion 

Find (i) its velocity after 3 seconds, 

(n) the space it has moved over in that time 

5. At the end of 3 seconds the acceleration of the body m the 
preceding question changes to 5 m a direction opposite to that of the 
motion , how far will it go before coming to rest? 

6 A velocity of 5 is changed into one of 5 in a direction at 
nght angles to itself, find the change in velocity and the acceleration 
supposing it uniform and that the change occurs m 10 seconds. 

What will the velocity be at the end of 1 minute? 

7. A Etone is dropped over a cliff into water and the sound of the 
splash is heard after an interval of about 9} seconds, assuming the velo- 
city of sound to be about 1130 feet per second, find the height of the cliff 

8. The velocity of a tram passing two stations 1 mile apart is 
observed to be 30 and SO miles an hour respectively; calculate its 
acceleration assuming it to be uniform 

9. A bullet shot up passes a point 1G00 feet above its starting point 
on its upward and downward path respectively at an interval of half a 
minute, find its initial velocity and the height to winch it rose 

10. A particle is moving under uniform acceleration with a velocity 
of 100 feet per second, at the end of 1 minute its velocity is 220 feet 
per second How far will it move in 10 minutes and what will then be 
its velocity? 

11. Draw the velocity -time curve for the bullet in question 9 and 
find hence or otherwise when it strikes the ground 

12. A body has a velocity of 3 g and an acceleration g ( a ) m the 
direction of motion, (6) m the opposite direction Find how far it moves 
in the first case before its velocity is doubled and m the second before 
it is halved Find also the distances moved through m the two cases 

13. A body has an initial velocity 25 and an acceleration 1 opposite 
to the direction of motion At whnt time will it have moved over half 
the distance it moves through before coming to rest and what will 
be its velocity then? 
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40 A tram is moving at a rate of 60 miles an hour, and a gun is 
to be fired from a carnage window to hit an object which at the moment 
of firing is exactly opposite the window If the velocity of the bullet be 
440 feet per second, find the direction in which the gun must be pointed 

41 A Tnnn walks 2 miles m \ an hour, then dnves 5 miles in g hour, 
afterwards he travels 10 miles m an hour, and completes a further 8 
miles of his journey in 20 minutes Express his second speed in miles 
per hour, and his last speed in feet per second, and find what his 
average speed on the whole journey has been 

42. A man is r unnin g with a velocity of 6 miles per hour in a 
shower of rain which is descending vertically with a velocity of 11 feet 
per second Find the tangent of the angle which the apparent direction 
of the rain makes with the horizon 


43. A certain mark on the circumference of a flywheel 6 ft in 
diameter passes a fixed point three times eveiy minute * Find the 
velocity of the mark and the angular velocity of the wheel 


44. A point moi mg in a straight line describes a space x m a time 
f, and its \ elocities at the beginning and end of the time are u and v 
Find an expression for the mean acceleration of the point, and if its 
acceleration is constant, prove that 2ar=(«+t>) t 


45 A JSC is a tnangle right angled at C Points start from A and 
B at the same instant and move towards C with nmform acceleration 
inversely proportional to AC and BG respectively Shew that their least 

. . . ... AC*~BC"- 

distance apart will be y- , 

al) 


46 A stone is thrown vertically upwards and returns to the point of 
projection after 5 seconds , find the greatest height to which it nses and 
its velocity, on its return, at the point of projection 

47. A stone is thrown vertically upwards and just reaches a height 
80 feet above the point of projection Find its velocity, on its return, at 
the point of projection and the whole time taken 

48 A uniformly accelerated body passes two points 6 feet apart m 
J second, 4 seconds after reaching the first of these points the body had 
a velocity of 110 feet per second, find the velocity and acceleration 
of the body 

49 A falling body passes two points 10 feet apart in 4 second it 
subsequently passes two other pomts also 10 feet apart in ^ second If 
the acceleiation due to gravity is 32 feet per second per second, find the 
distance between the first and the last of these four points 

50 If the measure of an acceleration is 528 when a yard and 
6 seconds are the units of length and time, find its measure when a mile 
and on hour are the units of length and time 



CHAPTER IV. 

MOMENTUM 

49. Mass. In the two following chapters we shall 
endeavour to obtain from experiment some notion of the 
meaning of the terms Mass and Force as used m Mechanics 
and to arrive at certain laws which express the results of the 
experiments. These laws, known as Newton’s Laws of Motion, 
are from this point of new, generalizations from simple obser- 
\ ations Having arrived at these generalizations, we can start 
afresh and, assuming the laws as true in all cases, can deduce 
from them the motion of bodies under various complex circum- 
stances This is done in Chapter vi and the following chapters, 
in which Mechanics is treated as a Deductive Science based 
on Neu ton’s Lav s as Axioms 

We are now about to consider certain effects produced by 
a monng body which we may treat as a paiticle. These 
effects we shall find maybe different for different bodies, from 
the consideration of them we may obtain a definite idea of the 
meaning of the term Mass m Mechanics 

We can recognize m bodies m many ways a property 
which depends partly on their size and partly on the sub- 
stance of which tliej are composed Thus, if we take two 
balls of iion of considerably diffeient sizes and hang them up 
by long strings of the same length, a very slight effort is suffi- 
cient to give a considerable velocity to the small ball, while a 
strong push is needed to displace the large ball appreciably, 
the two balls aie said to differ in mass Or again consider 
two casks of the same si/e, the one filled with sand, the 
other with featheis, a slight kick is sufficient to start the 
second cask rolling, a vigorous shove will hardly stir the 
former , we say that the mass of the sand is greater than that 
of the feathers 

A heavy ily wheel propci ly mounted on ball bearings 
continues to rotate for a long time when set m motion, an 
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appieciable effort is needed howevei either to stop it, or to 
start it when at lest , the flywheel is said to have mass, and 
the gieatei the mass the greater the effort needed to stop it m 
a given time Two identical lumps of metal when suspended 
by a fine string over a light pulley remain at lest, a down- 
ward push applied to one will start them moving, and when 
started they continue to move, but a stronger eftort is needed if 
the bodies suspended be Luge than is i equned if they be small 

These and similar observations lead us to recognize that 
propel ty of bodies to which the name of Mass has been 
given We aie able as we shall see to compaie the masses 
of two bodies and shall find that for a given homogeneous 
substance the mass of a body depends on its volume, while for 
bodies of given volume the mass depends on the substance 
of which the bodies consist and on its physical state 

50. Experiments on the Measurement of Mass. 

Newton describes m his Pnncijna certain experiments on 
the collision or impact of bodies fiom -which he draws several 
important conclusions The observations just described lead 
us to the conception of mass as a fundamental notion, experi- 
ments based on those of Newton enable us to give definiteness 
to the idea 

Newton in his experiments employed two spherical balls 
suspended fiom two points m the same hoiizontal line by 
parallel strings of such lengths that when at rest the balls 
were in contact and their centi es u ere at the same distance 
below their points of suspension (Fig 51) The expei iments 
consisted m drawing the balls apart to various small distances, 
and then allowing them to fall simultaneous!} , the balls then 
struck each other at the lowest point of tlieir swing, and the 
velocities with which they impinged were calculated 1 , the 
positions to which the balls rose after impact were observed 
and fiom this observation their velocities aftei impact were 
obtained , from the l elation between these velocities vanous 
important deductions can be di awn 

Fig 51, taken from the Pi incipia, shews the airangement 
adopted by Newton A body such as the ball A or B, sus- 
pended so as to be able to swing backwaids and foi wards 
1 See Section 14G. 
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about its position of rest is called a simple pendulum, and in 
the deductions from the experiments we make use of two laws 
discovered by Galileo, as to the motion of a simple pendulum 1 . 

Accoiding to the first law, if the ball of a simple pendulum 
be pulled aside a moderate distance, so that the string is 



Pig 51. 

inclined to the vertical at a small angle, when the ball is 
released it will take very approximately the same time to reach 
its equilibrium position, in winch the string is again vertical, 
whatever be its startmg point* provided only that the angle 
the string makes 'originally with the vertical be not large 
Thus if the two balls A and B be drawn a short distance 
apart and let fall simultaneously, since the distances between 
the points of suspension and the centre of each ball are the 
same, they will always impinge at the lowest point 

If the ball A be drawn a very short distance aside and 
released, its velocity as it passes through the equilibrium 
position will be small , if the original displacement be larger, 
the ball after lelease will arrive at its lowest point m the 
same intei val of time as before, but since in the second case it 
has m that interval traversed a greater distance than m the 
first case the velocity with which it reaches it will be greater 

The second law referred to above enables us to calculate 
what the velocity is 

Let P, Fig 52, be the point from which the ball A is 
allowed to start Join PA Then it can be shewn that the 
velocity with which the ball will reach its equilibrium position is 

1 Experiments to verify the laws are described later (see § 130) 
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proportional to the distance PA If the ball A, after striking 
the second ball, rise to Q its velocity is propoifcional to AQ, we 

ecf 



A 


Fig 52 

can compare the velocities before and after impact by measur- 
ing the lines PA and QA 

Let PM and QK be horizontal lines drawn from P and Q respectively 
to meet the vertical line GA m M and N Then if the arcs PA and QA 
be small, the ratio of PA to QA is nearly the same as that of PM to QN 
The velocities before and after impact are approximately proportional to 
PM and QN 

We could perform our experiments with the apparatus used 
by Kewton, an arrangement however which has been devised 
by Professor Hicks of Sheffield will serve better It is called 
by him a Ballistic Balance 

51 Hicks 1 Ballistic Balance. The apparatus is 
shewn in Pig 53 It consists of a rectangular wooden frame- 
work ABGD, about 100 cm long and 125 cm. high. The bar 
AB is horizontal, AC and BD are vertical, and the framework 
is arranged so as to stand securely on a table. Pour parallel 
bars EF about 20 cm long can be adjusted across AB 

Prom these bars two earners G, H, are supported by fine 
wires or threads as shewn in the figure, the earners are 
small rectangular pieces of wood, the lengths of the wires and 
the positions of the bars EF are adjusted so that the planes of 
the earners as they swing are always horizontal, and the 
two earners stnke each other peipendieularly when each is at 
the lowest point of its swing The ends of the earners which* 
come into contact are fitted with some sharp-pointed pins so 
that the earners after impact adhere together 
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LJ1N is a honzontal bai fitted below the earners and 
canying two scales, one for each earner A vertical pointer is 
fixed to each carrier and moves ovei the corresponding scale, 
which is adjusted so that the pomter reads zero when the 
earners aie in contact If a earner is pulled aside and let 



go, the velocity with which it reaches its lowest point is pro- 
portional to the horizontal distance thiough which it has been 
displaced, and this is given directly by the scale reading of the 
pointer at the starting point The actual value of the velocity 
will depend on the dimensions of the instrument , if the vertical 
distance betveen the camei and the points of support of the 
wnes be 109 centimeties, a displacement of 1 centimetie along 
the scale can be shewn to give use to a velocity of 3 cm per 
second , each centimetie of the scale coi responds therefore to 
a velocity of 3 centimetres per second 

G D 


6 


82 


DYNAMICS 


[CH IV 


By attaching a string to each earner, it can be pulled 
aside any requued distance, on releasing the strings simulta 
neously the two earners are set in motion and impinge at the 
lowest pomt of their swings By passmg the strings over 
pulleys they can both be fastened- to the same clip so as to 
secure that the two earners start simultaneously 

52. Experiments with the ballistic balance. 

Experiment 9 To determine the condition that two bodies 
may have equal masses 

(а) It has been stated previously that the masses of two 
equal volumes of any homogeneous matenal are equal Take 
two equal volumes of lead, say two cubes some 3 or 4 centi- 
metres m edge Place one on each carrier and displace the 
two earners equally, say 2 cm , release them simultaneously, 
they meet at the bottom and it will be found that both are 
reduced to rest If two equal volumes of iron, silver, etc be 
used the result will be the same Repeat the experiment but 
let the displacement be greater, still keepmg it the same foi 
both , the result is always the same, the masses are reduced to 
rest Thus two identical lumps of matter when they impinge on 
each other dnectly with the same velocity are reduced to rest 

Now take a lump of iron and a lump of lead of the same 
volume, place one on each carrier and repeat the experiment , 
the impact will no longer result in rest, the lead lump will 
continue to move forwards though with reduced velocity, the 
iron will be dnven back The iron is said to have less mass 
than an equal volume of lead 

(б) Take a smaller piece of lead and repeat the experi- 
ment, the velocity after impact will be less than before — 
with a still smallei piece of lead the velocity may even be 
reversed By adjusting the volume of the lead we can agam 
obtain the result that there is no motion after impact When 
this has been secured the two masses of iron and lead are 
equal 

Definition of equal masses The Masses of two bodies 
are equal, if when the bodies impinge on each other directly 
with equal velocities, they ate reduced to rest 
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53. The comparison of Masses. If the volume of 
the lead used in Experiment 9 ( b ) be measured it will be found 
to be about 78/114 of that of the iron 

Thus, according to this definition of equal masses, a 
given volume of iron has the same mass as 78/114 of that 
volume of lead Hence the masses of equal volumes of iron 
and lead are as 78 to 114 We have thus a means of comparing 
the masses of two bodies 

In this experiment the bodies impinge with equal velocity, 
they are reduced to rest, and we say that their masses are equal 
Consider now what happens if the velocities with which the 
bodies meet be not equal 

Place on the earners two equal lumps of lead Draw 
back one earner further than the other and release them On 
impact the earner which has the greater velocity continues to 
move onwards, the motion of the other is reversed Replace 
one of the lumps of lead by an iron lump of equal volume 
and draw it back further than the lead lump so that on 
impact the non lump may have the greater velocity , the velocity 
after impact will be less than it was when the two met with the 
same velocity, and by careful adjustment positions can be found 
for the camera such that they remain at rest after impact 
Thus for example if the lead lump be displaced 7 8 cm *, 
and the iron 11 4 cm , then after impact the camera will be at 
rest, the same will be true if the displacements respectively 
be 3 9 and 5 7 cm. or 15 6 and 22 8 cm 

How these numbers are to each other respectively in the 
ratio of 78 to 114, that is, m the ratio of the mass of the iron 
to the mass of the lead 

Again, the velocities with which the two impinge are pro- 
portional to the displacements, and we find m this case that 
there will be rest after impact provided that we satisfy the 
relation given by the equation, 

Pinal Velocity of Lead lump Mass of Iron 
Pmal Velocity of Iron lump ~ Mass of Lead ’ 

1 In these numbers no allowance has been made for the mass of the 
earners Should this be appreciable compared with the masses of the 
bodies placed on them some correction will be required. 
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or writing v^, u t for the two velocities, m lt for the two 
masses, provided that 

«i ^3 
u a 

or = ni t u t 

Whenever then this relation is satisfied the earners after 
impact will come to rest 

Thus we can use the ballistic balance to compare two 
masses by dete rminin g the velocities with which they must 
impinge directly in order to be reduced to rest, foi we have 
the result that, When two todies are caused to impinge directly 
so as to adho e together and are reduced to rest by the impact 
their masses are inversely proportional to the uelocities with 
which they impinge 

Moreover we can shew, by direct experiment, that the 
results are not modified by altenng the shape of the lumps of 
matter used If we deteimme the ratio of the masses of a 
lump of iron and a lump of lead we may altei the shape of the 
lead by hammering it, or in any othei way If we do not 
remove any of the lead its mass as determined by the ballistic 
balance m terms of that of the iron lump remains unchanged 
Other and simpler methods of companng masses will be 
given later ( Statics , § 59 ) 

54. The Unit of Mass We have explained § 11 that 
we assume as the unit of mass the mass of a certain lump of 
platinum called a kilogramme We may imagine then that we 
use this in one of the earners of the ballistic balance, and give 
it a certain velocity , we can determine in terms of this the 
mass of any other body by finding the velocity winch must 
be given to that body in order that it may be reduced to lest 
by impact with the standard mass 

Moreover the ratio of the masses of two bodies is found to 
remain the same from day to day, and is not altered by 
carrying the bodies from point to point of the eai tli’s surface 
The mass of any given body has at all times and places a 
constant ratio to that of the standard , if we assume its mass 
to be a definite property of the standard then the mass of 
every other body is a definite property of that body 
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55. Mass and Quantify of Matter. Suppose we 
determine by the ballistic balance the mass of a body , remove 
part of the body and again measure its mass , it will be found 
that the mass is reduced 

hTow in ordinary language we should say that we had 
taken away some of the matter of which the body is composed 
We thus see how it comes about that mass is looked upon as 
measuring the quantity of matter in a body, and what is 
meant by the statement, that the mass of a body is the 
quantity of matter of which it is composed 

It may however be convenient sometimes to employ the 
term “ quantity of matter ” as identical with the term “ Mass,” 
to say that in Dynamics the quantity of matter in a body 
is measured by its mass , the mass can be compared with the 
unit mass by means of a ballistic balance or in some equivalent 
manner 

56. Momentum The experiments with the ballistic 
balance have led us to recogm/e a quantity m mechanics 
which depends on the pioduct of the mass of a moving body 
and its velocity. The motion which a given body can com- 
municate by impact to another body depends on this quantity 
This quantity is called Momentum and we shall find that it 
is of fundamental importance 

Definition The Momentum of a body is the product of its 
mass and its velocity 

Thus if a mass of m grammes be moving with a velocity of 
v centimetres per second its momentum is mv 

The unit of momentum therefore is the momentum of a 
mass of 1 gramme which moves with a velocity of 1 cm, 
per second 

Various names have been suggested for the unit of momen- 
tum but none of them has received general acceptance When 
then, we say that the momentum of a body is 10 we mean 
that it has 10 units of momentum . its momentum therefore is 
the same as that of a mass of 10 grammes moving with a 
velocity of 1 cm per second or of 1 gramme moving with a 
velocity of 10 cm pei second, or of a? grammes moving with a 
velocity 10/a: cm per second 
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In dealing with momentum we must remember to take 
into account the direction m winch the body is moving Thus 
a billia rd ball which impinges directly on the cushion has 
the direction of its motion reversed by the impact , if we agree 
to call its velocity and its momentum positive before the 
impact, we must call them negative afterwards 

57. Condition of rest after Impact. We can now 
express m terms of momentum the condition that two bodies 
which meet directly and adhere should be brought to rest by 
the impact From Section 53 we know that the condition is 
that 

1 nph. = 7r h u a 

Now mpi j is the momentum of the first body, m 2 w 2 that of 
the second , the condition then for rest is that the momenta of 
the two bodies should be equal m magnitude and opposite in 
direction If we call the momentum of one body positive 
that of the other will be negative, we may say then that 
the condition for rest after impact is that the total momentum 
of the system before impact should be zero 

The momentum after impact is zero, so that we see that m 
this case there is no change m the momentum of the system 

*58 Further experiments with the ballistic bal- 
ance. By the previous experiments we have determined 
the condition that the bodies should be reduced to rest by the 
impact We now wish to determine the velocity with which 
they will move if this condition be not fulfilled, we still suppose 
that the two carriers adhere together after the impact 

Experiment 10 Two masses impinge directly and adhere , 
to determine by experiment the relation between their velocities 
before and aftei impact 

Take two equal masses, such as the two lumps of lead used 
m Experiment 9 and place one in each earner of the balance 
Let one mass remain at rest in its lowest position Displace 
the second earner a measured distance a, say 20 centimetres, 
and let it go After the impact the two earners move to* 
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gether. Observe the extreme distance to which they swing, let 
it bo b centimetres Then it •will always be found that 

b = $a, 

thus if the original displacement of the first mass be 20 cm 
the joint displacement after impact will be 10 cm 

Isow the first displacement measures the velocity with 
which the one mass strikes the other, the second measures 
the velocity with which the two masses move after impact 
“We thus see that m this case the velocity is halved by the 
impact, but at the same tune the moving mass is doubled, 
the momentum therefore of the system remains the same, 
the one ma«-s loses momentum w hile the other gains an equal 
amount, there is no change m the total amount, it is distributed 
betw een the tw o instead of being entirely in the one 

jSow, however the masses on the earners be changed, it 
will be found that tins law always holds, the total momentum 
is unaltered in all cases 

If TOj, ?w, be the masses, the velocity with which 
strikes nu at rest, and n the common % elocity after impact, then 
we shall find that 

(m, + nu) it = nifitj, 

the momentum of the two after impact is equal to the sum of 
the momenta before, the velocities and u are measured 
respectively by the ouginal displacement of the first mass and 
the joint displacement b of the two after impact Make a 
series of observations of b giving a difieient values such as 
2, 4, 6, 8, 10, etc cm It will be found in all cases that the 
ratio of b to a is a constant and that this ratio is equal to the 
ratio of tw, to the sum tw, nu 

Make another series of observations in w’luch both the 
masses m , and rw s are in motion befoie impact Displace 
tw, a distance a 1 and nu a less distance a, m the same direction , 
on releasing the two simultaneously m x will acquire a greater 
velocity than tw,, and will o\eitakc it at the bottom of the 
swing; after impact the two bodies will move on together with 
the same velocity n and it will be found that the momentum 
of the two is the sum of the original momenta so that 

(w», + Wtj) U = TWjWj + TW,tt 2 , 
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or, if 6 be the first displacement after impact 

+ m 2 ) 6 = + m«a s , 

, nijO, + m«a s 

o = — 

Tn l + m i 

Make a senes of observations for different values of and a : 
and venfy this formula 

A similar result can be obtained "when the two bodies move 
in opposite directions before they impinge, only in this case 
we must treat the momenta of the two as opposite m sign 
The combmed system will after impact move in the direction 
of motion of that body which before impact had the greater 
momentum , we shall have the equation 

(m, f m 2 ) u= - m a u a , 

satisfied 

, m.a, — ma. 

or 6 = -i-! 

m l + m a 

In all the above cases we see that there is no change of 
momentum produced on the whole 

*59. Impact of elastic bodies. This same result ig 
true and can be verified by the ballistic balance even though 
the earners rebound fiom each other after impact , the observa- 
tions 1 are rather more troublesome because there are two 
quantities 6, and b g the displacements of the two earners 
to observe 

We shall find that it is impossible v ithout further know- 
ledge as to the properties of the matenal to calculate a prion 
the values of 6, and 6 B from a knowledge of the onginal 
displacements and the masses, but it will follow the results of 
observation that the values of 6, and b t are always such that 
the momentum of the system remains unchanged 

They satisfy the l elation 

771,6, + mjb s = m l a l + m g a a , 

1 In such expenments the pins or clips ananged to fasten the earners 
together after impact are removed, the earners therefore are free to 
rebound and the nature of the rebound will depend on the matenal of 
which they are composed as well as on their onginal momenta 
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so that, if •we call v e the velocities after impact -which 
correspond therefore to 5, and 5 e and u v « 2 the velocities before 
impact corresponding to c, and a s , we have 

m i v i + m t V s = m i u i + 

Thus when two bodies impinge directly the momentum 
remains unchanged 

Newton’s experiments already referred to were designed in part to 
verify this law, in part also to determine another relation between v 1 
and r 2 from which, when combined with the above, it might he possible 
to calculate and t> 2 We shall return to this point again, for the 
present we are concerned with the law of the permanence or conservation 
of momentum 

60 . Change of Momentum— Impulse. In each 
ot the above experiments, while the momentum of the whole 
system has remained unchanged the momentum of each body 
lias been altered, there has been a transference of momentum 
from one body to the other, the one has gamed what the other 
has lost 

Thus, if in Experiment 10 we take two equal masses m, 
the velocity of the striking mass is changed by impact from 
u to } its momentum was mu and it becomes \mu , its loss 
of momentum therefore is \mu The velocity of the second 
mass is changed from 0 to he , its momentum therefore alters 
from zero to \mu, its gam is \nxu which is equal to the loss of 
the first mass 

How this law is quite general, for with the notation of 
Section 58, the loss of momentum of m y is 

- m x v v 

or m : («!-«,) 

The gam of momentum of is 
m B v 2 - m s u s , 

°r m a (v e - u s ) 

How we have 

?«,«, + m„v s - nijW, + m g w s .' 



90 


DYNAMICS 


[CH IV 


Hence 


m t° a ~ m i u * ~ n h u ! ~ m i v n 


or 

gain of momentum of m a = loss of momentum of m,. 

Thus momentum is tiansferred unchanged in amount from 
the one mass to the other 


The name Impulse has been given to the whole change of 
momentum of a body 


Definition The gam of momentum of a body is called 

Impulse. 

Thus in the experiments in Section 56 the second mass 
gains an amount of momentum (i> s - n a ), its Impulse T s 
therefore is given by 

The first mass loses an amount of momentum (u t - v,), 
its impulse /, is given by 

I\ = ~ m i { U X ~ V l) 

and in this case /, is negative 

Moreover we have the result that 

or /, + /*= 0, 

that is, the total impulse is nothing 


61. Transference of Momentum Thus we have 
learnt from these experiments to consider momentum as a 
propei ty of a moving body which we can measure m a definite 
manner This property can be communicated through impact 
by one body to another , when such transference takes place 
under circumstances similar to those of the above experiments, 
there is neither loss nor gam of momentum, the one body gams 
what the other loses, the amount of momentum transferred is 
unaltered How we find that this law is of general application, 
momentum can be transferred from one body to another 
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in other ways than by direct impact , whenever such action 
goes on in an unimpeded manner there is no loss in the amount 
of momentum transferred, the gain of the one body is equal to 
the loss of the other 

The words "in an unimpeded manner" above are of importance 
Consider two isolated particles and suppose that there are no other bodies 
near which can in any way affect their mutual action, this action is un- 
impeded, the two particles will move towards each other m such a way 
that m any given time the} each gam equal amounts of momentum m 
opposite directions The total change of momentum will be zero, the 
impulse of the one particle is equal and opposite that of the other. 

But we cannot in practice secure that the above conditions shall be 
satisfied , it is impossible to obtain two particles free from the influence 
of all other bodies Our experiments must be performed in the presence 
of the earth, and this may have an effect on the change of momentum 
produced In the cases of impact with which we have been dealing no 
such effect is produced as ue shall see later, the action ib unimpeded 

Take another example If a Btone bo held at a distance from the 
earth it has no momentum relatively to the earth , on releasing it it falls 
and acquires momentum, there is here a gam as far as we can observe of 
momentum ; in reality we believe that there is no gam, for the earth has 
acquired momentum in the opposite direction equal to that of the stone 

We cannot of course verify this by direct experiment, we have no 
means of determining whether the earth moves towards the stone or not, 
the velocity acquired by the earth would be excessively small, for its 
mass is enormous compared with that of the stone 

Thus if a stone fell from a height of 6 metres it would on reach- 
ing the ground have a velocity of about 1000 centimetres per second 
(» 2 =2ys=2x 981x500, «== 1000 approximately) Suppose the mass of 
the stone to be 1 kilogramme or 10 s grammes , the mass of the earth is 
about 5 x 10 s7 grammes Thus the momentum of the stone is 10 3 x 10 3 
or 10® units of momentum Hence the velocity of the earth is 10®/5 x 10- 7 
or 2 x 10--' cm per second Now there are rather more than 3xl0 7 
seconds in a jear , hence if the earth were to continue to move for 
a jear with the velocity thus acquired it would only traverse 6xl0 -15 
or 000,000,000,000,006 of a centimetre 


62. Conservation of Momentum. We may sum up 
then the results of the experiments and our discussion of them 
with the statement that by the mutual action between two 
bodies momentum can be transferred from the one to the other 
When this mutual action is unimpeded the momentum trans 
ferred remains unchanged in amount 

This principle is known as the Conservation of Momentum. 
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63. Force. The experiments described in tho last 
chapter have shew n us how to attach a definite meaning to the 
term mass as used m Mechanics and have led us to rccogmzo 
Momentum ns a fundamental property of a moving body "\Vo 
have seen also that momentum is tiansfcired without loss from 
one body to another by impact and have given a name, 
Impulse, to the change m momentum 

How the velocity of a body is uniform and its momentum 
constant when it moves m a straight line and parses over cqunl 
spaces m equal times If we observe the velocity of any body* 
by noting its positions at given intervals of time, we find that 
tliero are very few' cases in natuie in which the velocity 
is uniform, in nearly all the velocity is variable, the body 
has acceleration 

Thus in most cases the momentum of a moving body 
changes We are now about to investigate in certain cases 
the rate at which this change takes place This into of change 
of momentum lias received a name, it is called Force 

Definition The llatc at which the Momentum of a moving 
body changes is called Impressed Force 

In the experiments just described the change of momentum 
has been a sudden one The Impulse has occurred m a veiy 

1 Ab has been already explained, § 15, we aro at presont doaling only 
with bodies which for the purposes of our investigation may be treated 
as particles 
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brief interval of tune , suppose now we consider a senes of very 
small impulses applied for bnef consecutive intervals of tune , 
the small changes of momentum occurring during each impulse 
will add up, at the end of a finite time a finite change of 
momentum is produced, but the change has been a gradual 
one, the motion has taken place under an impressed foice 

Force is often looked upon os something external to the body acting 
on it and causing it to mo\ e Now when w e say that a body is moving 
under the action of a force all that we can observe is a change in the 
momentum of the body. Wo are however often not content with the 
simple observation that the motion of the body is changing m a definite 
way, we endeavour to assign a cause for tins change of motion and coll 
this cause Force We look upon the change in momentum as due to 
the mutual action between the moving body and some other body, the 
Earth for example, which can influence it, and we say that tho change of 
momentum is due to this action. Our sensntions give us some know- 
ledge of a mutual action between ourselves and othei bodies which if not 
impeded is followed by motion, and it was doubtless to this muscular 
sense that the idea of foice was ongimllj attached But our sensations 
alone cannot enable ns to measure Force Wo cannot prove that Force 
as measured by the rate of change of momentum corresponds to our 
muscular sensations For our purposes we therefore dismiss at once the 
notion of there being any connexion between the two Force as a Cause 
of Motion we have not here to consider, it will suffice for us to define it 
as JRatc of change of Momentum and proceed to examine certain simple 
cases of motion with a view of seeing what deductions wo can make 
from them as to the relation between Force and Motion 

In this we are adopting a historical method of procedure The 
experiments we are about to desonbe resemble those by winch Galileo 
established some of the fundamental laws of Mechanics, their discussion 
will lead us naturally to the consideration of Newton’s Laws of Motion 
given by him m the first pages of the Principle as the, fundamental 
Axioms of the subject 

We arc abont to deal with the rate of change of momentum of bodies 
and to consider in the first case that of falling bodies, we shall shew 
how to express tho rate of change of momentum of a body in teims 
of its mass and its acceleration. 

64. Measurement of Force. 

Proposition 20 The Rate of change of momentum of 
a body is the product of its mass and its acceleration 

Let tho velocity of the body initially be u cm per second, 
and suppose that after l seconds it is v cm. per second, and 
that the acceleration is uniform and equal to a cm per second 
per second 
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Then the momentum originally is mu, after t secs it is 
mv Thus 

The change of momentum in t seconds is mv - mu and the 
change in 1 second is ( mv - mv)jt or ™ ^ ^ . 


But 


v=u + at 


TT v ~ u 

Hence — — = a, 

t 

and the change m momentum per second is ma 

But when a quantity changes umfoimly the change per 
second measures the late of change 

Thus if F be the impressed force we have F— ma 

Hence the late of change of momentum is ma 

When the acceleration is variable the same expression holds, for we 
deal with variable acceleration by supposing it uniform for a very short 
space of time and considering what takes place m the limit when the 
time is indefinitely diminished , now the abo\e formula) are true when 
t is indefinitely small and a variable 

65 The acceleration of a falling body. When a 
body falls it moves with a continually increasing velocity 
the motion is accelerated Observation shews as we have 
already stated that the acceleration is a uniform one This 
acceleration is spoken of as the acceleration due to gravity, 
its value m England is about 981 cm or 32 2 feot per second 
per second - The most direct way of proving this would be by 
observing the distance a body falls thiough in various intervals 
of tune, this method is not easy to put into practice, for unless 
the intervals of time are very short the space traversed and 
the velocities acquired become considerable and difficult of 
measurement, while if the times are short it is difficult to 
measure them exactly 

The difficulty was avoided by Galileo, who observed the 
time taken by a ball to roll down an inclined plane, and 
from that inferred what would happen if it fell freely, it is met 
in another way, as we shall see shortly, m Atwood’s Ma chin e 
We -will however first give some experiments on bodies falling 
freely 
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In experiments on Motion we need some arrangement for measuring 
short internals of time For many purposes a good stop-watch will 
serve, this is fitted with a long seconds-hand, the dial is divided into 
seconds and these subdivided into fifths and observations can thus be 
made to the fifth of a second 

In other cases a pendulum which ticks once a second is useful It is 
not necessary that there should be any clockwork attached A heavy 
pendulum once started will continue to move sufficiently long for an 
experiment without the aid of a spring 

It is convenient for many purposes to have an arrangement attached 
to the pendulnm, by which a circuit carrying an electno current may be 
made or broken — as is most convenient — once a second The current 
may be made to ring a gong which thus sounds at intervals of a seoond 



Fig 64. 


and marks the time more definitely than the ticks Fig 64 shews a 
device which is useful 
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The end of the pendulum is an are of a circle, on the edge of this, 
at A the top of the arc are two strips of thin brass insulated from 
each other These are connected by flexible wires to two binding 
screws P and Q A strip of thin brass connected to a binding screw 
R makes contact with the top of the pendulum rod at a point just 
above its point of support A stnp of paper or thin insulating material 
(shewn in black m the section at the side of Fig 54) is pasted over the 
stop of brass AB leaving only a narrow portion of the brass near A 
exposed The screw R is connected to the battery, P to the electro- 
magnet and Q to the bell The second poles of the electro-magnet and 
of the bell are connected together and to the second pole of the battery. 

’When the pendnlum is pulled to the nght contact is made between 
R and P by means of the spring and the stnp AC, the current passes 
through the electro magnet which is magnetised and can support an iron 
ball or a wooden ball which has a small piece of wire attached When 
the pendulum is released this contact is maintained until the bob reaches 
the lowest point of its swing, and at the moment contact is broken 
between the spnng and AB it is made between the Bpnng and AC, the 
bell is rung and as it nngs the ball drops, the contact with AC, since 
the brass exposed is veiy narrow, is only maintained for a very brief 
time, the gong sounds once or perhaps twice and then is silent until the 
pendulum again passes through its lowest position, the time of swing 
of the pendulum can be adjusted by altering the position of the bob 
and we thus have a means of marking seconds, half-seconds or other 
intervals after the ball is dropped 

A tuning fork or a vibratory bar may also be employed to measure 
small intervals of time The prongs of the fork when it is struck vibrate 
and each vibration occupies the same time , the period of vibration can 
be measured Suppose now a light metal style is attaohed to one prong 
and a piece of smoked glass is held so that the point of the style is 
just in contact with it, if the glass be raised or lowered vertically, the 
style will trace a straight line along it 

Let us now suppose the fork is set in motion so that the vibrations 
take place in a horizontal plane and the glass moved uniformly past it, 
the straight hne becomes a regular undulatory curve Each loop of tho 
curve is of the same size and it outs the straight hne drawn by the fork 
when at rest m points which are at equal distances apart If the fork 
makes 20 complete vibrations per second each of these' distances will 
correspond to the one fortieth of a second and will measure the distance 
traversed by the plate in the fortieth of a second If the motion of the 
plate be not uniform the distances will not be equal and the loops of the 
curve will not be alike, each space will however be the distance traversed 
by the plate in the corresponding fortieth of a second By measuring 
the spaces we can deduce various consequences as to the motion 

Experiment 11 To shew that a body falling freely passes 
over approximately 490 5 centimetres — 16 1 feet — in the first 
second of its motion from rest 
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The seconds pendulum just described is used for this, the 
bob is adjusted so that the pendulum makes one complete 
oscillation in two seconds, it thus passes through its equilibrium 
position once a second and at each transit the gong is sounded 
once The binding screws P and R are connected with an 
electromagnet and battery and the pendulum is drawn aside 
and held by a string so that connexion is made between P and 
R through the brass strip AJB and the spring 

The electro-magnet which is thus magnetized and supports 
an iron ball is attached to a light wooden frame which can be 
raised by means of a string to any desired height, a measuring 
tape is also attached to the fiame and the herght to which it is 
raised can be easily measured 

Start the pendulum, then, as tire pendulum leaches its 
lowest position the electric cncmt lound the magnet is broken, 
thus releasing the ball, and the gong is sounded at the same 
time Eaise the electro-magnet and adjust its height until the 
ball on falling strikes the flooi sunultaneously with the second 
stroke of the gong, this coincidence can be estimated with 
considerable accuracy. Measure the height of the electro- 
magnet, the interval between the two sounds is one second 
and during this interval the ball has fallen tlnough the height 
just measured 

It ■will be found on making the measurement that the 
height is about 490-5 centimeties or 16 1 feet 

If we attempt to use this method to find the distance fallen 
through in a longer time, say 2 seconds, we find that the 
distance is too gieat for measurement in the Laboratory — 
it would be 4 x 490 5 or 1962 cm In order then to find how 
the space traversed by a body falling freely vanes with the 
time we must have recourse to some method of measuring 
small intervals of time such as that described above 

« 

Explrimlnt 12 To shew that the space passed over "by a 
body falling f) eely from rest is jn opoi tional to the square of the 
time of motion 

A massive tuning-fork, Pig 55, making say 20 vibrations 
per second is mounted so that its prongs vibrate in a horizontal 
a u 7 
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plane and a light style is attached to one prong The style 
may conveniently be a bristle from a biusti and its end 
should point downwaids A glass plate of consideiable mass 



Fig 65. 

is supported, with its lower edge just below the point of the 
style, by a single string passing over a pulley and the plate 
can be allowed to drop by burning the string above the pulley 
The plate is suppoited in such a way that the upper part 
of its front surface is slightly tilted forwards, hence as the 
plate falls it comes almost immediately into contact with the 
style The back of the plate rests against two narrow vertical 
strips of wood , it is thus prevented from swinging in its fall 
The front of the plate is coated with lamp black and the 
style as the fork vibrates marks a sinuous trace on the falling 
plate 

The style, if the fork had been at rest, would have traced 
a vertical line on the plate This line can be drawn ,in 
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afterwards and a fctuco such as that shown in Pig 56 is 
obtained ; the point A w Inch w as opposite to the 
style before the plate was staited is also m a iked 

In such a case the spaces AD, AG, AD etc 
represent the distances travei’sed in 1, 2, 3 etc 
twentieths of a second and these distances can bo 
measured, it will be found that appioxnnalcly 

AC ^4 AD=2'AD 
AD = 9 AD=3 a AD 
AD ~ 1G AD = 4*AD, 

and these aro the spaces traxersed m 2, 3, 4, etc 
twentieths of a second Thus the spaces tiavcrscd 
aie propoitionnl to the squares of the time 

We haxc ahead) seen (hat when a paiticlc 
moves with umfoira acceleration it traverses spaces 
which are proportional to the squat cs of the times 
Hence we mfci that a falling body moxes with 
uniform acceleration 

In rontinpr Ihc experiment it will not usually happen Hint 
the trace parses accurately through the point A Tina will 
nflcct the measurement* of the distance traxersed, but ex- 
cept m the case of the first few intervals the error will 
not be large Wo can eliminate it from the result and 
use the experiment to shew thnt the acceleration is uniform 
bv a method due to Frof Worthington For let and be 
the distances traversed in any two equal consecutive in- 
tervals of time t, then if the acceleration is uniform lj/t 
and Ut wall be the velocities nt tho middles of these two 
intervals Uhns the increaso of velocity during the timo t 
18 (1* - Iy)jt and the acceleration if uniform is (b,- lAjl- By making tho 
calculation for vanoitB paitu of tho trace it is founu that tho same value 
is obtained from all for the acceleration, and this valno is approximately 
981cm per sec per sec. It is thus proved that a falling body moves 
with umfonn acceleration 

EvrnitiMRVT 13 To shew by observations on falling bodies 
that in a given locality the acccleiation g due to g> avity is the 
same foe all bodies 

(a) Take two balls of different moss and drop them 
simult meoubly from a height, they will reach the ground at 

1—2 
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practically the same moment, they have moved over the same 
distance m the same time and kept together throughout their 
course, they have moved with the same velocity, their accelera- 
tion has been the same 

An experiment such as the above was first performed by Galileo 
about 1638 He dropped two shot of different masses from the leaning 
tower of Fisa and found that they reached the ground together 

The following is a more accurate form of the experiment. 

(b) Fit two electromagnets on to a wooden frame and con- 
nect them so that the same current traverses the two Pass a 
current round them and suspend a small iron ball from one, a 
larger ball from the other, then raise the frame and balls to the 
top of the room, on breaking the current the balls drop 
simultaneously and reach the floor together 

Thus two bodies of the same matei lal but of different mass 
fall at the same rate 

( c ) Repeat the experiment using for one of the iron balls 
a wooden ball into which an iron screw' or nail lias been fixed 
By means of this the ball can be held up by the electromagnet 
When dropped it will reach the floor veiy nearly simultaneously 
with the iron ball 

Hence two balls of diffeient maternal fall at the same rate 

(d) If for the wooden ball a very light ball be substituted 
it will probably be a little longer 
in its fall than the iron ball This 
is due to the resistance offered 
by the air to the passage of 
the balls In a vacuum the tune 
of fall of any two objects is the 
same This can be proved by the 
aid of a piece of apparatus shewn 
m Pig 57 A light and a heavy 
object — a feather and a sove- 
reign — aie placed on two little 
platforms at the top of a tall glass 
jar open below The platforms 
can be released from outside the 
jar and the objects allowed to fall 
The bottom of the jar is ground 
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and fits in an an -tight manner on the plate of an air-pump 
On allowing the two objects to fall when the ]ar is full of 
air the heavy one reaches the bottom first If the air be 
exhausted and the two then allowed to fall they reach the 
bottom simultaneously 

66. Acceleration of falling bodies the same for 
all bodies. Wo have thus arrived at the important result 
that in a vacuum all bodies fall to the ground with the same 
uniform acceleration Tins acceleration varies slightly at 
different places, in England it is approximately 981 cm per 
second per second 

In the case of dense bodies the effect of the air is small 
and we may apply the above results to bodies falling freely 
through the air. 

Hence in a given locality the accclci ahon with winch all 
heavy "bodies fall is the same 

Another and more exact veuficution of this important law 
will be given later, see Section 131 

E\rrmwj„\T 14 To find a value for g the acceleration due 

to giaiity 

It has been shewn m Explrimi.nt 12 that a falling body 
moves with uniform acceleration, now in the case of a body 
so moving wo see by putting t equal to unity m the formula 
s = \ad that the accclci ation is mcasuicd by twice the distance 
which the body describes fi om rest m the fit si second, for we 
hav e in that case a — 2s w lion t = 1 

But it has been shewn m Emtui.mi.nt 11 that a falling body 
moves over 490 5 cm or 1C 1 feet in the first second of its fall 
Therefore we infer that the value of g is 2 x 490 5 or 981 cm 
per second per second This is equivalent to 32 2 feet per 
second per second 

67. Weight. A body falls to tbe cartli with uniform 
acceleration winch we denote by g, moreover m a given locabty 
q is constant for all bodies, the mass of tbe body also is con- 
stant, hence the rate of change of the momentum of the body 
which is measured by mg is constant But the rate of chango 
of momentum is the Impressed Force. Hence the impressed 
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force is in this case constant This impressed force is called 
the Weight of the body, if we denote it by TFwe have the 
relation W=Mg 

Thus m a given locality the weight of a body is constant and 
vn England on the cos system it is found m proper units 1 by 
multiplying the mass m grammes by 981 

Agam we have from the above the relation 

IF 

g ~M 

Now in a given locality experiment has shewn that g is the 
same for all bodies, thus at a given spot the ratio Weight to 
Mass is the same for all bodies The weight of a body is pro- 
portional to its mass , if we take two lumps of matter one of 
which has twice the mass of the other the weight of the one 
will be twice that of the second We shall see later how tins 
fact is made use of m comparing by weighing the masses of 
various bodies 

The principle 2 which has just been enunciated that the 
weight of a body is proportional to its mass is a consequence 
of the definition of weight and of the experimental fact that 
m a given locality g is constant for all bodies 

We proceed now to consider some cases of motion m which 
the moving body is prevented by some means or other fiom 
falling freely 

68. Constrained Motion under Gravity. 

When a body is allowed to fall freely its velocity soon 
becomes too great to permit of measurement Various arrange- 
ments have been devised to obviate this Thus Galileo observed 
the motion of a ball lolling down a groove m a smooth inclined 
plane 

He made a senes of marks down the groove at distances 
1, 4, 9, 16, etc , from the starting point, and found that these 
marks were passed by the ball at times represented by 1, 2, 3, 
4 , the distance traversed was proportional to the square of 

the time Thus the acceleration was constant 

1 See Section 88 The value of the factor vanes slightly in England 

2 On account of the importance of the pnnciple further and moio 
exact experimental means of venfymg it lull be given in Section 131 
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The same end, the reduction of the v elocity to a measurable 
amount, is attained by the use of 
Atwood's Machine 

In this apparatus two equal 1 
masses P, Q, Fig 58, are suspended 
over a light pulley A by means of a 
fine string the pulley is mounted so 
as to experience very little faction 
and should be as light as is consistent 
with strength, the masses should be 
considerable 

This system w ill remain at rest 
A small body called a uder shewn 
on a larger scale at 2) in Fig 5S is 
placed on the mass P, which com- 
mences to descend and the accelera- 
tion with which it moves can be ob- 
served 

The pulley A is earned on a 
graduated vertical support ABC 
At P is a platform which can be 
clamped at any position on the sup- 
port This platform has a circular 
hole in its centre, through which the 
mass P can pass but which is not laige 
enough to allow the passage of the rider C is a second plat- 
form which can be placed so as to stop the motion of P at any 
point of its fall When the rider has been stopped by the 
platform B the system continues to move but the velocity 
becomes uniform By observing the motion under these cir- 
cumstances \anous consequences can be deduced 

In the following experiments we shall describe the observations which 
can bo most conveniently made by a class of students experimenting 
with Atwood’s machine These will consist m measuring the intervals 

1 These ma«ses may be snpposed to be of the same material , they 
will then be equal if their volumes are equal, if the nder also be of the 
same material as P and Q its mass may be compared with that of P by 
a comparison of %olumes , we thus avoid the difiiculty of compaung the 
masses of two bodies of different material 
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of time taken by the masses in moung over certain measured distances 
Each student or small group of students is furnished with a stop watch, 
reading to fifths of a second, at a given signal the demonstrator or 
one of the students releases the masses, the watches are started simul* 
taneously, and stopped as the rider is removed or ns the mass P passes 
some fixed point on the scale as the case may be 

In some Experiments the procedure may be reversed and the distance 
measured which the masses desonbo m a guen time When tins is done 
the pendulum described in Section 65 is often useful , the mass P carrying 
the rider is supported on a small wooden platform, Pig 59, hinged m the 
middlo An lion catch holds this platform in a horizontal position, while 



Pig 69. 

a strong clastic band is attached to its under side and pulls it down 
when the catoh is withdrawn The catch forms the armature of an 
electromagnet, it is drawn to it eaoh time the magnet is mado and is 
pulled away by a spiral spring when the magnetizing current is broken 

The electric circuit is completed through the spring I? of the 
pendulum (fig 64) and the connecting sorew Q which is connected with 
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the spring once a second when the pendulum is at the lowest point of 
Its swing To work the apparatus the pendulam is drawn aside and 
held fast, the platform is raised and secured by the catch and the nder 
adjusted. The pcndnlnm is started, as it parses for the first time 
through its lowest portion the current is made and the catch withdrawn 
with a dick ; the platform falls and the masses begin to moi e, the pendulum 
continues to o'cdlate and at each second— or half-second if the complete 
period of the pendmum bo one second — a tick is heard as the catch is 
drawn cp to the electromagnet The platform B can then be adjusted 
so that the nder is stopped after the motion has continued 1, 2, 3, etc 
seconds, and the relation between the distance passed o\er and the tune 
determined 

Exrrnr'rrvT 15 To investigate the motion t n Aticoo&s 
machine 1 oft*r the rider has been removed and to shew that xn 
this case s — v t 

Place tlie ring which catches the ndei about 25 cm 
below the pulley and make marks on tlie support at distances of 
50, 100, 150 cm etc below the nng. Take a stop-watch reading 
to 2 of a second, raise the mass which carries the small nder to 
the top and loose the strong Start the stop-watch as the 
nder is removed and stop it again as the top of the mass passes 
the first mark below. This anil give the time of parsing over 
the first 50 cm Itcpeat the experiment but allow* the mass to 
reach the second mark, 100 cm from the nng, before stopping 
the watch It will be found that this second interval is ap- 
proximately double of the first Repeat the experiment using 
the third mark, and so on. "We shall thus prove that the 
spaces moved through after the ridei is icmoved are propor- 
tional to the times of motion The ratio of the space traversed 
to the tune of traversing it measuies the velocity and it is 
thus seen that the velocity after the rider is removed is con- 
stant. 

The fnction of the pulley will usually be sufficient to pro- 
duce appreciable error in this result The effects of the faction 
may he eliminated by* making the mass P slightly greater than 
Q, adjusting the difierence so as to countci balance the faction 
and to giv e to the masses when the nder is removed a uniform 
velocity . 

1 In Experiments 15—17 the masses P and Q may conveniently he 
each 1000 grammes and the mass of the rider 10 grammes A piece of 
wateiproofed fishing lino makes tho best string 
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Experiment 16 To shew that the velocity produced up to 
the instant at which the rider ts ? cmoied is proportional to the 
time during which the i ider has been on 

In other words, to piove that the acceleration is constant 
and that v = at 

Place the ring of the Atwood’s machine so as to remove 
the rider after the masses have been moving for some definite 
time (say 4 seconds) as measured by the stop-watch Having 
done this, stop the watch, raise the mass and release it, stall- 
ing the watch as the rider is removed, and as before measure 
the time occupied by the mass in descending 100 cm How 
lower the nng until the time taken by the mass in descend- 
ing from rest to the nng is twice that pieviously occupied, 
then observe as above the time taken in falling to a point 
100 cm below the ring It will be found to be half of that 
taken m the first case Thus the velocity m the second case 
is double of that in the first, and the weight of the lidcr lias 
been impiessed on the masses for twice ns long Hence the 
velocity produced m a given time is proportional to the time 
The ratio tlierefoie of the velocity to the time during w Inch it 
has been produced is constant and this constant ratio is the 
acceleration Thus the formula v^at applies to the velocity 
generated up to the moment at which the rider is remoi cd 

Thus in Atwood’s machine, vhen the ndcr is on, tho masses 
move with constant acceleration, after the rider is removed 
they move v ith constant velocity 

Experiment 17 To vcufy by means of Atwoods machine 
the formula s=-J at ! where s is the space ii aversed in t seconds by 
a body moving unth constant acceleration a 

We have just seen that \v hen the ndei is on tho masses move 
with constant acceleration Adjust the ring as in the first 
pait of Experiment 16 so as to find the space passed over in 
4, 6, 8, seconds Measure the spaces m each case from the 
point at which the mass is released , they will be found to be in 
the ratio of 16 to 30 to 64 oi of 4 s to 6 a to 8 ! Thus the spaces 
are proportional to the squares of the time How according 
to the foimula a = 2s/l-, thus the acceleration is given by 
multiplying tho space by 2 and dividing by the squaie of 
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the time Form a table of the values of 2 sf& obtained from 
each experiment, they will be found to be the same within 
experimental errors and will be equal to the value of the 
acceleration given by Experiment 16 

Thus for uniformly accelerated motion we have s—\at\ 

With the masses mentioned in the foot-note to Exp 15, if the pulley is 
light and the friction small it 'will be found that the distances traversed 
in 4, 6, 8 seconds will be about 39 2, 39 2 x-J and 39 2 x 4 cm respec- 
tively, and the acceleration about 4 9 cm per sec per sec Thus m 
the first part of Expenment 16, the ring B will be about 39 2 cm below 
the point of release, while after the nder is removed the masses will 
move with a velocity of 19 G cm per second, and the 100 cm will be 
described m about 5 1 seconds In the second part, the nng B will be 
about 156 8 cm below the point of release, and the space of 100 cm 
will be described in about 2 5 seconds 

69. Rate of change of Momentum in Experi- 
ments with Atwood’s Machine. In the above experi- 
ments the mass moved and the nder remain unchanged, 
we find then that the acceleration remams constant The 
velocity and the space traversed depend on the time during which 
the system lias been in motion , the acceleration does not, it 
is uniform throughout Thus we observe that when the nder 
is unchanged and the mass moved remains constant then the 
acceleration is constant How let the mass of each of the 
bodies j P and Q be M grammes, let m grammes be the mass of 
the rider Then the mass moved is 2M + m and the rate 
of change of momentum therefore is (2 M + m) a . 

This then is the Impressed Force. If the values of the 
quantities be substituted in this expression it will be found 
that the result is equal to mg the weight of the rider Hence 
vn, Atwood? s machine the weight of the rider is the imjnessed 
fnce, and we have (2M + m)a = mg 

With the numbers given m Experiment 15, 

2217+ m= 2010 grammes, 
a=4 9 cm per sec per sec 

Thus (22)7 +w) a =9849, 

and since m=10, and y= 981, mg =9810 

Hence (22)7 +m) a or the impressed force as given by the definition is 
shewn by expenment to be very neai lj equal to the weight of the nder 
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70. Further experiments with Atwood’s Machine 

We will now examine the effect of varying the mass moved 
Take two masses P 1} Q t each half as great as P or Q 

In this case the masses moved are P, and together with 
the pulley and the nder Now the pulley and the nder being 
both of small mass we may say that the mass moved is very 
approximately 1 half what it was before 

Experiment 18 To shew that m Atwood’s machine the 
acceleration produced by the action of a given mdei is inversely 
proportional to the mass moved 

Replace the masses P, Q on the Atwood’s machine by P t , <2, 
and determine as in Experiment 17, the acceleration by 
findin g the time required to drop some measured distance 
Calculate the acceleration a 1 from the formula a 1 — 2s/<, 2 , £, 
being the time taken to traverse a distance s Then it will be 
found that is twice a, by halving the mass moved the 
acceleration is doubled Thus for example adjust the platfoim 
B so that with the large masses P, Q the motion may contmue 
for 10 seconds before the nder is removed Repeat the obser- 
vation using the smaller masses P„ Q 1 It will be found 
that the distance is now traversed m about 7 seconds But 
the accelerations are inversely proportional to the squares 
of the times in which a given space is descnbed 

^ a, 10= 100 _ . . ^ 

Hence — =: — =* = 2 approximately 

If follows therefore from this experiment that if the nder 
be unchanged the acceleration produced is inversely propor- 
tional to the mass moved The product of the mass and the 
acceleration is constant 

Thus m Atwood’s machine when the weight of the rider is 
constant the product of the mass moved and the acceleration 
produced is constant 

We will now consider the effect of vaiying the weight of 
the nder 

1 If we wish we can make it exactly half by making P 1 and Q x each 

slightly less than 
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Experiment 19 To shew that vn Atwood? s machvne the 
‘product of the mass moved and the acceleration produced 
is proportional to the weight of the rider 

Take a second nder identical •with the first, its weight 
and its mass are the same as those of the first On placing 
the two nders on the mass P the weight of the nder is 
double as great as previously The mass moved is shghtly 
greater, being increased by the mass of the rider, we may 
neglect this and say that the masses are approximately the 
same as m Experiment 16 1 . 

Determine now the acceleration by observing the time 
taken to traverse some distance The acceleration will be 
found to be twice what it was previously 

Thus set the nng B so that the masses may move for 10 
seconds before the rider is removed Bepeat the expenment 
using the two nders, then it will be found that this same 
distance is traversed m 7 seconds Hence as m Experiment 
18 the acceleration in the second case is twice that observed 
in the first case , if three nders be used it will be found that 
the acceleration is tiebled 

Thus by combining this result with that obtained in 
Experiment 18 we see that the pioduct of the mass and the 
acceleration is proportional to the weight of the nder 

The weight of the nder may be measured by the product 
of the mass moved and the acceleration produced 

71. Deductions from Experiments on Falling- 
Bodies. There are three points of importance to be noticed 
which are common to the above experiments — (1) in all of 
them the moving system gams momentum , for as tne velocity 
increases with the time, the mass moved remaining the same, 
the momentum increases also, — (2) in all of them, so long 

1 If we desire to be more accurate we may allow for the slight change 
in rnnss by aid of the result obtained m Experiment 18, or we may use 
two nders one of which is double the other In the first part of the 
expenment place the heavier nder on P lt the lighter on Q v the weight 
producing motion is the difference between the weights of the nders, m 
the second part place both nders on Pj , the weight producing motion is 
the sum of the weights of the two, l e, three times what it was previously. 
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as the nder remains unchanged, the rate of change of momen- 
tum is constant (3) when the mass of the nder is vaned the 
late of change of momentum alters in value, remaining constant 
for experiments with the new rider Thus momentum is being 
transferred to the system and, if we know the rate at which 
this transference is taking place and the original velocity, we 
can determine the motion at any time 

Newton realized the importance of this quantity — Ifa the 
rate of change of momentum of a moving body — and called it, 
as we have done, impressed force Now we have seen from 
the Definition of Section 63 that the impressed force remains 
constant so long as the late of change of momentum remains 
unchanged Thus for example the acceleration g of a falling 
body of constant mass has been proved to be constant, we 
mfei therefore that the foice impiessed on the body is constant 
and is equal to Mg 

Now, according to Newton, this impressed force arises from an attrac- 
tion between the particles of the Earth and those of the falling body, 
and it is this attiaction which is measured by mg and is said to cause 
the fall of the body 

We cannot strictly prove the existence of this attraction as a cause 
of the motion, all we are really justified m saying is that all the circum- 
stances of the motion not only m the case of falling bodies but in many 
other cases are consistent with lesults deduced from the supposition that 
there is on attraction between the pai tides of a body and those of the 
Earth uluch is measured by Mg 

Thus to take another example we have seen that in the experiments 
with Atwood’s machine, when the weight of the nder is unchanged, the 
product of the whole mass moved and the acceleration is constant and 
equal to the weight of the nder Hence the weight of the nder is the 
impressed force, this weight is supposed, as m the case of a body falling 
freely, to anse from the attraction between the Earth and the nder, and 
to be the cause of the motion 

Hence starting from Force defined as the rate of change of momentum 
we are led to the conception of some mutual action between bodies mea- 
sured by this quantity and changing the motion We must however 
remember that when we state that the force acting on a body is F, all 
we know is that momentum is being transferred to the body at the rate 
of F units per second 

72. Force and Impulse. We can notv consider the 
connexion between Force and Impulse The impulse measures 
the whole amount of momentum transferred to the body in 
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an interval of tune , the force measures the rate at -which the 
momentum is transferied 

If during a time t the late of transfeicnce of momentum is 
constant and equal to F while the impulse or whole amount 
transferred is /, then the rate of transference is found by 
dividing the whole change by the time duung winch it has 
occurred 

Hence w e have 



or 1 = Ft 

When the force is lamble this relation still holds provided that 
the mtonnl t be bo small that we mni, for that interval, heat the force 
as constant 

73. Theoretical Mechanics. 

Iu chapters iv and v we have discussed some expen- 
ments involving simple cases of motion, we have learnt how- 
masses may be compared and have been led to realise the 
importance of the ideas of momentum and its late of change 
to W'hich the name of force has been given 

We are now about to make a fiesh start and considei 
Dynamics as an abstract Science based on certain laws or 
axioms which were first clearly enunciated by Newdon and 
aie called Hewton’s Laws of Motion We shall endeavour m 
the next chapter to explain these laws and to shew how they 
may be illustrated by the simple cases of motion alieady dis- 
cussed , we then go on to assume them as true always and to 
deduce their consequences in othei cases 

Wo shall not now discuss the question whether these fundamental 
principles were stated in their best form by New ton Our present 
object is to gne a consistent account of the Science of Mechanics as it 
has been developed from Newton’s Laws. 



CHAPTER VI. 

newton’s laws of motion. 

74. Galileo’s Achievements. Galileo investigated 
the motion of falling bodies, asking the question, How do 
heavy bodies fall t He shewed that they move with uniform 
acceleration, which is in a given locality the same for all bodies, 
he also determined by experiment the relations given by the 
formula; 

v = at, s = ^af 

Again, calling the weight of a body, which before his tune 
was recognized by the pressure it produced on the hand or 
table which supported it, Force, Galileo shewed that for 
falling bodies a force could be measured by the acceleration 
it produced in a given body 

Newton in his Laws of Motion generalized this idea of 
force as measured by the rate of change of momentum so as to 
include all cases of motion 

75. Newton’s Definition of Force. This is given 
in the Pnncipia as the fourth definition thus Vis Impressa 
est actio m corpus exercita, ad mutandum ejus statum vel 
quiescendi vel movendi umformiter in directum 

Impressed / <n ce is action exercised on a body so as to change 
its state of rest or of uniform motion in a straight line 

It should be noticed that this definition does not define 
the measure of a force , it merely states that action exercised 
so as to change (“ to the changing of ”) a body’s state of rest or 
uniform motion is Force 
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In his fmiher definitions New ton calls attention to the faofc that the 
term force as used in his day was measured m various ways In the 
Second Law of Motion he states the meaning with which he uses the 
term and to winch throughout the rest of the Pnnctpia he adheres 
Force is now measuied in the manner defined by New ton 

76. Newton's Laws of Motion. The definitions of 
the Piincipia are followed by thiee Axioms or Laws of 
Motion 1 . These are given below, and eacii will be discussed 
in turn 

Law I Every body peiscieies x n its state of lest or of 
uniform motion in a straight line unless it be compelled to 
change that stale by impressed foi ces 

Law II Change of motion is propm tional to the impressed 
force and tahes place in the dnection in which the foicc is im- 
pressed 

Law ITT To evciy action ihete is always an opposite and 
equal i eactwn, or the mutual actions of two bodies are alioays 
equal and opposite 

77 . The First Law of Motion. The first point to 
notice about this law is that it includes the definition of force 
For the definition states that force is action exeicised on a 
body to change its state of lest or motion, whilst, according to 
the law, the state of rest or motion will not change unless 
force be exeited So far the two are the same the law 
however states more than this , it defines the state of motion 
in which a body will pcrseveie unless theie is impressed 
force If in motion, the body will continue to move with 
uniform speed in a straight line, if the speed alters or the 
direction of motion changes, force is said to act on the 
moving body , if at rest, the body wall continue at rest unless 

1 In the original Latin the laws are 

Lex I Corpus omne persoverare in statu suo quieseendi vel movendi 
umfonmter in directum , nisi quatenus a \ inbufe impressis cogitur statum 
ilium mature. 

Lex II Mut&tioncm motus proportionalem esse vi motnci impress®, 
ct fieri secundum Uneam rectam qua vis ilia impnmitur 

Lex III Actioni contrariam semper ct roqualem esso reactioncm, 
sue corporum duoram actiones m se mutuo semper esse roquales et in 
partes conttanas dingi 
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acted on by force Now the action which Newton calls force 
arises fiom the presence of matter, and there is reason for be- 
lieving that every particle of matter in the universe ib in- 
fluenced in its motion by every other particle , when however 
the distance between the particles is great, the action between 
them is extremely small As it is impossible therefore to have 
a body entirely free fiom the action of other bodies it is im- 
possible for us to verify by expeiimcnt the first law of motion 
The law however asserts that if we could completely isolate 
a body from the influence of all other bodies it would remain 
at rest or move w ith constant speed in a straight line, — the 
motion of a body will not vary unless influenced by other bodies 

Tins characteristic of bodies is called Inertia, the first law 
states the principle of Inertia. 

But while we notice that matter, as inert, is incapable of 
self-acceleration, incapable that is of changing the speed or 
dnection of its movement, facts justify us in assuming that 
the motions of any (and every) two particles are mutually 
affeoted by each other’s presence, the mutual effect m all cases 
diminishing as the distance between the particles is increased 

Now, though we cannot prove the first law by direct ex- 
periment (Newton states it as an Axiom), we can shew that it 
is consistent with observation, the nearer we approach to the 
circumstances under which the law is stated to be true the 
more nearly do observations agree with the results which 
should follow from the law A stone will shde further on ice 
than on a lough road, the friction between the stone and the 
ice is less than that between the stone and the road, and it is 
tins friction which stops the motion A lump of iron or lead 
resting on the ground will not move of itself Action from 
some other portion of matter is needed to start it. A body set 
in motion tends to continue moving 

A ball dropped from the mast-head of a moving vessel 
strikes the deck at the foot of the mast The ball at the 
moment at which it is dropped is moving forwards with the 
velocity of the ship This velocity continues during the fall , 
the ball acquires as well a vertical velocity, it moves with 
uniform acceleration towards the Eaith, but the horizontal 
velocity lemams the same as that of the ship, hence it falls at 
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the foot of the mast, If a horse suddenly stop there is a ten- 
dency for its rider to be pitched forward over its head The 
passengers on the back seats of a railway-carnage which is 
stopped by a collision are thrown forwards against the front of 
the carnage A man who steps backwards off an omnibus 
tends as soon as his feet touch the ground to fall forward on 
his face , the upper part of his body contmues to move with 
the velocity of the ’bus, lus feet are stopped by contact with 
the ground In all these cases we have examples of the 
tendency of motion to continue 

Thus while an appeal to our experience shews us that the 
law does not contradict observation we cannot thereby prove 
the law. Our behef in it and in the other laws of motion is 
leally founded on a complicated chain of leasomng Assum- 
ing the laws to be true we can solve the vanous complicated 
problems of mechanics, if we find that the solutions which we 
obtain agree m all cases with observation, and that the agree- 
ment is more complete the more completely we apply the laws, 
we may mfci without error that the fundamental principles 
from which we start are true Newton applied the laws m 
combination with his law of giavitation to Astronomy, and 
shewed how the motions of the planets could be determined, 
how the echpses of the Sun might be foietold, and the place 
from winch they would be visible fixed by calculation 

The exact accordance of observation with picdiction justi- 
fies us m accepting the Lav s of Motion as fundamental truths 
[Mechanics has become a deductive science based on certain 
definitions and axioms Exponment and the observation of 
certain simple cases of motion led Galileo and Newton to 
recogmze certain punciples as fundamental In the Laws of 
Motion, Newton generalized these piinciples and apphed them 
to all cases of motion 

78. The Second Law of Motion. Change of motion 
is proportional to the impt eased force, and takes place in the 
direction in which the force is tmpi essed 

In the second definition prefixed to the laws, Newton states 
that motion, as the term is used in the law, is to be measured 
by the product of the mass and the velocity , it is therefore the 

8—2 
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same as tlie quantity which we have defined as Momentum, 
while in the eighth definition he explains that Force is 
measured by the change of Motion (1 e Momentum), which it 
produces in a given time Thus by change of motion we 
are to understand change of momentum occurring in a given 
time , it is most convenient to take this time as the unit of 
time, one second, and then ch.am.ge of motion as used by 
Newton becomes in modem language, Bate of change of 
Momentum We may thus re-state the second law 

Law II Bate of change of Momentum is proportional to 
the impressed Force and takes place m the direction m which 
the force is impressed 

In other words, the law asserts that, when the momentum 
of a body vanes, the rate at which the momentum is changing 
measures the Impressed Force completely, both in magnitude 
and direction, this result we have already arrived at in 
Section 63 Taken in connexion with the definition of Force 
the law tells us further that we are to take the rate of change 
of momentum as a measure of action exeicised on the body so 
as to change its motion 

In most cases which occur in Nature the rate of change of 
momentum of a moving body depends on the position of the 
body with reference to other bodies If then we know the 
position of the body, it is possible to say at what rate its 
momentum is being changed Thus if we have two isolated 
particles free from all external action, each has an acceleration 
towards the other which is proportional to the mass of the 
other particle and inversely proportional to the square of the 
distance between them, the rate of change of momentum is the 
same for the two, it is proportional to mm'jr 2 , where m, m! 
are the masses of the particles and r then distance apart 
This quantity which depends only on the distance between the 
two particles and on their masses is called the force between 
them We can calculate the force impressed on a particle, 
in this case, without knowing how it is moving or what its 
velocity is Assuming the mass of the particle to be constant 
we are thus given its acceleration or the late at which its 
velocity is changing m all positions 
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From this, if we know the velocity with which the particle starts, it is 
possible to determine by mathematical reasoning its path and its velocity 
at any future instant We have one simple case of this m the problem 
of a falling body tho acceleration is constant, the velocity is therefore 
given b) v=u+at, the spnco traversed bj the formula s=ut+$at- 

The fact that m many cases the rate of change of momentum — the 
force — is constant or depends only on tho position of the body is what 
gives “ Force ” its importance in Mechanics We need not look upon it 
as some external agent causing the motion, it is sufficient for us to 
know that for each position of a moving body its acceleration is definite, 
both in magnitude and direction It does of course happen that in some 
cases the acceleration depends on the velocity of the particle, such 
problems are more diflicult to deal with When we say that the force 
acting on a certain bodj is X, all wc know is that this body is gaming X 
units of momentum per second 

79. Measurement of Force. Force like other quan- 
tities m Mechanics is measuied in terms of a unit of its own 
kind The second law does not define this unit, for it merely 
sajs that Force is pioportional to the rate of change of 
momentum , it would obviously be convenient if we could say 
that force is equal to the rate of change of momentum, and 
tins statement will aflord a definition of the unit force, for 
suppose the momentum of a body to be changing in each 
second by umty, then the impressed force is unity We have 
thus the following definition of unit force 

Definition When the momentum of a body changes vn 
each second by unity the impressed force w the Unit of 
Force. 

Hence when the change in momentum per second is 2 units 
of momentum the impressed force is 2 units of force, and when 
it is stated that the impressed force is F it is implied that the 
momentum increases by F units per second 

Proposition 21 To obtain an equation connecting the 
rate of change of momentum of a body and the impressed force. 

Let u be the initial velocity of a particle of mass m, v its 
velocity at the end of t seconds, a its acceleration, and F the 
impressed force We suppose F to be constant during the 
time. 

Then m one second the particle gains F units of momen- 
tum But the original momentum was mu, the momentum 
after l" is mv 
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Hence change of momentum in t seconds is mo — mu 
Therefore change of momentum m 1 second is (mv - mu)Jt 

_ mv — mu m(v—u) 

Therefore F = — . 

t t 

But v = u + at 


Hence 

Therefore 


v — u 



F= ma 


Thus the product of the mass and the acceleration is equal 
to the impressed force provided that F, m and a are measured 
in a consistent system of units m which the impressed force is 
unity, when the gam of momentum per second is unity 


80. The C G-.S Unit of Force. According to the 
o 6 s system the unit of mass is 1 gramme, the unit of velocity 
is a velocity of 1 centimetre per second Hence if the velocity 
of a mass of 1 gramme increases per second by 1 cm. per 
second the mass gams momentum at unit rate The impressed 
force therefore is the c 6 s unit of force The css unit of 
force is called a Dyne 

Definition of One Dyne When a mass of one gramme 
gains per second a velocity of one centimeti e per second, the 
impressed force is one Dyne. 

Hence if a mass of m grammes has an acceleration of a centi- 
metres per second per second, the impressed force is ma Dynes 

Or again, if we know that the impressed force is F dynes, 
and the mass m grammes, then the acceleration a m centi- 
metres per second per second, is given by the equation 

F= ma, 



81. The F.P.S Unit Force. On the Enghsh or 
F p s system of units the unit mass is 1 pound, the unit of 
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velocity is a velocity of 1 foot per second Thus if the velocity 
of a mass of 1 pound increases per second by a velocity of 
1 foot per second, the impressed force is the English or f p s 
unit force The r?s unit force is called the Poundal 

Definition of One Poundal When a mass of onepoimd 
gains per second a velocity of one foot pm second, the impressed 
foice ts one Poundal. 

Hence if a mass of m pounds has an acceleration of a feet 
per second per second, the impressed force is ma Poundals. 

Examples (l) The velocity of a mass of 10 grammes is changed 
in 5 seconds fiorn 25 to 125 cm per second, find the foice 

Tho change in velocity in 5 seconds is 

125-25 or 100 cm. per second, 

.* the acceleration or ohangc m lelocity per second is 100/5 or 20 cm 
per sec per sec 

The mass is 10 grammes. 

Hence the force is 10 x 20 or 200 dynes 

(3) A tram whose mass is 20 tons moves at the rate of 60 miles an 
hour, after steam is shut off it is brought to icst by the brahes in 500 yards 
Find the force exerted, assuming it to be uniform 

[To solve this problem we must express the velocity m feet per second, 
the mass in lb , then find the retardation and hence tho force ] 

A velocity of 60 miles an hour is 17 ^ , or 88 feet per second 

CO x 60 

Let a be the retardation, this velocity is destroyed m a space of 
500 yds 

Hence applying the formula v 2 =2 as, we havo 
2 x ax 500 x 3=88 ! =7744 , 

.* o=2 5813 feet per see per sco. 

Now the mass of tho tram is 

20 x 20 x 112 or 44800 pounds. 

Hence the 

Force =44800 x 2 5813 poundals 
=115642 poundals 

(3). Find the force if m 1 second a mass of 1 gramme gains a velocity 
of 981 cm per second. 

The acceleration is 981 cm per see per sec , and the mass is 1 giamme 

Thus tho force is 1 x 981 or 981 dynes 
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( 4 ) How many dynes are there m a potmdalf 

A poundal is the impressed force when a mass of 1 lb has an 
acceleration of 1 ft per second per second 

Now 1 foot contains 30 48 cm , and 1 pound contains 453 6 grammes 

Therefore if the impressed force be 1 poundal a mass of 453 6 grammes 
has an acceleration of 30 48 cm per sec per seo 

But the number of dynes equivalent to this is 453 6 x 30 48 or 13826 
—omitting decimals , 

1 Poundal =13826 Dynes 

Thus we see that a Dyne is a very small force compared with a 
Poundal 


82. Comparison of Forces. Forces are measuied 
by the momenta which they communicate per second to 
any mass If we restrict ourselves to one body the momentum 
gamed per second by that body will be proportional to its 
acceleration. Two forces then can be compared by comparing 
the accelerations communicated by them to the same body 

Thus, for example, place a rider on one of the suspended 
masses on an Atwood’s machine and observe the acceleration , . 
change the nder and again observe the acceleration; the 
weights of the two riders are propoitional to the two ac- 
celerations 1 

Or, aga in, it is found by experiment that near the Equator 
a body falls with an acceleration of about 978 cm per sec per 
sec, while m high latitudes near the Pole the value of this 
acceleration is about 983 cm per sec per sec Thus the 
weight of a body is greater near the Pole than near the 
Equator m the ratio of 983 to 978 , in going from the Equator 
to the Pole a body gams in weight about 5 parts in 1000 
(See Section 134) Observations on the Moon shew that it has 
an acceleration towards the Earth of about 27 cm per second 
per second The acceleration towards the Earth of any body 
when close to the Earth is about 980 cm per Second per 
second Thus if the Moon were close to the Earth its weight 
would be mcieased in the ratio of 980 to 27 or about 3600 
times 

1 It is assumed here that the mass of the nder is small compared 
with the suspended masses 
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Definition of Equal Forces Two foices cure said to be 
equal when the velocities which they communicate per second to 
the same mass are equal. 


83. Comparison of Masses. We have seen already 
(§51) how masses may be compared by Prof Hicks’ ballistic 
balance, and from experiments with it we have obtained an 
idea of the meaning of the term mass 

The second law of motion gives us another method of 
comparing masses consistent with the above 

For let M u M z be two masses, a t , a„ the accelerations 
communicated to them by a given force F. Then by the 
second law 

M l a l =F=M s a 3 


Tlius 


Mr a. 


Thus two masses are inversely proportional to the velocities 
which are communicated to them per second by the same 
foice 


Definition of Equal Masses Two masses cure equal 
when a given foice communicates 1 to them per second the same 
velocity 

The simplest method theoretically in which we could apply 
this method of comparing Masses would be to imagine the two 
masses free from external action and capable of motion under 
their mutual action only , the accelerations of each body ought 
then to be observed and would be proportional to the mass of 
the other body. But in practice any such method is impossible 
How, we have learnt from experiments with Atwood’s machine 
that in a given locality the weight of a body is a constant 
force We may use, then, the following method for comparing 
masses Place two equal masses on an Atwood’s machine 
and observe the acceleration communicated by a given nder 
Replace these masses by two other equal masses and agam 

1 We may put this otherwise thus When two bodies are gaming 
momentum at the same rate the force acting on each of them is the 
same If they are also gaming velocity at the same rate the masses of 
the too are equal 
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observe the acceleration The masses suspended m the two 
cases are inversely proportional to the accelerations 

We may sum up the conclusions of the last two sections 
thus 

By considering the accelerations communicated to the same 
mass by Afferent forces, we see that 

(1) Two forces are equal when they communicate the 
same acceleration to a given mass 

(2) A force is proportional to the acceleration it com- 
municates to a given mass 

Whilst by considering the acceleration communicated to 
different masses by the same force, we see that 

(1) Two masses are equal when a given force communicates 
the same acceleration to each 

(2) The mass of a body is inversely proportional to the 
acceleration communicated to it by a given force 

84. Falling Bodies and the Second Law of 
Motion. When a body falls freely it moves downwards with ac- 
celeration g , let M be its mass, the impressed force is the weight 
of the body, let it be W Then since W is the force which com- 
municates to the mass M its acceleration g we have the relation 

W= Mg 

The acceleration g is constant for all bodies m a given 
locality, but vanes from place to place 

In obtaining this result we have assumed that our measure- 
ments are made m a consistent system of units The force 
must be measured in units such that the unit force communi- 
cates per unit of time to the unit of mass unit velocity , if we 
work on the cgs system the force is measured in Dynes 
If we work on the fps system it is measured in Poundals 

85 Value of a Dyne. We can use this result to 
enable us to specify m a more concrete form what a force of 
1 dyne is 

For consider a mass of 1 gramme so that if is 1 in the 
formula and W stands for the weight of a mass of 1 gramme 
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We have 

W=g, 

or the weight of a mass of 1 gramme contains g dynes 

Eow, as we have said, the value of g vanes at different 
parts of the Earth In England we may take it as equal 
to 981 cm per sec per sec We learn therefore 

(1) That the weight of a mass of 1 gramme vanes at 
different parts of the Earth 

(2) That the weight of a mass of 1 gramme in England 
contains 981 dynes 

Thus 1 dyne is of the weight of 1 gramme in 
England 

Or, m other words, divide a mass of 1 gramme into 
981 parts The weight of each part m England is 1 dyne. Since 
981 is not very different from 1000 we may say that roughly 
a dyne is one-thousandth part of the weight of 1 gramme, or 
is equal to the weight of a milligramme, so that if we apply to 
a mass of 1 gramme a force equal to the weight of 1 milli- 
gramme it will acquire approximately an acceleration of 1 cm 
per sec per sec (The real value of the acceleration will be 
981 cm per sec per sec ) 

86. Value of a Poundal. The equation W = Mg will 
apply equally well to the rps system In this case M is m 
lb , W in poundals, g m feet per sec per sec , and we may take 
approximately <7=32 feet per sec per sec 

Consider now the case m which the mass is 1 lb Then 
M= 1, and W is the weight of a mass of 1 lb 

Thus W-g- 32 approximately, and we have the result that 

The weight of a mass of 1 pound contains 32 poundals, or 

1 Poundal = -fa of the weight of 1 lb = the weight of half 
an ounce 

Thus if we apply a force equal to the weight of half 
an ounce to the mass of 1 pound the mass will acquire ap- 
proximately an acceleration of 1 foot per second per second 
(The result is only approximate, because g is not accurately 
equal to 32 feet per sec per sec ) 
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87. Relation between Weight and Mass Since 
at any point on the Earth’s surface the acceleration of a 
falling body is the same for all bodies, it follows that the 
•weights of two bodies are proportional to their masses, for the 
ratio of the weight to the mass measures m each case the 
acceleration produced, and this is the same for the two Thus 
at any given point on the Earth the weight of a body is 
proportional to its mass 

Smce the acceleration of a falling body is different at 
different points on the Earth the ratio of the weight of a given 
body to the mass of that body differs from point to point, the 
mass of the body is the same everywhere, lienee we infer that 
the weight of a body differs from point to point The mass 
of a body is an invariable quantity, the weight of a body 
depends on its position. 



CHAPTER VH. 

FORCE AND MOTION 

88. The Action of Force. In Chapter v. Force lias 
been defined as Rate of Change of Momentum "We do not 
need for the purposes of Mechanics to discuss the question 
whether there is some cause external to a moving body which 
acts upon it and makes it move , we can leai e the question of 
efficient causes out of sight We can obseive the velocity and 
thd acceleration of moving bodies, we find in many cases that 
the product of the mass and the acceleiation does not depend 
on the motion of the body, but is either constant or depends 
on its position relative to surrounding bodies This it is true 
lends plausibility to the idea that this quantity — the impressed 
force as it has been called — is something external to the body 
efficient in making it move, thus the phrases “the forces 
acting on the body,” “the forces producing motion,” and the 
like are m common use 

We have however no right to say that force jnoduces 
motion, or that force acts on a body, if we attach to the 
words ‘produce’ and ‘act* their ordinary meaning, implying 
the existence of some agent or cause to winch the motion can 
be assigned and define force as above At the same time we 
may conveniently use the phrase “the forces acting on the 
particle” and the hke if we do it in a sense limited by our 
own definition. All tfiat ice mean by the statement that a 
force is acting on a body is that the momentum of that body 
is changing We define the acting of force thus : 
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Definition When the momentum of a body is changing 
gj adually, force is said to act on the body 

Again , a body may be in equilibrium undei the action of 
several forces , in this case tbe accelerations winch the body 
would have were each force to act singly are so related that 
their resultant is zero 

The relation between acceleration and the corresponding 
force is always given by the equation, 

F=ma 


89 Law of Gravitation The change of motion of 
any particle depends on its position with regard to other bodies 

Each particle in the universe has an acceleration towards 
all the other particles , the acceleration which we observe is 
the lesultant of these innumerable component accelerations 

If we have two particles A and A l of masses m and m, at a 
distance r apart, A has, as we have already said, an accelera- 
tion towards A 1} and its amount is mjr 2 , A t has an accelera- 
tion towards A, and its amount is mji ! , the impressed force on 
A is therefore mm Jr" towards A, , while that on A, is m^m/i 5 
in the direction A r A These two forces are equal and opposite, 
we may express this fact by saying that theie is an attraction 
mm Jr * between the particles A and A 1 

Newton, in the law of gravitation, asserts that this is true 
for eveiy pan of particles m the Umveise In the Prmctpia 
he calculated the Motion of the Planets and their Satellites, 
assuming this law to be true , the fact that motion so calcu- 
lated agrees with observation justifies his assumption 

The law is usually stated thus 

Law of Gravitation Every particle of matter attracts 
every other particle with a force whuih is proportioned to the 
pi oduct of their masses and inversely propoi tional to the squai e 
of the distance between them 

We can put the law rather differently thus, and in this 
form it repiesents more accurately the results of obseivation 
Every particle m the Universe has an acceleration towards every 
other pai ticle The amount of the acceleration towards any 
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second pai tide is pi oportional to the mass of this second particle , 
and inversely proportional to the squai e of the distance between 
the tioo. 

To determine then tlio acceleration of a particle completely 
v e calculate the resultant of these component accelerations 

Thus any particle near the Earth has accelerations directed 
to the particles of winch the Earth is composed, and also 
towards those of the Sun, the Moon and the stars Owing 
however to the immense distances of these bodies these latter 
accelerations may be neglected and tlio effect of the Eai th only 
calculated 

lS r ow the Earth is veiy nearly a splieie, and Newton 
shewed that for an external particle the resultant of the 
acceleration duo to tlio particles of a homogeneous sphere is 
the same as it w ould be if tlio sphere w ere leplaced by a suigle 
particle at its centre , the mass of this particle bemg equal 
to that of the sphere It is easy thus to calculate the ac- 
celeration of a paiticle fiee to move near the E.nth, if M be 
the mass of the Earth, and R its radius, the value of this 
acceleration will be that duo to a mass M at a distance JR, 
its amount therefoie is M/R 3 , and its direction will be towards 
the centre of the Earth. 

Thus a pat tide close 1 * to the Eaith’s surface will have a 
v erlical acceleration Ml IP, and this is the same w liatever be 
the mass of the particle 

The impressed force on the paiticle wall theicfore bo 
mil jit", and this is w the weight of the particle 

Thus w e have 

in M 

X 0 ~~W ' 

Ag.im, we may look upon a bod} of finite volume as an 
aggregation of particles Each of these has the same accele- 
ration If ftp towaids the Earth, thus the whole body has this 

1 Vtc assume that tlio partiolo ib eo near tlio Earth’s surface that its 
height h may bo neglected compared with Ji the trno value of the 

acceleration is MRJI + /t)*, and if h is small compared with Ji (4000 miles) 

we maj call the acceleration MjlF. 
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acceleration, and if »» now represent 
body, and W its weight, we have 



the mass of the whole 


Thus the weight of a body is propoitional to its mass, 
the acceleration with which it falls is equal to the mass of the 
Earth divided by the square of its ladius and does not at 
all depend on the body 

On the other hand, the Earth is not accurately a sphere, 
its polai diameter is less than its equatorial diameter, and 
though we may, without serious error, calculate the accelera- 
tion of the paiticle as though the Earth were spherical, and 
suppose the whole mass concentrated at the centre we must 
remember that the quantity H, the distance between the 
Earth’s centie and the point for which our calculations are 
made, differs for diffeient points on the Eaith, being less near 
the poles than near the equator 

Eor this reason the acceleration is greatei near the poles 
than neai the equatoi 

The motion of the Earth round its axis tends also to 
reduce the acceleration as the particle approaches the equator 
(see § 143) 

Thus Newton’s law of giavitation leads to conclusions m 
accordance with those deduced from the second law of motion 
as to the relation between mass and weight For a definite 
position on the Earth the weights of all bodies are propoi- 
tional to their respective masses, at difierent points on the 
Earth the same body has different weights 


In the foregoing section we have stated that the acceleration of a mass 
m! when at a distance of r centimetres from a second mass m is m/r®, and 
that the force is mm'/t a But the acceleration so measured is not given 
in centimetres per second per second, if it were, then if we placed two 
small bodies each 1 gramme in mass at a distnnoe of 1 centimetre apart, 
they would have an acceleration toward eaoh other of l/l s or I centimetre 
per second per second 

Now the acceleration of two masses under such circumstances has 
been determined by means of the torsion balance and m other ways, and 
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has been fotrnd to be very ranch smaller than 1 cm per sec per sec. It 
is in fact about 

6 693/10 s cm per sec per see 
and the impressed force on each mass is 

6 693/10® dynes. 

Hence the impressed force on a particle m grammes in mass at a dis- 
tance of r centimetres from a particle of equal mas3 is 


6 698 m.m' 

~W~ — 


dynes. 


9 0. Gravitational Unit of Force. We can if ire like 
measure all our forces in terms of the "weight of some given 
body, say 1 lb In such a case of course when speaking of a 
force P we do not mean a force of P dynes, or P poundals, but 
a force P times as great as the weight of 1 pound. Such a unit 
is known as a gravitational unit of force. It depends on 
the attraction between the Earth and a body having a mass of 
1 pound. Kow this attraction depends on the position of 
that mass on the Earth , it is greater as said above near the 
poles than near the equator; thus the gravitational unit of 
force is different at diflerent points, a force, 10 say, would be 
really a larger force near the poles than near the equator, it 
would mean in each case ten times the weight of a certain 
lump of matter and this force is greater m high latitudes than 
in low. 

If we are working with gravitational units we cannot use the equation 
F=na, Sot this supposes that the unit force communicates unit accelera- 
tion to the unit of mass ; now in gravitational units this supposition is not 
true, the unit force is the weight of 1 pound, the unit of mass is the mass 
of lib. and the unit force communicates acceleration g to the unit of 
mass ; the weight of 1 pound contains g poundals, the gravitational unit 
is g tunes as great as the absolute unit {§ 79) 

T Fe can determine the relation between the acceleration and the force 
when gravitational units are employed thus. 

Let W be the weight of the body in pounds, F the force acting on it in 
pounds’ weight, a the acceleration produced in feet per second per second 

Then we have 

IF communicates to the given body an acceleration g, 

F ... ...... ... ... .... ... a* 

But two forces are respectively proportional to the accelerations they 
communicate to a given bodj • 

G I). 


9 
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Hence F W=a g 

F__a 
•• W~0 



Example (1) Find m gravitational units the force required to giio 
in £ of a second to a mass of 1 cwt a velocity of 100 feet per second 

Since in £ second a velocity of 100 ft per second is produced, a 
velocity of 600 feet per second is produced m 1 second 

Hence the acceleration is 600 ft per sec per sec 

The weight of 1 cwt is 112 lb wt , thus taking g aB 32 
112 

F=i£ 500 = 1750 lb weight 


Thus at a place at which g is equal to 32, a force of 1750 lb weight 
acting on 1 cwt will in $ of a second produce a velocity of 100 feet per 
second 


(2) Find what velocity this force will in 1 of a second produce in a 
mass of 1 cwt at a place at which the value of g is 32 2 ft per seo 
per sec 

Let a he the acceleration 


Then 


a 1750 500 
32 2 = 112 " 32 ’ 

S2 2 

a = -jjg— x 500=603 125 ft. per sec. per sec 


Hence the velocity produced in £ seo is 100 625 feet per second. 

Hence when gravitational units are used two forces nominally the 
same produce different effects at different points on the Earth 


91. Equilibrium. When a body is in equilibrium it 
has no acceleration, the total impressed force therefore is 
zero , now it is often desirable to look upon this state of no 
acceleration as the consequence of the superposition of two or 
more accelerations which are so related that their resultant is 
zero When theie are only two such accelerations they are 
clearly equal and opposite 

Thus consider a body supported by a string were it free it 
would move to the Earth with uniform acceleration g\ its free- 
dom however is modified by its connexion to the string , since it 
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has no acceleration the action of the string must be such that 
were the Earth removed the body would begin to move upwards 
with acceleration g , in tins case the impressed force would be 
upwards and equal to mg This impressed force is called the 
tension of the string The particle is at rest, hence the upwaid 
tension of the string is equal to the weight of the particle and 
the total impressed force is zero 

Again, consider a body attached to a vertical spiral spring, 
let the body be at first suppoited in such a position that the 
spring is unsti etched, gradually lower the support, the body 
falls, and the spring is stretched until the body is left sus- 
pended from the spring In this case also there is action 
between the spring and the body There is an impressed 
force on the spring equal to the weight of the body 

Just then m the same uay as toe may look upon the actual 
acceleration of a body as the oesultant of a numbet of component 
accelei ations, so tee may consider the impressed force as the 
residtant of a number of impressed foi ces We shall see shortly 
how the component forces and their resultant are related 
together 


92. Comparison of Masses by “ Weighing." 

We have seen that it follows from the definition of force 
that the weight of a body is proportional to its mass; this 
result also is in accoi dance with Newton’s law of gravitation. 
Two bodies then of equal weight are equal m mass , this fact 
may be made use of as a means for comparing masses This 
is the piinciple of the ordinary balance (see Statics, Section 59), 
the balance enables us to determine when the weights of two 
bodies are equal. When this is the case we infer that the 
masses are equal also 

It ib tins equality of mass which we usually wish to secure in weighing 
In buying a pound of tea or a pound of sugar the customer cares nothing 
about the attraction of tho Earth for the tea or sugar He wishes to 
know that he is obtaining for his money an amount of tea equal to that 
which ho has been in the habit of receiving for that sum 

This end is secured most readily by comparing m eaoh case the mass 
of tea purchased with some standard mass, a pound or kilogramme The 
comparison by the balance of the weight of tho tea and of the standard 

9—2 
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pound affords tlie easiest method of comparing their masses If he buys 
two equal masses of tea of the same quality for the same sum of money 
he infers that the price he is paying per oup for tea of a definite strength 
remains unchanged, and this is what he wishes to know. 

The fact that the same term — pound or kilogramme as the case may 

be is used in ordinary language both for mass and weight, is no doubt 

productive of confusion A pound ib strictly a denomination of mass 
but it and other names of mass are also used as a denomination of force, 
thus Engineers speak of a pressure of so many pounds to the square moh 
or of the breaking stress of a piece of material being so many tons, in 
such cases the phrase is an abbreviation A force of P pounds means a 
force equal to the weight of a mass containing P pounds 

93. Methods of measuring Force. The method of 
measuring force by the acceleration it communicates to a body 
is not always the most convement For many purposes as we 
have seen a force may be measuied in terms of a weight, 
a force of a certain amount F acts on a body in a given 
direction, we can imagine a string attached to the body and 
passing from it in the given direction over a smooth pulley 
Hang a mass whose weight is equal to the foice on to the 
string, then the force acting along the string is represented by 
the weight 

If the force acts m a vertical direction on a body 
it may be represented by the weight of a mass placed directly 
on the body 

How m some cases force when it acts on a body changes 
visibly the size or shape of the body If a body of considerable 
mass be placed on an indiarubber ball, the ball is squeezed and 
flattened , if the same mass be suspended by a piece of india- 
rubber the indiarubber is lengthened, m these cases force 
acting on the body visibly 1 alters its shape In many such 
cases we can shew that the change in shape is proportional to 
the force 

Thus take a spiral spring a , fasten one end to a fixed 
support and suspend a light scale-pan from the other end 

1 The shape or size of nearly all bodies is altered by the action of force , 
with many bodies however the alteration is too small to be detected unless 
special means of observation are employed 

- Such a spring is easily made by winding a piece of steel or brass 
wire about 1mm m diameter in a spiral coil on a rod of circular section 
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Attach a piece of -wire to form a horizontal pomtei to the 
lower end of the spiral spring 
and adjust a scale in a vertical 
position as shewn in Fig 60, so 
as to mark the position of the 
pointer Note the position of 
the pointer on the scale, then 
place a mass in the scale-pan, 
the spring is extended Note 
the position of the pointer and 
remove the mass, unless the 
mass he too large 1 the pointer 
will be found to return to its 
original position 

On replacmg the mass, the 
spring is again extended and to 
the same amount as before 
When the body is placed in 
the scale-pan a force, the weight 
of the body, acts on the scale- 
pan, the spring is stretched and 
for a given force the extension 
is constant Now replace the body in the scale-pan by one of 
double the mass and therefore of double the weight Observe 
m this case the position of the pointer and again measure the 
extension Unless the weight is too large for the spnng it will 
be found that in this case the extension is double that observed 
previously The force actmg is doubled and the extension 
also By varying the mass we may shew that in all cases, 
so long as we keep within the elastic limits of the spnng, 
the extension is proportional to the force. Thus the extension 
of the spring may be made use of to measure the force This 
is done in the ordinary form of spnng balance such as is used 

some 2 or 3 cm m diametei, the rod is placed m a lathe and turned 
slowly by hand while the wne is wound on to it under considerable 
tension 

1 By loading the scale-pan too heavily the spring may be permanently 
stretched bo that when the body is removed the pointer does not come 
hack to its original position if this is done the spnng is said to he 
stretched heyond its elastic limits and the relation between extension 
and force no longer holds. 
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for -w eig hing letters The balance is graduated by hanging on 
masses of 1, 2, 3 etc. pounds When a body of unkno-vm mass 
is suspended its mass is determined by observing the position 
on the scale at which the pointer rests 

It should be noticed that a spring balance measures the force applied 
If used to determine mass it will only do so correctly in the latitude at 
which it was graduated For suppose it graduated m London, suspend a 
mass of say 1 kilogramme and cany the whole northwards, the mass 
suspended remains the same, but as the pole is approached the weight of 
that mass increases, the force acting on the spring becomes greater and 
the spring is stretched farther, the balance therefore reads over 1 kilo- 
gramme, but if it is inferred from this that the suspended mass is greater 
than a kilogramme the inference is wrong A similar result though in the 
opposite direction will take place if the balance be earned towards the 
equator Thus the extension of a spiral spring affords another method 
of estimating force 


94. The Composition of Forces. The motion or 
the equilibrium of a body depends on its relations to other 
bodies 

Let ns suppose that we know the motion which would 
follow were the body free in turn from the action of all but one 
of the bodies which can afiect its motion. We know then 
the forces which act separately on the body, and we wish 
to deduce from this knowledge what will happen when those 
forces are combined and act simultaneously 

How the second law of motion states that rate of change of 
momentum is propoitional to the impressed force and takes 
place in the direction of that force We can extend the 
application of this law to the case of a number of forces thus 
Calculate the acceleration of the body under the action of each 
force separately, combine the accelerations according to the 
parallelogram law, then the resultant acceleration is that 
which the body -n ill have when the combined forces are im- 
pressed on it The acceleration corresponding to a given force 
is independent of other velocities or accelerations which the 
body may possess The action of each force is unimpeded by 
the others, the observed motion — or rest — is the lesult of alL 

We shall see however m the following sections (§ 96 seq ) 
that there is a rule by which a number of forces may be com- 
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bined and their resultant found This nilo was given by JTewton 
as a Corollary to the laws of motion, it is often simpler to 
pioeeed by its aid and then to calculate the acceleration under 
the action of this lesultant force rather than to reverse the 
piocess and after hnding the acceleration corresponding to 
each force combine these so as to obtain the actual motion 

Thus the second law of motion m the foim m which it has 
been stated involves the principle that, 

The effect of a force on a body, as measured by the rate 
of gam of momentum , is independent of other forces which 
may be impressed 

This is sometimes spoken of as the independence of forces. 

95. Representation of a Force. 

Proposition 22 To prove that foi ces can be represented by 

straight lines 

To define a force v>e need to know the number of units 
of force it contains, the direction m which it acts and the 
point at which it is impiessed These can be represented by a 
straight line, for a straight line can bo drawn from a given 
point — the point of application — in a given dnection — the line 
of action of the force — and so as to contain a given number of 
units of length — the numbei of units of force m the given force 
More briefly the pioof can be put thus A force is measured 
by the acceleration it can communicate to unit mass, and 
acceleiation can be represented by a straight line 

Thus if we suppose that a length of 1 centimetre represents 
the unit of force then a line AB, 5 cm long, drawn from 
A to B, repiesents a force acting at A in the direction AB and 
containing 5 units of foice 

96. The Parallelogram of Forces. 

Proposition 23 If two forces impressed on a particle be 
represented in direction and magnitude by tioo adjacent tides of 
a parallelogram the resultant of the forces is represented by 
the diagonal of the parallelogram which passes through their 
point of intersection , 
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Let OA, OB, Fig 61, represent the two forces 


Complete the parallelogiam 
AOBG and draw the diagonal 
00 

A force is measured by the 
velocity it communicates per 
second to a particle of unit 
mass 



Therefore OA, OB represent 

the velocities which the force would communicate per second 
to a particle of unit mass 


Therefore, by the parallelogram of velocities, OC would be 
the resultant velocity of the particle if the forces acted on 
it for one second Thus 00 lepresents the force which acting 
on the particle for a second would communicate to it its actual 
velocity 


Hence OG represents the resultant force , now OG is the 
diagonal of a parallelogram whose sides OA, OB represent 
the forces P, Q respectively Thus the Proposition is true 


The formulaa and propositions established in §§ 29 — 32 abont the com 
position and resolution of velocities and displacements will therefore apply 
to forces The development of these formulas applied to bodies at rest 
gives us the Science of Statios, whioh is considered with experiments in 
fiie second port of this book The following sections illustrate the reso- 
lution of forces and the application of the second law of motion to 
some simple problems 


97. Problems on Motion. 

Proposition 24 To determine the motion of a body sliding 
doion a smooth 1 inclined plane 

Let m be the mass of the particle, a the angle between the 
plane and the horizon, R the force between the plane and the 
particle, a the acceleiation of the particle along the plane 


1 A suiface is said to bo "smooth” when tho direction of the force 
between it and any body m contact with it is at right angles to the 
suifacc 
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Resolve the forces along and perpendicular to the plane ABC, 
Fig 62, and equate in each case 
the rate of change of momentum 
to the force in its direction 

The weight of the particle 
is mg dynes and it acts vertically 
downwards , this can be resolved 
into 

mg cos a 

perpendicular to the plane and J?ig 62. 

flip sin a 

along the plane. Thus the force perpendicular to the 
plane is * 

Ji—mg cosa. 

The force along the plane is 

mg sin a 

There is no acceleration perpendicular to the plane while 
the acceleration down the plane is a 

Hence 

O — Ji — mg cos a, 
ma = mg sin a, 

.*. B = mg cos a, 
a=g sin a 

Thus the force on the plane is mg cos a dynes while the 
particle slides down w ith uniform acceleration g sm a. 

Hence, if l be the length of the plane, t the time taken by 
the particle m sliding down it, and v the velocity of the particle 
at the bottom, assuming it to start from rest at the top, then 

l = lg sill a l", 
v—g smo t, 

V s = 2g sm a . 1. 
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Proposition 25 To determine the motion of two pat ticles 
suspended by a fine string over a smooth pulley. 

Let m and to' be the masses of the pai tides A and B, 
Fig 63, and let m he greater than to', 
we suppose the mass of the pulley may be 
neglected. Since m is greater than to', the 
mass A moves downwards while B moves up , 
let a be the common acceleration. 

The weight of A is mg, that of B is m’g, 
both these forces act downwards but the 
former acts on A m the direction of its motion, 
the latter acts on B in a direction opposite 
to that of its motion Thus the impressed 
force in the direction of motion is (to — to') g 

The mass moved is m + ml, hence the rate 
at which momentum is gamed by the system 
is (to + to') a 

Therefore equating this to the force 
(m + to') a = (to — to') g 




mg 

Fig 63 


t 

trig 


Hence 


to - TO 

a = , q 

TO + TO 


Thus the system moves with a uniform acceleration which 
is a definite fraction of that due to gravity The space passed 
over and the velocity generated m a given time can be found 
m the usual way 


Proposition 26 To find the tension of the string joining 
the two masses suspended over a pulley as m the last Propo- 
sition 

To obtain this we must consider the motion of each mass 
separately, remembering that since they are connected by the 
stnng the upward acceleration of to' and the downward accele- 
ration of to must be the same Moreover the tension of the 
string is the same throughout Let it be T dynes, then a force 
T acts upwards on both to and to' Let the acceleration be a 
The weights of to and to' are mg and m'g dynes respectively 
and act downwards, and we know' by the second law that the 
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product of the mass and the acceleration is equal to the force 
in the direction of motion 

Hence for the downward motion of m 
ma = mg - T, 

while for the upward motion of m! 

m'a— T—m'g 

By adding the two equations w e have as in Proposition 25 
above 

(m + m!) a = (m- m!) g, 

m — rfi 

a- ,g 

m + m 

Multiply the first equation by m', the second by m and 
subtract, we then find 

0 = 1mm! g — T(m + m) 

Hence T— , . 

m + m 

We have thus found the tension of the string 

The three preceding propositions give us examples of the method to 
be followed m solving all mechanical problems We divide the process 
into three parts (1) the formation of the equations of motion, (2) the 
solution of those equations, (3) the physical interpretation of the solution 

Under (1) we express the forces and the rates of change of momentum 
in terms of symbols and form the equations by equating in accordance with 
Newton’s second law the forces and the corresponding rates of change of 
momentum , this constitutes the fundamental dynamical part Under (2) 
we apply the methods of Algebra or of Trigonometry to the solution of the 
equations, and obtain the unknown accelerations or forces m terms of 
known quantities Under (3) we interpret the solution we have found 



98. Experiments on the value of g. The last 
propositions furnish us with the theory of experiments which 
may be used to find g 

Experiment 20 To find g by observation on a body 
sliding down a smooth inclined plane 

We have seen that if a be the angle of the plane, the 
acceleration is q sin a down the plane, and if the time t of 
moving down a length l of the plane be obseived, 

l — \g sm a & 
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Hence 


2 1 

$ ~ P sin u. 


A g.-i/m if h be the height of the plane, l its length, then 
sin a = hjl, 

2P 

and 

To make the observation, obtain a sheet of glass or a smooth 
board -with a groove down it about a metre long Baise one 
end until it is some 2 or 3 cm in height above the other, 
measure this height carefully and also the length of the plane 
Place a smooth marble or small ball at the top and observe 
with a stop-watch the time taken by it m rolhng down, then 
the values of l, h and t are known, and g can be calculated 
The results however will not be very accurate because of 
friction and the difficulty of observing the tune accurately 


Experiment 21 To determine g by means of Atwood’s 
Machine 


In Atwood’s Machine let M grammes be the mass of each 
of the two large weights, m grammes that of the rider , then 
omitting the effect due to the mass of the pulley and to fric- 
tion, the mass moved is 2 M+ m, the force producing motion is 
the weight of the nder or mg dynes Let the acceptation be 
a, then the rate of change of momentum is (231 + m) a and we 

have (2 M + m) a = mg 


Therefore 


9 - 


2 if+m 

a 

m 


Baise the mass P, Pig 58, p 103, and putting on the ndei 
observe as in Experiment 17 the tune taken to fall through 
some convenient distance, say 2 metres , let this distance be 
s cm and the time of fall t seconds, then 

s=^aP. 


Hence 



9 


2 M + m 2 (2M + m) s 

^ ~ *0 


mP 


cm per sec pei sec. 


m 
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The quantities on the right-hand can all be determined 
and hence a value can be found for g 

Tn an experiment the following values were obtained. It 
was found that the masses traversed 210 cm m 10 seconds 

2 x 210 . 0 

■ = 4 2 cm per sec per sec 


Hence 


a = - 


10 2 


The masses were M = 1030 grammes, m = 9 giammes. 
2 x 1030 + 9 


Hence 


9 = 


x 4 2 


sb 966 cm pei sec per sec. 


Sources of error. 

The main sources of error are two. (1) The pulley has mass which 
though small may he appreciable, thus the whole rate of change of mo- 
mentum is not ( 2M+m)a , hut tms quantity together with something 
depending on the pulley Now the outer edge of the pulley moves with 
the same velocity as the descending masses, if we call this v we may 
represent the momentum of the pulley by M'v, where M' is not the 
mass of the pulley hut is a mass which if concentrated in the rim 
of the pulley and moving with its actual velocity would have mo- 
mentum equal to that of the pulley. M' is clearly less than the 
mass of the pulley, for some ports of the pulley are moving with a 
velocity less than v Its exact value will depend on the distribution of 
mass m the various parts of the pulley If, as is usual, nearly the whole 
mass is in the rim, M' will not he much less than the mass of the pulley. 
The rate at which the momentum of the pulley is changing is M'a 
Hence the left-hand side of the equation of motion would be 

(2M+m+M r ) a 

The numerator of the fraction giving the value of g should be increased 
by M' and the value of g should be larger 

(2) Again, owing to the friction the force actmg is not mg but some- 
thing less, the acceleration observed is less than it would he if there 
were no friction, the value of g found is in consequence too small For 
a method of correcting for thiB, see Glazebrook and Shaw, Practical 
Physics, § 21. 
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EXAMPLES. 

LAWS OF MOTION 

1. Calc ula te the momenta of a mass of 1 kilogramme when moving 
•with the following velocities 

(i) 1 metre per second, (u) 75 cm. per hour, 

(m) 1 mile per mmnte, (iv) after falling 600 metres 

2. Compare the momenta of a bullet whose mass is J an oz moving 
with’a speed of 1000 feet per second and of a mass of 60 kilogrammes 
whose speed is 1 kilometre per minute 

3 A mass of 60 kilogrammes acquires in moving for one minute a 
speed of 1 kilometre per minute Find the acceleration and the impressed 
force, stating clearly the units in which eaoh is measured 

4, Compare the impressed forces (supposed uniform) on the two bodieB 
mentioned m question 2, assuming the bullet to have gamed its speed in 
} of a second and the large mass in 5 minutes 

5 Find the momentum of theEarth, taking its mass as 6 x 10 57 grammes 
and assuming it to describe a oirole of radius 92000000 miles in a j ear 

6. A bullet whose mass is 160 grammes, moving with a speed of 
500 metres per second, strikes and lemains imbedded in a lump of soft 
wood whose mass is 25 kilogrammes suspended by a string 1 metre long. 
Through what height does the wood swing ? 

7. A oncket ball moving with a speed of 30 feet per second is hit to 
square leg, and after the blow moves with double the speed Find the 
impulse, and assuming contact with the bat to last for ^ of a second, 
find the average force 

8. A spiral spring m expanding through 25 cm. can exert an average 
force equal to the weight of 1 kilogramme Find the velocity it will 
produce m a mass of 10 grammes with which it is in contact through the 
whole distance 

9 A particle starting from rest is noted on by a force equal to the 
weight of ten pounds After twehe seconds the velooity is five yards a 
second, find the mass and the weight of the particle 

10 A constant force acts on a particle in the direction of its motion, 
state the relation connecting the increase of momentum and the time 
during which the foice has acted. 

11. A mass of 10 lb moving with a velocity of 25 feet per second 
is stopped by a uniform force in a distanco of 60 feet find the force 

12. A force equal to the weight of 10 grammes acts on a mass of 
27 grammes for 1 second if the value of g be 982, find the velocity of the 
mass and the space it has travelled over At the end of the first second 
the force ceases to act, how much fuither will the body move in the next 
miuute? 
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13. A force equal to the weight of 10 lb aots upon a mass of 8 lb., 
the mass moves vertically upwards with uniform acceleration What 
will be its velocity at the end of the third second starting fiom rest? 

14. A force equal to the weight of 12 lb acts on a heavy body which 
moves vertically upwards with uniform acceleration If the body passes 
over 18 feet in three seconds starting from rest, find the mass of the body 

15. A force of a pound weight acting upon a certain body for a 
minute generates in it a velocity of 60 miles an hour find the mass of 
the body 

16. How far will a railw ay can mge starting with a velocity of 60 miles 
per hour run on level rails if the resistance be 002 of its weight ? 

17. A train going at 30 miles per hour pulls up in 200 yds , what is 
the direction and magnitude of its acceleration? 

If every wheel slads, find the resistance in teiins of the weight, sup* 
posing the line to be level 

18. Describe sonic accurate method of determining the value of the 
acceleration due to gravity How would you arrange an experiment to 
make a body fall with an acceleration each second of one foot per 
second? 

19. What is the relation between the force producing motion in a 
given mass and the motion produced ? How would you verify this relation ? 

20. A mass has its velocity changed (i) from rest to 10 feet per 
second, (u) from 10 feet to 20 feet per second Compare the magnitudes 
of the forces required, the time occupied in the change being in eaoh case, 
6 seconds 

21. Describe an experiment to shew that the rate of change of 
momentum of a moving body is proportional to the force producing 
motion What force is needed to reverse the motion of a mass of 1 lb 
moving with a speed of 100 feet per second, supposing the whole change 
to take place in 1 second ? 

22. A weight of 100 lb is placed on a smooth horizontal table, 
what force acting horizontally for three seconds will generate in it a 
velocity of 64 feet per second ? 

23. Shew that, if the force on a body bo taken to be numerically ex- 
pressed by the produot of the numbers expressing its mass and acceleration 
respectively, the unit of foice is dependant on the units of mass, length, 
and time Indicate the unit of force thus defined when the gramme, cen- 
timetre, and second oro the units of mass, length, and time respectively. 

24. Describe Atwood’s Machine How would you prove by means 
of it that the space described from rest by a body acted on by a unifo rm 
force varies as the square of the time ? 
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25 Two masses of 8 and 10 ounces aTe connected by a stung passing 
over a pulley , find the tension of the string when they are in motion, and 
the space described in 4 seconds 

26 A spiral spring, which for every millimetre of extension requires 
a force of 20 grammes weight, is hung up by one end and a mass of 
50 grammes is attaohed to the other end by a long string If the mass 
is raised and allowed to fall so that it travels a distance of 30 centi- 
metres before the string becomes tight, find what extension of the spring 
will be produced 

27. Two masses of 8 lb and 10 lb are supported by a fine string 
over a smooth pulley After falling through 5 feet the 10 lb weight 
strikes the floor, find the impulse on the floor 

28 Masses of 1 and 3 lb hang from the two ends of a fine string 
suspended over a smooth pnlley At what rate will they be moving at the 
end of 1 sec after they are set free ? 

29. Weights of five and ten grammes are connected by a string 
which passes over a pulley if the weights are allowed to fall, find their 
velocity when the heavier weight has descended through a metre 

30 Find the tension of a rope which draws a carriage weighing 1 ton 
up an incline of 30° with a velocity which increases by 1 foot per second 
per second. 

31. When one weight lifts another by means of a string passing over 
a fixed pulley without friction, find the tension of the string and the 
velocity produced m one second. 

If the first weight be 4 lb and the second 21b what is the tension of 
the string in lb -wt ? and what the velooity produced per second in feet 
per second? 

32. Masses of 3 lb and 3 lb 1 oz respectively are attaohed to the 
ends of the string of an Atwood’s machine and move from rest dunng 
4 seconds, the 1 oz is then removed and it is found that the masses movo 
over 8 feet m the next 5 seconds Find the numenoal value of gravity 
which results from these experiments 

33 Each of the masses attached to the ends of the string of an 
Atwood’s machine are 150 grammes, if the inertia of the pulley be taken 
as equivalent to on additional mass of 25 grammes, find the acceleration 
when a mass of 5 grammes is added to one side The value of g may be 
taken as 980 cm per sec per sec 

34. Two weights each of 5 lb are tied to the two ends of a long oord 
which hangs over a pulley m a vertical plane An additional weight of 
2 lb is suddenly placed on one end Find the acceleration of the 
weights, and also the velocity and amount of displacement after 3 seconds, 
neglecting friction and inertia of the pulley and the stiffness of the oord 

35. How may Atwood’s machine be used to find the acceleration due 
to gravity? The masses on either side are 250 grammes, if the inertia 
of the pulley be taken as equivalent to an additional mass of 50 grammes, 
find the acceleration when a mass of 5 grammes ib added to one side 
The value of g may be taken as 980 om per sec per sec 
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36 A heavy particle slides down a smooth inclined plane, starting 
from rest at tho top, the height of the plane being A and the length l feet 
Find the acceleration of the particle, and the time it will take to reach the 
bottom 

With what velocity mnst a particle be projected down a plane 12 feet 
in height and inclined to the horizon at an angle of 30°, so as to reach the 
bottom in one second? 

37. A heavy particle is projected np a smooth inclined plane whose 
height is h, and length l, with such a velocity that it just reaches tho top 
of the plane Find tho acceleration of tho particle and tho time that it 
takes to mount 

With what velocity must a particle bo projected op a piano 10 feet in 
height and inclined to the horizon at an angle of 30°, so as to reach tho 
top in one second ? 

38. The lino AB is vertical, and ACB is a right angle Shew that 
tho time of sliding down cither AC or CB, supposed smooth, is equal to 
the time of falling down AB 

39 Let PQ be a chord of a vertical circle whose highest point is A 
and centre O Then if the time of descent down this chord be half of that 
down the vertical diameter, show that 

tan 1AOP lan^AOQ 3 5 

40. Distinguish between a poundal and the weight of one pound 

Wliat is the experimental evidence for the statement that tho weight 
of a body is proportional to its mass ? 

41. Distinguish between mass and weight 

If tho weight of a certain mass bo lcprcsentcd by 15 at a place where 
a body falls through G4 feet in 2 seconds, what will be the weight of the 
same mass at a place where a body falls through 176 feet m 3 seconds ? 

42. The time of falling down a smooth inclined plane is twice that 
down the vertical height of the plane Find the ratio of the length of the 
plane to its height 

43 If the wheel m an Atwood’s machine is so stiff that a w eight P on 
one side will just support nP on the other, find tho ncceleiation when the 
weights aro P and n'P («'>«) 

44 Find the change of momentum of a body of mass m which 
18 initially moving with v elocity «, and then has its velocity deflected 
through an angle a, but without change of magnitude 

Two particles .-1 and B of tho same mnss m aie connected by a light 
string and rest with the string just light on a horizontal table whose co- 
efficient of friction is p. A uniform force P (greater than 2 fung) begins to 
act on the particle A m the direction BA Find the acceleration of cither 
particle and the tension of the stung at any time. 

G D 


10 
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45, A mass of 10 grammes resting on a smooth table is connected by 
a string passing over a pulley with an equal mass which hangs vertically 
The first mass is 1 metre from the edge , find the velocity of the system 
at the moment at whioh it is dragged over 

46 A mass of 200 grammes can just be dragged np an inclined plane 
by a mass of 100 grammes which is connected to it by a string passing 
over a pulley and hangs vertically from the top of the plane Find the 
inclination of the plane , find also the velocity produced after the system 
has moved through 1 metre, if a mass of S grammes he placed on the 
smaller mass 

47 A mass of 1 lb slides down an inclined piano whose height is 
half its length and draws a mass of 5 lb along a smooth horizontal table 
level with the top of the plane Find the acceleration , find also the mo- 
mentum of the whole after the masses have moved 1 yard 

48. Two masses of 6 lb and 10 lb respectively are placed on two 
inclined planes of the same height and the angle 30°, the masses are con- 
nected by a fine string passing over a smooth pulley at the top of the two 
planes Find the acceleration, the tension of the string, and the distance 
traversed m 5 seconds 

49. An engine draws a tram whose mass is 75 tons np a slope of 
1 in 60 If the resistance of the rails be -fc of the weight, find the force 
exerted by the engine in order that the speed may be constant The 
speed at the bottom of the slope is 25 miles an hour if the engine stops 
working how far will the tram run 7 

50 A mass of 10 kilogrammes slides down a rough plane whioh rises 
1 in 10 find the resistance if the speed remains constant 

51. What is meant by the equation W=Mff? 

A lift is nsmg with an acceleration of 8 feet per second per second; 
what pressure would a man scaling 16 stone exert on the floor of the 
lift? 

52 A particle, starting from rest, slides down a smooth plane in- 
clined at an angle of 45° to the horizon m 6 seconds , find the length of 
the inclined plane 

53. Two equal masses are at rest side by side One moves from rest 
under a constant force F while at the same instant the other receii es an 

impulse I Shew that they will again be side by side after a time 

54. A particle whose mass is 10 lb is moving with a velocity of 
30 feet per second If it is brought to rest in 100 feet by applying a 
constant resistance, find the magnitude of the resistance 
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55. A pnrliclo whose mass is 12 lb is moving with a velocity of 
25 feet per second If n constant resistance equal to a weight of 15 oz. 
is applied to stop it, find how far it will travel before it comes to rest 

56. A weight of 7 lb is place! on a smooth horizontal board and 
connected by strings passing over smooth pnlleys nt each end of the 
board with weights of 51b and 11b respectnely Find the acceleration 
of the weights and the tensions of the strings 

57. If two masses m, m' arc connected by a string, whoso mnss can 
be neglected, passing over a smooth fixed pulley, find the tension of the 
string 

Two bodies, of mass 21b and SO lb rcspectnely, lie on a smooth 
horizontal tablo whoso height above the floor is 27 inches The bodies 
are connected by an mextensiblo string, whoso length is not less than 
27 inches, and, when the stnng is taut, the smnllcr mass is dropped 
through a hole In the table. Find when it reaches the ground 


10-2 
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THE THIRD LAW OF MOTION ENERGY 

99. Action and Reaction. In the Third Law of 
Motion Newton stated that To etery action thei e is always cun 
equal and opposite reaction, 01 the mutual actions of two bodies 
are always equal and opposite 

The Law is based on observation and experiment, in 
considering it howeier we are at once met by the question 
What is meant by Action? We can learn from Newton’s own 
illustrations what he understood by the term 

“ If a man presses a stone with his finger,” he says, “his finger 
also is pressed by the stone If a horse draws a stone by 
means of a rope the horse is drawn equally towards the stone, 
for the rope stretched between the two will urge the horse 
towards the stone and the stone towards the horse , and this 
will impede the progress of the one as much as it helps that of 
the other ” 

“If a body impinging on a second body changes the motion 
of that body m any maimer by the force it exeits, it will itself 
undergo the same change m its own motion in the opposite 
direction through the force exerted by the second body (because 
of the equahty of the mutual pressure) ” 

" It is the amount of momentum, not of velocity, interchanged 
in these actions which is equal, at least in bodies which 
are otherwise unimpeded. Foi the changes of velocity which 
take place also in opposite directions are reciprocally pro- 
portional to the [masses of the] bodies, since the change of 
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momentum is the same foi the two The law is also true foi 
the case of attractive foices ” 

100. Illustrations of the Third Law. These lllus- 
liations of New ton’s make it clear that the action and reaction 
contemplated by him was the Intel change of Momentum 
between two bodies We shall see latei that, m a scholium 
attached to the law, lie interprets the toims in another sense 
m which they arc equally tiue 

If then wo aie to mean by Action Gam of Momentum, 
the expeumenls on impact descubed m Sections 51 — 61 afford 
a lenfication of ilic law 

Moieoici, Ailien two bodies aie unimpeded m their action 
on each other, not only is the Avhole gain of momentum of the 
one equal to the Aihole loss of the othci, but, during the time 
of tiansfei, the late at ulncli the one gams momentum is equal 
to the late at Avhicli the othei loses it Tlio impressed force on 
the one is equal and opposite to that on the other The Moon 
has an acceleration toivards the Earth and the Eaitli towards 
the Moon, astronomical observations sheiv that these accelera- 
tions are inversely piopoitional to the masses of the Moon and 
the Eaitli lcspectively For Moon and Eaith the equation 
ma = m'a' holds, m and m‘ being the lespective masses, a and a! 
the respectne accelerations Each gams momentum at the 
same rate An experiment, also due to Newton, may illustrate 
this point Float a magnet on a block of wood m a large* 
vessel of water, float a piece of soft iron on a second block of 
\a ood Place the iron at a little distance from the magnet and 
in such a position that the magnet may point directly towards 
it Hold the tivo at rest until the Avater is quite still, then 
release them simultaneously The magnet aviII draw the iron 
to itself, the two blocks of wood will impinge and then como 
to rest 5 on tlio watci 

The two blocks gam momentum in opposite directions when 
free to moA*e, this gain 1ioa\ ever is the same for each, the force 

1 Lnrge because otherwise capillary action at the sides of the vessel 
may affect the result 

- It ib desirable m performing this experiment to arrange that the 
impact may be dnect, otherwise the blocks of wood may bo made to spin 
round in the water. 
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on the one is equal and opposite to that on the other , after 
impact the system lemams without momentum 

The following also affords us an illustration of tins law When a 
gun is fired it hicks, unless held elose to the shoulder it bruises it If 
the gun he held firm, it and the man constitute, so far as the action is 
concerned, but one body, the mass of which is muoh greater than that of 
the bullet , the velocity acquired by this body will be small compared with . 
that of the bullet, but the momentum of the bullet and of the gun and 
man combined will be equal and opposite We can shew by the following 
experiment that this is so 

The gun is attached with its barrel m a horizontal position to a 
massive block of wood which can swing about a horizontal axis above 
the gun and at right angles to the barrel , the whole constitutes a pendu- 
lum, as with the simple pendulum if the gun be displaced from its 
equilibrium position its velocity can be calculated by observing the aro 
through which it swings, the velocity of the bullet as it leaves the barrel 
can also be found Suppose the guu loaded and fired when at rest at the 
lowest point of its swing, observe the velocities of the gun and pendulum 
and of the bullet and calculate the momentum of each it will be found 
that they are equal 

A simpler experiment of the same charactei is as follows 


Experiment 22 To illustrate by expei iment the third law 
of motion 

Suspend two balls, Fig 64, of different masses, so that their 
centres may he at the same level and 
equally distant from their points 
of support, compress a fairly strong 
spiral spring and tie it with thread 
so that the spires are as close 
together as possible Place it be- 
tween the balls , release the spring 
by cutting or burning the thread, 
the balls will move in opposite 
directions , determine their velocities 
by observing the distances through 
which each ball swings, it will be 
found that the velocities are in- 
versely proportional to the masses Fig 64 

of the balls Each ball acquires the same amount of momentum 

Hicks' ballistic balance already described may be used for 
this experiment, with this apparatus the velocities are easily 
measured. 
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One case mentioned by Newton needs a little farther consideration; 
when a horse drags a load or tows a boat how is it that the horse is 
pulled bach as mnch as the load is pulled forward’ The horse acquires 
momentum by the action between his feet and the road. If he is moving 
with uniform speed and we neglect the relative motion of the various parts 
of his body the whole of the momentum so acquired is transferred by the 
rope to the boat The passage of the boat through the water is resisted 
and the boat loses momentum to the water, this loss is equal to the g»in 
it acquired from the horse; thus the momentum gamed by the horse 
appears in the water wave which follows the boat Now the Earth has 
lost momentum— estimated in the direction in which the horse is moving 
— equal to that gamed by the horse by the actions just described the 
water forming part of the Earth has gamed the same amount m the 
direction of the horse’s motion, thus on the whole there is neither loss nor 
gain If the boat is gaining speed the horse acquires from the ground 
rather more momentum than is transmitted by the rope to the boat. 


*101. Attraction and the Third Ziaw. This equality 
of action and reaction holds also 


in the case of the Attractions 
between the various portions of 
the same body 

For consider a body like the 
Earth, imagine it free from ex- 
ternal action, and suppose it 
divided into two parts A, B, 
Eig. 65, by a plane CD, if it 
he possible let A gam momen- 
tum from B faster than B gains 
it from A, then the whole sys- 
tem is continually acquiring 
momentum in the direction 



Fig 65. 


from B to A and will move off with continually increasing 
velocity into space in the direction BA , this is contrary to 
the first law for the body is free from external action. 

Example. As an example of the third law consider the case of a 
shell exploding m the air The fragments are projected m various 
directions hut the total gam of momentum of the various parts is zero, 
the momentum gamed in one direction by some parts is equal to that 
gamed in the opposite direction by others Thus if the shell burst into 
two equal pieces, if its original velocity be 100 feet per second, and the 
velocity after fracture of one part in the same direction be 150 feet per 
second we have, calling m the mass of the whole shell and v the velocity 
of the other part. 


m x 100=^ x 150 +^». 
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Hence »=50, the one half gamB 25 m units of momentum, the 
other loses the same amount and continues to more forward with a 
velocity of 100 - 50 or 50 feet per second 

We see by these and similar examples how to interpret the third law 
of motion if we give to action the meaning of change or rate of change of 
momentum 

102. Conservation of Momentum. In all these 
cases then Action is Transference of Momentum When- 
ever a transference of momentum takes place between two 
bodies the loss of the one body is equal to the gam of the other 

From this point of view the third law expresses the 
Conservation of Momentum 

JFe can observe the facts that the one body gains momentum, 
while the othei loses it, we call the rate at which this to ansference 
takes place Force, and when the to ansference is going on we say 
that Force acts between the two bodies, its action on the two 
being equal and opposite 

103 Action. — Energy. But the third law as Newton 
pointed out contains more than this 

We shall find that, when bodies act on each othei, another 
quantity (Energy) besides Momentum is transferred, and that 
m this case too there is neithei gam nor loss on the whole 
transaction 

In the Scholium to the laws of motion, Newton calls 
attention to the importance of the quantity obtained by 
multiplying force and the displacement of its pomt of applica- 
tion He writes after giving some examples — “By these 
I wished to shew how wide spread and how certain is the 
third law of motion For if the action of an agent be 
measured by the product of its force and displacement 1 , and 
similarly the reaction of the resisting body be measured by the 
sum of the products of the resistances and then several 
displacements, then whether the lesistances arise from fnction, 
cohesion, weight or acceleration, m all cases action and reaction 

1 The word actually employed is velocity, but the velocities concerned 
are those which occur during the same moment, they are measured there- 
fore by the displacements 
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in every kind of machine will be equal ” Action then in the 
third law may bo measured by the pi oduct of a force and the 
displacement of the point at which it is applied , this displace- 
ment however as Newton points out is to be estimated m the 
direction of the force 

In otliei words, when momentum is being tiansferred to a 
body at a given point, the product of the rate at which the 
body is gaining momentum and the displacement of the point 
at which the transference is talcing place ma} r measure the 
Action w liich is considered in some aspects of the third law. 

The meaning and importance of this statement will how- 
ever be better appreciated after some pieliminary explanations 
and definitions 


104. Work and Energy. When momentum is being 
transferred to a body and the point at which the transference 
is taking place is in motion, we say m general that Work is 
being done 


Now let F be the amount of momentum transferred per 
second — the force; let A, 

Fig 66, be the pomt at 
which the transference is 
taking place — the pomt of 
action of the force Let AB 
be the direction in which 
the momentum is being 
transferred — the direction of the force Let A be displaced to 
A' and draw A'A, perpendicular to AB to meet it in A,. 

Then the work done is measured by the pi oduct FxAAj 



The actual displacement of the point A is A A', this can be 
resolved into AA, m the direction of thefoiceand A X A! at right 
angles to the direction of the force, when this is done A A,, the 
component of the displacement m the direction of the force, is 
spoken of as the displacement m the direction of the force and 
the work done is the product of the force into the displacement 
in the dnection of the force 
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105. Measurement of Work. 

Definition When Momentum is being transfer) ed 
to a body at a point which is m motion the Work done is 
measured by the product of the rate at which the body is gaming 
momentum at that point multiplied by the component of the 
displacement m the chi ection of the momentum 

Or, in other words The product of a Force into the 
component in its own direction of the displacement of its 
point of application measures the Work done 

Thus let F be the force, let the point of application of 
the force be displaced a distance s m the direction of the force, 
the work done O is given by the equation 

U=Fs 

When the actual displacement s is not in the direction of 
the force we resolve it, as in Figure 66 above, into s, in that 
direction and s 3 at right angles to the direction, m this case 
the work done is given by Fa i If the angle A'AA' be called 
6, then since A'A t A is a nght angle we have from Figure 66, 

AjA = A A' cos 9 

Hence s l =s cos 9. 

Therefore U=Fs cos 0. 

Now m this expression Fcos 9 is the component of the 
force in the direction of displacement Thus we see that the 
work is found by multiplying together either the force and the 
component of the displacement m the direction of the force or 
the displacement and the component of the force m the direc- 
tion of the displacement 

Hence 

Work = Force x component of displacement in the direction 
of the force 

= Displacement x component of the force m the direc- 
tion of the displacement 

= Fs cos 9, 
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If, as in Fig 67, tho displacement AA' be at right angles 
to the force then the displace- A , 
ment in the dnectaon of the 
force is 7010 , thus the woik 
done is zero 

Hence, when the motion ^ 

of the point of application is a e B 

at right angles to tho direction 67 

of the force, no work is done 

Again, the component of the displacement with winch we 
are concerned may bo as AA t in a' 

Fig 68 in the same direction 
as that m which the force acts 

or it may be as AA X in Fig 69 j- Sg- 

m the opposite direction to that 1 

of tho force In tho first case, ® 8 

Fig 68, woik is done on the body by the foicc, m the second, 

Fig 69, work is done by tho 

body against tho force. 

Thus when a body is 

gaining momentum at any ^ 

pomt and when the direc- * 

tion of motion of tho pomt ^8* 69 

is the same as that of the gam of momentum work is done on 
the body, when the direction of motion of tho pomt is oppo- 
site to that of tho gam of momentum work is done by the body, 
hen the direction of motion is at nght angles to that of tho 
momentum no work is done 


Hence, if a body, acted on by gravity only, move m a 
horizontal direction with uniform speed no work is done, 
if tho body bo raised work is, done on the body against its 
weight by tho agent raising it, if tho body be allowed to fall 
from a height work is done by its weight 

When a body of mass m is raised a height h the upward 
impressed force is mg and the work done is nigh 

In making this statement it is supposed that tho body is raised vory 
slowly Tho upward forco is really greater than mg, otherwise the body 
would not move, but a forco which is just m excess of mg will raise it , if 
tho excess be extremely small tho motion will be exceedingly slow, and 
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the work done will differ from mgh by a very email quantity which we 
may neglect If the body is drawn up with a run more work will be 
necessary See Section 112 

It should be noticed that two factors are necessary to 
measure work It depends on the product of the force 01 rate 
of transference of momentum and of the displacement If 
we know the amount of work done, we cannot calculate the 
force unless we also know the displacement a small force 
working through a large distance may do as much work 
as a large force woikmg through a small distance, the work 
is the product of the two 

Again, the work done does not depend on the time m which 
it is done An engine which can raise a ton a foot m the 
course of a year will then have done as much work as one 
which raises a ton the same distance m a second , the amount 
of work done depends solely on the product of the force and 
the displacement, and is quite independent of the time taken 
to do it 

106. Unit of Work Consider now a body which is 
gaining F units of momentum per second, if the body be 
displaced a distance s m the direction of this momentum, then 
the work done is U, where 

U = F.s. 

If then the force or rate of gam of momentum be unity 
and the displacement also be unity the work done is unity 

Thus the Unit of Work is done when a particle on which 
unit force is acting is displaced unit distance m the direction 
of the force 

The value then of the unit of work depends on the 
unit of force and on the unit of length. 

107. The C. G S. Unit Work. On the o a s 

system the unit force is a Dyne and the unit distance a 
Centimetre, the c g s unit of work then is done when a 
particle on which 1 Dyne is acting is displaced 1 Centimetie 
m the direction of the force, this unit of work is called 
an Erg. 
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Definition One Erg is the work done vJhen the point 
of application of a force of 1 dyne is moved 1 centimetre in the 
direction of the force. 

The Erg is a very small unit of -work for a dyne is a very 
small unit of force, being rather less than the weight of 1 cubic 
millimetre of water. Hence, the erg is rather less th a n the 
work done in raising a cubic millimetre of water 1 centimetre 
Por this reason ten million ergs are taken as the practical 
c g s unit of work and are called a Joule. 

Thus we have 

1 Joule = 10,000,000 = 10 7 Ergs 

108. The F. P. S. Unit Work. On the f p.s system 
the unit force is one poundal. Unit work then is done on this 
system when the point of application of a force of 1 poundal 
is moved through 1 foot This unit is called the Poot- 
poundal. 

Definition One Foot-poundal is the work done when 
the point of application of a force of 1 poundal is moved 1 foot 
m the direction of the foice 

109. Gravitational units of work. Another unit 
of force used is the weight of a body whose mass is 
1 gramme When the point of application of such a force 
is moved 1 centimetre, I centimetre-gramme unit of 
work is done Since the weight of a gramme contains 
g dynes we see that 1 centimetre-gramme unit of work 
contains g eigs 

Moreover since g depends on locality the centimetre-gramme 
unit of work is different at different points of the Earth, 
the erg is the same everywhere 

Definition One centimetre -gramme unit of work 
is done when the point of application of a force equal to the 
weight of 1 giamme is moved 1 cenlimehe m the direction of the 
force 
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Hence, 1 centimetre-gramme unit of work 
= g ergs = 981 ergs, 

if we take g as 981 centimetres per second per second 

Again, the weight of a mass of 1 pound is taken sometimes 
as the unit of force When this is done the corresponding 
unit of work is the foot-pound 

Definition One foot-pound unit is the wmk done when 
the point of application of a force equal to the weight of 1 pound 
is moved 1 foot in the dio ectwn of the f<n ce 

Since the weight of 1 pound contains g poundals we see 
that one foot-pound is equal to g foot-poundals, and since 
in feet per second per second g is 32 2, we see that 

1 foot-pound = g foot-poundals 

= 32*2 foot-poundals 

A foot-pound of work is done when a mass of 1 pound is 
raised 1 foot 

The work done in raising a kilogramme through one metre 
is 1000 x 100 or 100,000 centimetre-gramme units Since 
each of these contains 981 ergs the work is 98,100,000 ergs 

110. Rate of Working. The rate at which work is 
done is called Power 

Definition Power is measured, when uniform , by the 
work done per second, when variable by the ratio of the ivork 
done m an interval of time to that interval when it is suffi- 
ciently small 1 

Tims the powers of the two engines mentioned m Section 105 are 
very different The second has a power of 1 foot-ton or 2240 foot-pounds 
per second, while the first, since there are 31536000 seconds m the year, 
has a power of 2240/31536000 foot-pounds per second 

A Horse-Power is the name given to a unit of power in 
common use 

Definition When 550 footpounds of work ate being done 
per second the rate of working is i Horse-Power. 


1 See Sootion 22 
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Thus tho second engine is ono of rather over 4 liorse-power (really 
221/55 horso power) 

The rate of -working in common use on tho cos system is 

The Watt. 

Definition. When 1 Joule (10 7 ergs of woi 1) is being done 
per second the Rate of Working is i Watt 

Thus 1 "Watt is 10 7 eigs done per second "We can shew 1 
that a Joule is about 737 of a foot-pound, so that a Watt is 
*737 foot-pound per second Thus a Horsepower is 746 Walts 

111. Measurement of Power. Since work is mea- 
sured by force multiplied by displacement, if the foice be con- 
stant the rate of woiking is measuied by force multiplied by 
rate of displacement Row rate of displacement is velocity 

Hence Power is measured by the pioduct of a foice into 
the velocity of its point of application measuied in the direction 
of the force In other words, the rate at which work is being 
done on a particle is the product of its rate of gam of momen- 
tum and the component of its velocity measuied in the direction 
m which it is gaining momentum Thus if F be the force 
impressed on a particle and v l the component of its velocity 
in the direction of F. Then Rate of Working = Fv x — Fv cos 6, 
if v be the velocity and 0 tho angle between the duections of v 
and F. 

112. Expressions for Work and Power. The 
expressions which have been found for Work and Power may 
be put into various forms Thus 

Proposition 27 To shew that if a body of mass m acquue 
a velocity v in moving with constant acceleration in a straight 
line from rest though a space s the work done is |mv 5 . 

Let F be tho impressed force, a the acceleration, U the 
work Then we have F = ma and v 1 = 2as 

Hence U =Fs— mas = 4 mu 8 

Again, if tho initial velocity be u and not zero, wo have 
v 5 - u- = 2<w 

Hence U—Fs=s mas — \nvfi — \imP 

1 Sco Section 112, Example 4. 
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The units in wlucli this result is given will depend on those m which 
m and s are measured, for instance, on the cos system m is m grammes 
and s in centimetres, since we apply the equation F=ma the force is in 
dynes, hence the work Fs is m centanefre-dynes, or ergs 

Thus the work required to give to a mass of m grammes a velocity of 
v centimetres per second is ^mv 2 ergs If the mass be m pounds, the 
space m feet, then the work is in foot-poundals. If we wish to use 
gravitation measure we mu6t remember that a dyne is 1/g of the weight 
of one gramme 

Hence \mv 2 ergs is ^mv 2 /g centimetre-grammes of work and 
foot-poundals is \mv 2 jg foot-pounds where g is 981 cm per seo per seo 
moos units or 62 2 feet per sec per sec inrr s. units 

Proposition 28 To find expiesstons for the tate at which 
work is being done on a particle of mass m, moving in a straight 
line with constant acceleration a 

Let v be the velocity of the particle at any moment, F the 
foice, t the time from rest, and s the space traversed 

Then we have 

Power = Bate of Working -Fv — mav 

mv- . 2 mas 

*= — — ss ma~t — — - — as ma 
t t 

Examples (l) Find in the various units the work done on a mass of 
1 ciot when lifted though 100 feet 

Since 1 cwt =112 pounds, 

work = 112 x 100 foot-pounds, 

= 112 x 100 x 32 2 foot-poundals. 

Also 1 lb =453 6 grammes, 

1 foot =30 48 oms 

Thus work =112 x 463 6 x 100 x 30 48 centimetre-grammes 
= 112 x 453 6 x 100 x 30 48 x 981 ergs, 
and this reduces to about 1 519 x 10 n ergs or 15190 Joules, 

(2). This same mass is allowed to fall from a height of 100 feet Cal- 
culate the uorh done by gravity (a) after it has fallen SO feet, ( b ) when it 
has reached the ground, and determine m each case the rate at which work 
is being done 

The rate at which the mass is gaming momentum or the force 
is 112 x 32 2 poundals 

Thus the work whioh has been done m 50 feet is 112 x 32*2 x 50 foot- 
poundals, and m 100 feet it is twice as much, or 112 x 32 2 x 100 foot- 
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poundals This last «pr< ssion is the same ns the woik clone m lifting 
the bod} to the hoigut of 100 feet 

The rate of working is the product of the velocity nnd the rate nt 
which mome ntum is bei ng communicated After falling- 50 feet the 
\clocity is J'2 x .V2 2 x f>0 feet per second, nnd the force is 112x32 2 
pjuudals, thus tho rate of working is 

112 x 32 2 x A/STxrfZiFxljo foot-ponudals per second 
This reduces to 2 033x10 s foot-poundnls per second, if wc wi *= h to w ork 
in foot-pounds per second no Irnvo for tho power 112 y Jl x oi 2x 50 or 
6J49 foot-pounds per second. 

Dirtdnig this by 550 wo find for the horse power 11 51. 

Urns when a body of 1 cwt in ihbm line fallen freely through 50 feet, 
work is being done on it nt the rate of 11 51 horse power 

\\heu tl c body has fallen 100 feet wc elmll linc c to substitut e 100 for 
50 in the aboic formula*, — theaelocity will bo ^Ajy 82 2x100 feet per 
wrond, and wo find for tbe rate of work 8901 foot pounds per second or 
1G 17 hors*' power 


(3). Tiro bodies 15 h ht and 1 / ilo in nwa re r peeftt ely, suspended 
by a fine finny over a phllet/ are fret to man Find 1h< trorf done 5 
fr couch after motion has commenced, and the rate at iclnch it is then being 
done. 


The acceleration is gneti hv 


a 


1 5-1 
15 -f 1 


if* 


Thu ft a=y/5 cm per etc jk r sec. 

Thr rale nt which the system gains momentum m the downward 
dmetion is (15fi0-1000)c dync=, and this reduces to GOOy dines 

In 5 seconds the velocity (at) is 5xy/ », or g cm per second, and tho 
space traicn-ed Jut 1 or 21y/10 cm 

Thus the work done is 


500 g / 2og 
10 


or 50 y 25 x o' 1 ergs. 


This reduces to 120 3 x 10 7 ergs or 120 3 Joules 
The roto of working being the product of the force nnd the velocity is 
500/7 x g ergs per second, 

48*12 x 10 7 ergs per second 


or 


Thin is 18 12 watts 
G D 


11 




(4) Find the value of an erg tn foot-poundals and of a horse-power tn 
watts 

1 erg=rir centimetre-gramme unit, 
yoi 

1 centimetre^ 03281 feet, 

1 giamme= 002205 lbs 

, 03281x 002205, , 

1 erg= ggj foot-pounds 


This reduces to 00000007374 foot-pound. 

Hence 1 Joule is 7374 foot-pound 

Thus 1 foot-pound = Joules 

si 356 Joules 

1 horse-powers550 x 1 356 Joules per second 
s745 8 watts 

s approximately £ of a kilowatt 


113. Measurement of Work. In the above ex- 
amples we have shewn how to calculate the work done m 
various cases m which a particle — or a body which we may 
treat as a particle — is displaced in the line of action of the 
force, we wall now consider some cases in which the displace- 
ment is oblique to the force. Suppose then that a body of 
mass in is moved from a point A to a point B, Fig. 70, where B 
is not vertically above A Let 
the motion take place along the 
line AB and let us calculate the 
work done against gravity. The 
weight of the body is mg and its 
direction is vertical If then we 
draw AC vertical and BC hori- 
zontal meeting in C, the displace- 
ment may be resolved into AC 
veitical in a direction opposite to 
that of the weight and BC horizontal in a direction at right 
angles to that of the weight By the definition of work then 
the work done against the weight is mg x AC or mgh, if A is 
the vertical distance between A and B 
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For tlio purpose of calculating the woik, we may look upon 
the displacement as a vertical one AC (- h) in which mgh 
units of work are done, and a horizontal one CB in which no 
work is done 

In raising a body from one point to another the work done 
against its Height depends only on the difference of level between 
the too 2 >oinis 

Moreover this result is independent of the path described by 
the body if it be first mov ed vertically downwards its weight 
will do work but this will lie cancelled by the work done 
against the w eight in raising the body to its original position 
If the path from A to B be a broken one ns shewn in Fig 71 




lie 71 IV 72 

or a curved one ns in Fig 72, the work done is still the same, 
the vertical component of the whole displacement is in all 
cases AC or h and the work therefore is mgh 

Thus when the weight of the body is the only force con- 
sidered, the work done m moving the bodj from one position to 
another against its weight depends only on the lclutne posi- 
tion of the two points — being propoitional to their vertical 
distance apart — and not at all on the path of the particle 
between the points 

Now it can bo shewn that a similar statement is true for a 
very large number of actually observed cases of motion The 
work done on a body, which is gaming momentum by many of 
the processes winch occur m nature, can bo shown to depend 
only on the initial and final positions of the body lelative to 
such of its surroundings ns influence its motion, and not at all 
on the path by which it bns mov ed from one position to the 
other, or on the speed with which it has fciavorscd this path. 

II — 2 
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Tlieie are some cases of motion for winch this statement is not 
true It is the fact however of its truth in many cases which 
gives to Woilc its great impoitancc m Mechanics 

Action then as used tn the third law may mean the Work 
done on a body, leaction will be the wmk which a body can 
do tn consequence of this , and the law states that these two , when 
all the forms of reaction are taken into consider* ation, are equal 

In the Statics we shall have numerous examples of this 
principle and shall describe expenments arranged for its verifi- 
cation 

114. Motion of a body down a plane. Work. 

We have already found the value of the voik done on a body 
by its weight when it is allowed to fall freely 

If 77i be the mass of the body, h the height through which 
it falls, and v the velocity it acquires, then U the work done 
is given by 

V = mgh s= 

Let us now consider the v ork done by its weight on a 
body which is allowed to slide down a smooth inclined plane of 
height h We know that the work done against its weight 
when the body is lifted from the bottom to the top of the 
plane is mgh 

PnorosiTioN 29 To find the work done on a body of mass 
m tn sliding down a smooth inclined plane of height h 

Let BA, Pig 73, be the plane making an angle o with the 
horizon Draw BG vertical and 
AG horizontal, let R be the force 
between the plane and the body, 
the weight of the body is mg 

Then since the plane is smooth 
the direction of R is at light 
angles to it, the displacement of 
the body is along BA, at right 
angles to R, hence no work is 
done by the force R the only 
force which does work is the 
weight mg, the displacement of 
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the body in its direction is h ; hence the work done is mqh ; 
thus an amount of work mgh is done on a body which slides 
down a smooth plane of height h. 

Kow let v bo the velocity with which the body reaches the 
bottom, the acceleration parallel to the plane is <7 sin a: if l be 
tho length of the plane w c hrv\ e a velocity v acquired in mov- 
ing a distance l with acceleration < 7 sma. 

Hence t r = 2gl sin a = 2gh, for h = l sm a. 

Thus mqh — line 5 

Hence the work done m sliding down the smooth plane 
winch is equal to mgh is also given by £mt 8 . 

Moreover if the body be projected up the plane with 
velocity 1 it will just reach the top, and tho work done ngainst 
gravity will be mgh 

115. Work due to Gravity. We liave just shewn 
that if a body be allowed to slide down a smooth inclined 
plane tho velocity with which it reaches the bottom depends 
only on the height of the plane, and also that if the body 
starts up a second inclined plane with this same velocity 
it will rise to exactly the same height as that from which 
it fell 

Wo, L is done by giatity on the body tn sliding down, the 
body trill rise again until this same amount of tvorL is done 
against gravity. 

Galileo discovered this relation between the velocity and 
height of fall and verified it by experiments which we will 
describe shortly 

"We hn.e deduced the aho\e remits on the supposition tint tho body 
slides down a smooth jlnt purfuce, n plane, bo that its path is a straight 
line, it can be shewn tbat'fhey arc true if the surface be not flat but 
curved so that tho path is a curve, not a straight line, for we may con- 
sider the carve ns made up of a largo number of verj short straight lines 
inclined to each other at very small angles, tho proposition is true for 
each of the'o lines, it is also true in tho limit when the) become a curve, 
though the proof of this would require some farther consideration 

*116. Motion down a curve. It is difficult to 
make observations on a particle sliding on a smooth curve. 
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no curve is perfectly smooth, and the corrections introduced by 
the faction are considerable 

We can however easily investigate motion in which the 
conditions are the same as on a curve Thus, if a heavy 
body be suspended by a string and allowed to swing m a 
vertical plane it will move in a circle, the conditions of motion 
will be exactly the same as though it were sliding down the 
circular arc, the tension of the string acting at right angles 
to the path takes the place of the resistance of the curve No 
work is done by this tension if h be the vertical distance 
through which the body rises the work done is always mqh 

Consider now a body moving in such a circle , if by any 
means we can fix a pomt in the string, the body will continue 
to move in a circle but the radius of the circle will be less than 
before 

We can attain this result by allowing the motion to 
take place m front of a vertical wall or board , fix a nad or 
peg into the wall m such a way that the string may stnke 
the nail, which will thus become the centre of the circle m 


B 



which the body will commence to move Such an arrange- 
ment is shewn in Pig 74, or again, if as in Pig 75, we 
allow the string to unwrap itself off or to wrap itself on a 
curved surface such as FK, the path of the body will not be a 
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circle but •will depend on tbe form of this curve By properly 
adjusting this we can make the body to describe any path 

B 


c 


Fig 75 

which we like and can thus investigate the motion of a body 
skdmg down any smooth curve In this way Galileo shewed 
that the Height to which a body tohen moving under gravity on 
a smooth curve will rise depends only on the vet tical height of 
its starting point above the lowest point of its path 

Experiment 23 To shew that a body moving unden gi amty 
m an arc of a vertical circle will ascend to the same height 
above the lowest point of the cucle as that from which it 
started 

Suspend a heavy body— an iron or lead sphere, some 
6 or 8 cm in diameter — by a long flexible cord such as a piece 
of waterproofed fishing-line about 2 metres long Allow it 
to swing in front of a vertical wall or drawing-board about 
a point B, Fig 74, and note the position C from which it 
starts Observe the position D to which it nses at the end 
of its firet swing and let A be the position it would occupy at 
rest Join CD cutting BA m E, then it will be found that 
CD is horizontal 1 , the ball thus rises to the same height above 
A as the point from which it started 

1 This statement ib not quite strictly true, D will be a very little lower 
than C, the difference m height being due to the friction of the air for 
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Now dnve a nail or peg into the wall as shewn at .Fa point 
in the vertical line AB, and again start the ball from G when 
the string becomes vertical the portion BF is brought to rest, 
the ball proceeds to move m a circle AG with F as centre and 
rises to the position G before its motion stops Observation 
will shew that G is m the horizontal line CD, the ball though 
now moving in a smaller circle than previously still attains the 
same height 

Repeat the experiment again, driving the nail in however at 
H a point between A and E, nearer to A than to E Then the 
ball after the string has become vertical will describe a circle 
of radius HA about H But this circle will not cut the 
horizontal line CD, the ball cannot rise to the same height as 
previously, it will lie found that the ball completes the whole 
semicircle HE , its motion after passing through the point 
K will depend on the position of H and the radius of the circle 
The ball may continue to describe the circle winding the string 
upon the nail, or the string may become slack for a time and 
the path of the ball alter 

Again, by reversing the direction of motion we may allow 
the ball to describe first the smaller circle with F as centre, 
then, when the string becomes vertical contact with F ceases, 
and the ball proceeds to move about A in the larger circle, 
it will in this case be found to nse to C, the same height 
as previously, and this will be the case for all positions 
of F which will permit the ball to start from some pomt m 
the horizontal lme CD and describe an arc of a circle about F 

Thus m all these cases the velocity with which the ball 
starts up the circle AC must be the same This velocity is 
acquired by sliding down the various circles corresponding to 
the different positions of F Thus the velocity acquired by 
sliding down any of these circles from points m the horizontal 
lme CD is the same 

Again, take a piece of wood 1 , cut into the form of a curve 

which no allowance has been made It is possible to prove this and to 
make an allowance if required by experimenting with balls of the same 
size but of different material With the apparatus as described, however, 
the correction will be very small 

1 Instead of using wood the curve may be made out of a strip of sheet 
metal bent to the required form 
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as shewn at FK, 75, and place it so that the string after 
passing the vertical conies into contact -with the curve The 
ball -will no longer describe a circle but some curve, as shewn 
in Ibg 75, depending on the shape of the -wood It will he 
found however that it still comes to rest at the point G in 
which its path cuts the horizontal line through G the starting 
point, or that conversely, if it be started from G it will 
rise to G 

Thus the velocity acquired in sliding from rest unde/i' 
gravity a given vertical height down any curve is the same. 

*117. Velocity on a curve. The foregoing experiments 
enable us to find an expression for the velocity acquired in 
sliding down a curve , for we have seen that this is the same 
whatever be the form of the curve provided only that the 
height through which the body moves is constant Now in 
Section 116 it has been shewn that in sliding down a smooth 
plane the velocity v acquired is gh en by the equation 

ir = 2 gh 

Thus m sliding from rest through a vertical height h down 
any curve a particle acquires a velocity v given by the 
equation 

2 gh 

The work done in this case is mgh and this is equal 
to 

If the particle do not Btart from rest the corresponding equation may 
he found thuB Let u he the initial velocity and let it be acquired by 
sliding through a vertical height W. Then the velocity v is acquired by 
sliding through a height h+h’ 

Hence we have v 2 = 2 g ( h + h’), 

u-=2gh’ 

Thus subtracting 

v‘ 1 —u‘ l =2gh 

While for the work done we still have 

U=vigh=hmv- - \mu* 

This result corresponds exactly to those found in Section 112 for a body 
falling freely. It can be shewn that it is true for many cases of motion 
which are actually observed m nature We may state then as a result of 
very wide apphcation that when the velocity of a bod} changes from u to 
v work has been done on the body and 

The work done is egual to ^mv- - £mu 2 
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Hence, "Work must be done in order to increase the velocity 
of a body, and a body in having its velocity decreased can do 
worh 

Work is also necessary in many cases to change the 
position of a body, while in changing its position the body 
can do icorl 

118. Energy. Hence bodies, as we can observe them, 
have in some circumstances a capacity for doing work on other 
bodies ; by their action momentum is communicated to those 
other bodies, which are thereby set m motion work is done 
This capacity for doing work is called Energy. 

Definition The Energy of a body is its capacity for 
doing icoil, and is measured by the wort which the body 
can do in changing to some standard state as regards its 
position and velocity 

It is sometimes more convenient to measure the energy of 
a body by the work which must be done on it to bring it to its 
actual state from some standard condition 

Thus a stone at the edge of a precipice has energy, a touch 
will send it over the edge to the ground below and in its fall 
it can do work, we can imagine it connected with another 
stone iust lighter than itself by a fine string passing over 
a pulley, as it falls it can draw this other stone up There 
are of course numberless other ways in which it could do 
work 

A body then has energy when raised above the Earth. 
Eor such a body it is usual to take as the standard state 
referred to in the definition that in which the body is at rest 
on the ground. A body resting on the ground is said to have 
no energy "When at a height h it has energy measured by 
the work done to lift it to that height, this, if the mass 
he m, is 77i gh 

Definition The energy of the body which depends on 
its position and not on its velocity is called Potential 
Energy. 

Hence the potential energy of a mass 771 at a height 
h is mgh 
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A moving body can do work in bemg stopped It has 
energy in consequence of its motion This form of energy 
is called Kinetic Energy, 

Definition The encigy of a body which depends on its 
motion is called Kinetic Energy. 

The kinetic eneigy of a body is measured by the work 
which it can do in being brought to rest 


Proposition 30. To find the linehc energy of a body 
which is moving with uniform velocity a/nd is brought to rest by 
a uniform force 


Let m be the mass of the body, v its velocity, F the force, 
s the distance the body will move before bemg stopped. 

Then the work done m stopping the body is Fs. 


Now we have 
Thus 


F— ma, and as = h ir. 


Work =Fs = mas — Jmir 
Hence the kinetic energy of the body is ^mv 3 


We may shew that this is a proper measure for the kinetic 
energy of the body in any case, and not merely when the 
retardation is constant 


Thus we have 


Kinetic Energy = ^mir = x v 
= J the product of the momentum and the velocity. 


To prove this for a varmblo forco we treat the force os uniform for 
very short intervals of time, but variable at the end of each interval 
Let F 1 , F a bo the values of the forco and let s lt s a be the short dis- 
tances traversed while the forco has tne values etc respectively 

Then when s x etc. are very short the work actually done ib 

F 1 s 1 +F^„+ 

Now let v lt v„ be the velocities at the beginnings of the spaces t lt s 2 
etc Then during each of these spaces we may treat the retardation as 
uniform 
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Hence ^i*i = J»«>i a - » 3 S > 

jP«s 2 t=i7iiw a 9 -Jmi s a , 

F B s n =Jmv n a -0 

if the body comes to rest at the end of the nth space 

Thus adding these terms together F& + F^ 2 + F n x n = $mv, 9 
Hence "writing v for u, as the velocity of the particle we see that the 
work done in stopping the body is $mn 9 Thus £m» a is the kinetic 
energy. 

119. Change of Form of Energy. The energy of a 
body may change its form from potential to kinetic and vice 
versa Thus a stone at the top of a cliff is at rest but has 
potential energy mgh , just before it strikes the ground it 
is moving with velocity v and has kinetic energy ^mv 1 , but in 
tins position it has no potential energy , we notice however 
that since the velocity v has been acquired in falling a distance 
h, we have mgh = \mv^ Hence, The kinetic energy at the bottom 
rs equal to the potential energy at the top We shall find this 
result to be of the gieatest importance for the present let us 
consider some other transformations of energy. A bullet shot 
upwards from a gun starts with kinetic energy but with no 
potential energy, as it rises its kinetic energy decreases, for its 
velocity diminishes, but its potential energy increases, for its 
height becomes greater , when at the top of its flight it is instan- 
taneously at rest , its kinetic energy is zero The height to 
which it rises is found by dividing the energy with which it 
starts by its weight, for if v be the velocity of projection, K the 
kinetic energy at start, and h the height the bullet reaches, then 
mgh = \mv s = K 

1T , K kinetic energy 

Hence h - — = rr— rr ~ vrr l 

mg weight of bullet 

as the bullet falls the potential energy becomes again trans- 
formed into kinetic energy 

A pendulum’ bob when at the extremity of its swing 
has potential energy if we take the equilibrium position as 
the standard one from which to measure, and if A be the height 
of the starting point above this position, then the potential 
energy is mgh As the bob moves down to its equilibrium 
position its potential energy is diminished, its kinetic energy 
1 A simple pendulum is a ball at the end of a string 
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increased until "when at the lowest point the energy is all 
kinetic and is hmr-, moreover the kmetic energy in this 
position is equal to the potential energy at starting, for 
l-mv 1 = mgh As the pendulum passes this equilibrium position 
and rises again, the transformation of energy takes place in the 
other direction, the kinetic energy becomes potential; we see 
moreover that it remains unchanged in amount since the pen- 
dulum rises to the height from which it started. 

Many other examples of the transformation of energy 
might he given; we should find in all the same law. potential 
energy can be transformed into kinetic or kinetic into potential, 
but the gain of one is equal to the loss of the other. We will 
give a formal proof of this statement for one or two cases 


Proposition 31 To shew that the energy of a body falling 
freely remains unchanged during the fall 


let a body of mass m fall from a point A , Fig. 76, at a 
height h above the ground. Let v be its velocity. 

when at the point P at a depth z below A, and E its A 

total energy in this position. Then since PB is h—z 
the height of the body is h—z 

Hence its potential energy is mg ( h — z). 

Its velocity is v ; hence its kinetic energy is Jnnrl _ _ p 

Thus E — Imx? j- mg (h — z) 

But the velocity v is acquired by a fall through 
the distance z 

h—z 

Therefore t? = 2 gz, 


and 


^mif—rngz 


Hence 


E = mgz - mg (h — z) 
=mgh 


•**— B 

Fig. 76. 


Thus the energy in any position is mgh, which is 
equal to the potential energy at the start, the energy remains 
unchanged in amount during the motion. 
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We may pnt the proof Blightly differently thus. In falling a depth z 
the body loses potential energy mgz, it gams kinetic energy \mv\ and 
since i>*=2 gz these two are equal, urns the total energy does not change 

The same result follows if the body be projected down with a velocity 
w, instead of being dropped 

After it has dropped a depth z its total energy E is given as before by 
E=imv a + mg (A - e) 

But iP=u s +2 gz 

Thus E=lmu-+mgh, 

and this is the sum of the kmetio and potential energies at starting. 

The same result is true when a body slides down a smooth curve, for 
in this case the same formula) hold, h and z being the vertical distances 
between the various positions of the body 

*120. Mutual Energy. We have thus arrived at the 
result that in a large number of cases of motion the energy of 
the moving body remains constant though it alters in form 

In the cases with which we have been dealing the energy 
depends on the position of the bodj' relatively to the earth 
We have determined the energy on the assumption that the 
Earth is at rest so far as the motion of the falling body is con- 
cerned and that the body falls to it , strictly of course this is 
not true, the Earth moves towards the body and the body 
towards the Earth, their accelerations being inversely as their 
masses , if we allow for this we find that it is the sum of the 
energies of the Earth and the body which i emain constant We 
ought not to speak of the potential energy of the body but of 
the mutual potential energy of the body and the Earth ; in the 
fall some of this energy becomes transformed into the kinetic 
energies of the body and the Earth , the sum of these two is 
equal to the loss of mutual potential energy 

We are thus to look upon Energy as a quantity which we 
can measure and which in such cases of motion as we have been 
considering remains unchanged during the motion 

121. Forms of Energy. There are however other 
cases of motion in which energy apparently disappears A 
falling stone just before reaching the ground has energy ^mv\ 
after striking the ground it is reduced to rest and has neither 
kinetic nor potential energy Two masses which impinge 
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directly -vritix equal momenta and adhere have kinetic energy 
before impact, they are reduced to rest and apparently lose 
fh'= kinsdc energy by the impact. 

A body Tthich is aEovei to shoe dotm a rongh seizes has 
potential energy at starting bat it is soon brought to rest in a 
lover portion: a raHvay train in morion has a large supply of 
kinetic energy; —hen the brakes are applied and the train 
stopped this Vrneric energy has been dissipated. 

Users: it can be sherm that in all these cases the energy has 
merely changed its form. Heat has been produced and it is 
found that the heat produced is proportional to the energy 
— hich has disappeared. The experiments of Jodie and others 
have proved this: the visible kinetic energy of the moving 
bodies has been changed into the invisible energy of the 
molecules of those bodies. "When the stone falls and strikes the 
ground, the total energy of the earth and stone remains un- 
changed: -when the tvo bodies impinge and arc breught to rest, 
they are heated hr the impact and the heat is energy equal in 
amount to the kinetic energy of the masses. 

Energy may take other forms besides the potential and 
kinetic energy of bodies snfrciertly large for ns to see. The 
total amount of energy existing in tvro or more hoczss cannot 
be altered hr an~ mutual action betveen those bodies*. 

122, Consecration of Energy. It —as said above 
that in many cases of motion the sum of the kinetic and 
potential energies of the system considered remains the same : 
me have novr been, led to a vider generalization as the result 
of observation and experiment. "We may in Haxvel Is vrerds 
state if thus. 


PEISCrPXE OF THE C053EHTATZ0F OF EfEEGT. The fcvO? 
energy of any material system is a quantity vtvcK ca o r either 
he. increased nor diminished by ary action ieticeer. the parts of 
thie eys'em though it may he transformed info any of the forms 
of ichich energy is suseeptWe. 

123, Conservation of Energy in Mechanics. 

When stated as above the princi p l e of the conservation of 

1 Per an swxa cf srrrs ci ire emerirrsns recarsarv to trove its 
sz&ieaaszrs jrsSs sieve, see Ghzeiczat^ Meet. Chars, a me rr. 
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energy is too wide for effective use in Mechanics, it includes 
the whole of Physical Science. We can however limit it 
and put it into a form which will be of assistance to us Now 
we hav e seen that there are some cases of motion in which 
there is no change in the sum of the kinetic and potential 
energies, while in other cases energy is dissipated as heat or in 
some other form. In the first case the system considered is 
said to be a Conservative System, when dealing m 
Mechani cs with a conservative system the two forms of energy 
with which we are concerned are kinetic and potential; the 
snm of these two forms is always the same The gam of kinetic 
energy in any change is equal to the loss of potential energy 
during the same change, and vice versa 

Definition In Mechanics a system, is said to be Conser- 
vative liken the amount of work necessary to bring it from any 
one condition to any other is always the same and does not 
depend upon the steps by which that change is earned out 

For example, the same amount of vork is necessary to raise 
a body from one given position to another given position, by 
whatever path the body be raised, provided that we are concerned 
only with the mutual action between the Earth and the body, 
and the constraints introduced by smooth surfaces 

This system then is a conservative system It can in fact 
be shewn that if the impressed force or rate of change of 
momentum of each part of the system depends only on the 
position of that part relative to the other parts and not on 
its velocity, then the system is conservative 

A body sliding down a rough surface is losing momentum 
owing to friction at a rate which depends partly on its speed 
and on the direction in which it is gomg , when sliding down , 
it gams momentum from the action of the Earth but loses it 
owing to fnction ; when sliding up, both actions contribute to 
the loss of momentum , this system is not conservative 

In order that the principle of the conservation of energy 
may be of use to us m solving mechanical problems — in which 
we deal only with the kinetic and potential energies of visible 
bodies — it is necessary that the system considered should b0 a 
conservative one 
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In a Conservative system the sum of the kinetic and potential 
cneigies of the system can only be changed by action exercised 
on the system from without 

Assuming then this principle as established bj reasoning of a general 
character from the fundamental lairs and definitions, it may be applied to 
the solution of individual problems 

Thus the system consisting of the Earth and a heavj body moving on 
a smooth surface is a conservative one, the potential energy depends only 
on the height s above the surface of the Earth, the kinetic energy is 
*mr s ; if the body start from rest at a height 7» we have 

brv z +mfj:=mrth, 

or t? 5 =2<7 (ti-e) 

Again, the mutual potential energy of two masses m, m v for which 
Newton’s law of gravitation holds, can be proved to be mmjr, where r is 
their distance apart Thus if v, r, bo their velocities, their total energy is 

i mt 5 4- 1 mi i S + mmjr 

If the bodies mo\e to a distanco r' apart at which the} have velocities 
r' t r/, then the energy is 

Erne's + mmjr', 

and these two expressions for the energy are equal 
Thns hn (v- - c' 1 ) + * m, (p, s - vf) 


_ tnm 1 mm, 

~ r' ~ r 

124. Unit of Energy. Since energy is measured as 
•work the unit of work is the Unit of Energy, its actual 
value then will depend on the units we use for length, time 
and mass On the c g s absolute system the unit of energy is 
the Erg ; if we are measuring force m grammes' weight, the 
unit of energy is the Centimetre-gramme. 

If again we are working m feet and pounds we have on the 
absolute system as unit of energy the Foot-poundal, and in 
gravitation units the Foot-pound. 

"When however it is stated that the kinetic energy of a 
moving mass is ^mv 1 , the truth of the relation F=ma has 

G D 12 
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been ass umed , this implies that on the cos system the force 
is measured m Dynes, the energy theiefore is m Centimetre- 
Dynes or Eigs, while on the F p s system the energy is in 
Foot-poundals In the various statements made m the preced- 
ing sections , it is of course assumed that a consistent system of 
units is employed throughout 

Thus on the cos system the statement that the kinetic energy is 
\mu- means that it is %mv- ergs , if we wish to express it m centimetre- 
grammes we must remember that 1 dyne is 1 jg (or ^ir) °f the weight of 
a gramme 

Hence in centimetre-grammes the kinetic energy is \mv-(g or imtrfiSl 

Again the kinetic energy of a mass of m pounds moving wutli a velocity 
of v feet per second is igmfl foot-poundals or fynuPjg or ■jTnt> 2 /32 2 
foot-pounds 

125. Energy, Momentum and Force. We have 
thus been led to deal with two quantities, — Energy and 
Momentum, — depending on the motion of bodies each 
of these is unchanged m total amount by mutual action 
between the bodies which make up the system, each can be 
transferred from one body of the system to another Energy 
may exist m various forms, it may change from one form to 
the other in the course of the motion, but all these forms can 
be measured in terms of one common umt, and when so 
measured their sum total remains the same Momentum we 
only know in the form of the product of the mass of a body 
and its velocity 

Momentum and kinetic energy are closely connected ; to 
measure the kinetic energy of a particle we multiply its momen- 
tum by its velocity and divide by 2 

Force stands in a different category to these two quantities, 
its amount does not in general re mam unchanged during the 
motion, we find however that the conception of force is useful 
to connect together momentum and energy, and to express 
certain observed facts 

Thus suppose a body of mass m is observed to move from 
rest with a uniform acceleration a, and to describe a distance s 
m tune t Then we find that the following three quantities 
— mvjt, ma and ^miPfs — each of which we can determine by 
observation are equaL 
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Each of these may be defined to be the impiessed force, 
calling it F we have 

_ mv \mv* 

F- — = ma — . 

t s 

If the initial velocity he u the formulra become 

_ m(v — u) x .m>--bnu- 

t s 

We also deal -with the products Ft which measures the 
whole change of momentum or the Impulse, and Fs which 
measures the Work or whole increase of kinetic energy. 

We find moreover that in a large number of cases these 
quantities depend only on the position of the body with lefer- 
ence to surrounding objects and aio quite independent of its 
velocity or direction of motion To each of these quantities 
the name of Force is given These results are obtained from 
the observation of certain simple cases of motion They are 
then generalized and by their aid the motion of bodies under 
very complex circumstances can be calculated 

Newton founded the Science of Dynamics on tho first two of the abovo 
relations Force he defines as rate of change of momentum In tho 
Corollary to the third law he draws attention to the importanco of the 
last relation and emphnsizes some of its principles In his view it follows 
as a mathematical consequences of the first relation, it might of course 
have been taken as tho starting point of tbe subject, basing it as has been 
done in the preceding pages on the fact that a body moving along a smooth 
curve will nse to tho same height as that from which it started, this 
indeed had been done by Gnlilco, and it was by this method that 
Huyghens had obtained his results about the motion of pendulums 

*126. Graphical construction for Work. When 
the impressed force is uniform the work done is Fs, when it is 
variable we suppose it to bo uniform while the body moves 
over a number of very short spaces s 1} s s etc , but to change at 
the end of each of these spaces Wo can express t his by a 
graphical construction identical with that used in Section 41 to 
determine the space traversed in terms of the time 

Proposition’ 32 To determine graphically the woih done 
by a force 


12—2 
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continuous curve P X PP A , Fig. 79, and tho area P i i\ r 1 iV r 4 P 4 repre- 
sents the work done by traveling tho distance X x X 4 Thus 
if ivc construct a figure on squared paper m 11111011 the hori- 
zontal divisions represent space, and the vertical divisions 
force, by drawing a curve P, t y such that the line PX perpen- 
dicular to the space lino may leprosent tho force when tho 
body lias traversed a space jV,iV r , the area P x X l X , P > repicsents 
the 11 ork done during the motion In such a diagram if tho 
horizontal divisions represent centimetres and the vertical 
divisions be dynes, then tho work m ergs is given by tho 
number of squares contained \v ithm tho area. 

Tlie follow ing is an example of tho method 

PfiOl omtiov 63 To cob ulatc the work done in stretching 
a spiral spring 

Let 03',, Fig SO, be the onginal length of the spring 
and pupiiose it stretched 
no that its length is OX. 

Then JT,iV repre,sents tho 
extension 2s ov. we have 
«een, Section 91, that the 
force required to extend 
a spring is proportional to 
the extension Thun if 
PiT drawn vertical at X represent the forco which null just 
hold the spring extended to tho length OX, we seo that PX is 
alwajs proportional to X x X. if wo wish to extend tho sprang 
by twice X x X the forco necessary to hold it m this position will 
be twice PX Thus tho curve corresponding, Fig 79, which 
gives the forco in terms of the displacement, is a straight 
line through tho points P and X x , and tho area which deter- 
mines the work is a ti tangle 

Thus the work done m extending tho spring from X x to X 
is the area of tho triangle PXX x 

Honco if we call F tho forco, and s tho final extension 
produced under tins force, wc seo that 

Work done = Area PXX x 

= irx.xx x ^m 

+* * •» 
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Examples (x) Find the energy of a mass of 1 cwt while falling 
from a height of 100 feet 

The total energy at any point of the fall is equal to the potential 
energy at the starting-point, and this is equal to the work done in raising 
the body from the ground This work has been shewn Example 1, p 160, 
to be 16190 Joules 

(2) . Compare (a) the momenta, (h) the kinetic energies of a bullet whose 
mass is 100 grammes moving with a speed of 400 metres per second , and a 
cannon-ball whose mass is 50 l.ilogrammcs moving with a speed of 10 metres 
per second 

Seduce the speeds to centimetres per second and the masses to 
grammes, then we have 

(а) Momentum of the bullet =100 x 40 0 x 100 

=4 x 10® c a s units of momentum 
Momentum of cannon-ball =50 x 1000 x 10 x 100 

=6xl0 7 o o s units of momentum 

(б) Energy of bullet = J100 x 16 x 10 s 

=8xl0 ,# ergs 

Energy of cannon-ball =^50 x 1000 x 1 x 10® 

=2 5 x 10 10 ergs 

Thus the cannon-ball has the greater momentum while the bullet has 
the greater energy 

(3) The bullet and the cannon ball are each brought to rest with 
uniform retardation in 1 second Determine the impressed forces and the 
distance each moves 

In the case of the bullet 4 x 10 s units of momentum are destroyed m 
one second, thus the impressed force is 4 x 10° dynes and the retardation 
is 4 x 10 G /100 or 4000 em pei sec per sec 

The distance the bullet will travel while being stopped in one second 
is thus £ (4000) or 2000 centimetres 

For the cannon-ball 6 x 10 7 units of momentum are destroyed m one 
second, thus the impressed force is 5 x I0 7 dynes, and since the mass is 
50000 grammes the retardation is 6 x I0 7 /5 x 10 4 or 1000 om per sec per 
sec The distance the cannon-ball moves while being stopped in 1 second 
is thus 600 centimetres 

Thus if both bodies are stopped m the same time and both lose their 
momentum at uniform rates, the rate of loss for the cannon-ball is 
or 12 5 times as great as that for the bullet, but the bullet moves ^ or 
4 times as far as the cannon-ball 
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( 4 ). a bullet 100 grammes in mass ts jtrcd from a gun the band of 
winch is 75 cm lone and leaves it Kith a t clocity of 400 metres per second , 
assuming the pressure due to the powder to be uniform, find the impressed 
force on the bullet and thc time it takes to traverse the barrel 

Let F dynes be tlie impressed force The kinetic energy of the bullet 
is $ 100 x (40000) 5 , or 8 x 10 10 ergs 

It acquires tins energy while moving through 75 centimetres. Hcnco 
Fx75=8xlO l ® 


F= 


8x4xlO w 32 
3 x 10- ~ 6 


\ 10 s dynes. 


The momentum of the bullet is 4 x 10® c a e units The timo during 
winch the bnllct is in thc birrel is gnen by dividing tbia by the impressed 
force, let it bo t seconds 


Then 


32xl0> 8 U • 


or tbreo oight-hnndredtbs of a second 


(6). J»t engine developes 3000 horsepower while dm ing a slap at thc 
rate of 25 rules an hour Find thc resistance offered to the motion 

Thc energy supplied by thc engine is employed in doing work against 
the resistance The velocity of the ship is 3GJ feet per second, the rate at 
winch work is being done is 550 x 5000 foot pounds per second, and this 
is equal to the resistance multiplied by the velocity Hence if It repre- 
sent tlio resistance in lb weight 

It x3G| =550x5000, 

U-5!2i^°Ji^_75000 lb weight 


(6). A simple pendulum, the mass of which is 1 kilogramme, is started 
from its lowest point Kith a x clocity of 120 cm per second, the pendulum 
makes one oscillation per second and lo'es energy from friction and other 
causes at the rale of 1 centimetre gramme unit per second Determine for 
how long it will continue to move 

The kinetic energy oi the pendulum is 

£ x 1000 x 14400 ergs, 

, 1000x14100 . , . 

or $ x ^ centimetre gramme units 

yol 

This reduces to 7339 centimetre-gramme units of energy Since 1 of 
these units is lost each second, thc pendulum will continue to mo\e for 
7339 seconds or for 2 hours 2 minutes 19 seconds 
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EXAMPLES, 

WORK AND ENERGY 

1 Define Energy, and explain how to measure (a) the energy of 
a bullet as it leaves the muzzle of a gun, (b) the energy of a clock pendu- 
lum at the highest and lowest points of its swing 

2. State the principle of the Conservation of Energy as employed in 
Mechanics, and illustrate it by some examples. 

By the use of this principle shew that the velocity acquired by a body 
falling from rest down a smooth inclined plane depends only upon the 
vertical height of the plane and not upon its length 

3. Distinguish between work and power A watt is equivalent to 
10 7 ergs per second , the acceleration of gravity is 981 cm per sec per 
sec , find how long a kilogramme has been falling from rest when gravity 
is doing work upon it at the rate of one watt 

4. Calculate the momentum and the energy of (1) a bullet weighing 
an oz moving at the rate of 1200 feet per second, (2) a mass of -J a ton 

moving at the rate of 6 inches per second Find the forces required to 
stop the two m -fa second and the work which each would do in being 
stopped 

5. If a body be moving under the action of a constant force, shew 
that the horse-power developed by the force is proportional to the force 
and to the velocity of the body 

6. Distinguish between kinetic and potential energy 

A pendulum consisting of a ten-gramme bob at the end of a string 
thirty centimetres long oscillates through a semi-circle, find its kinetic 
energy when the string makes an angle of 45° with the vertical 

Specify the units in which your answer is expressed 

7. Shew how the second law of motion enables us to measure force 
and mass What do you understand by “action” m the statement of the 
third law ? Illustrate your answer by some applications of the law 

8. A mass of 50 grammes moving with a velocity of 12 cm. per 
second overtakes and adheres to a mass of 30 grammes moving with a 
velocity of 4 cm per second. Find the common velocity and calculate 
the total kinetic energy before and after the impact 

9 A mass of 1 owt is moving with a velocity of 1 foot per second 
Determine the velocity of a bullet whose mass is 1 oz when it has (1) the 
same momentum, and (2) the same kinetic energy as the larger mass 

10 A force equal to the weight of 101b acts for a minute on a mass 
of 1 cwt Find the momentum and energy of the mass What is the 
work done by the force? 
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11. A bullet -whoso moss is 1 07 leaves tho mnzzlo of ft gun with tho 
velocity of 1000 feet per second, find its energy m foot ponndalB, and if 
the length of tho barrol of the gun is 3 feet, find tho mean pressure ex- 
erted by tho powder on tho bnllot 

12. A bullet whose mass is an ounce moving with a velocity of 2400 
feet per second strikes a block of wood at rest aud remains imbedded in 
tho wood: if the resulting velocity of tho block and bullet together be 
16 feet per second, calculate tho mass of the w ood. Also calculate the 
energy lost when tho bullet penetrates the wood, and express tho result 
in foot-tons. 

13. A man whoso mass is 160 lb. walks up a lull of 1 in 6 at the 
rate of 4 nules an hour, what fraction of a horse power is ho doing ? 

14. Find tho amount of work done in pushing a mass of 101b 
through 6 feet up an incline of 1 m 10, neglecting faction. 

15. Find the amount of horse power transmitted bj a ropo passing 
over a wheel 10 feet in diameter which makes 1 revolution per Eecond, the 
tension in the rope being 100 lbs 

16. Point ont tlie transformations of energy that tako plnco dunng 
the swinging of a pendulum State at what point of its swung a pendulum 
must be if its cnergj is half potential and half kinetic 

17. How mnch energy lias a mass or 1 cw l when moving at the rate 
of 100 yds. per sec ? In wlmt units is 3 our anew er expressed ? 

18. A man can lnc3clo 12 miles an hour on a smooth road He 
exerts a downward pressure of 20 lb -wt w ith each foot during the down- 
stroke, and the length of down stroke is 12 inches His dming wheel is 
12 feet in circumference Find the work he does per mmnto 

10. A shot whoso mass is half a ton is fired with a velocity of 2000 
feet a second from a gun whose mass is 50 tons , neglecting the weight of 
tho powder, find tho velocitj with which the gun will recoil, if mounted 
so that it moves without friction along a level tramway 

Compare the work dono on tho gun with that dono on the shot 

20. A cannon weighs 86 tons, and tho shot half a ton Tho velocity 
of the shot on leaving tho muzzlo is 1200 ft per second , find tho velocity 
of tho recoil of the cannon Neglect tho inertia of tho gases formed by 
tho burning of tho powder 

"Will tho effect of tlieso gases bo to reduce or to increase tho recoil? 
Givo your reasons 

21. "What is the horse-power required to fill in 3 hours a tank 9 feet 
deep, 20 feet long, and 10 feet wide, plnccd on tho top of a building 60 feet 
in height, from a well in which tho surface of the water remains con- 
stantly 24 feet below tho ground level ? Give the answer correct to two 
places of decimals 

(Mass of culno foot of water = 62 J lb } 
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22. A«mnniin ; that the resistance of a tram moving along a hori- 
zontal railway at 36 miles per hour is equivalent to an incline of 1 in 280 
find the horse power required to take a train of 100 tons along a horizontal 
railway at a rate of 36 miles per hour 

23 The mass of a ship is 3000 tons, assuming that tho resistance to 

its motion varies as the square of the speed and that the force required to 
give it a speed of 1 foot per second is equal to the weight of $he 

ship, find the horse power requisite to propel it at the rate of 30 feet per 
second 

2 4 Define the kmetio energy and the potential energy of a system. 

A fine string passes through two small fixed rings, A and B in tho 
same horizontal plane, and carries equal weights at its ends, hanging 
freely from A and B If a third equal weight is attached to the middle 
point of the portion AB of the string, and is let go, prove that it will 
descend to a depth equal to two thuds of the length AB holow AB, and 
will then ascend agam 

25 A mass of 4 owt falls from a height of 10 feet on to an melastio 
pile of 12 owt Supposing the mean resistance to the penetration of the 
pile to be 1£ tons weight, determine the distance it is dnven at each blow 

26. A smooth wedge of mass M and angle a rests upon a horizontal 
plane, another mass m is placed upon its slant surface, and the system 
begins to move. 

Write down (1) the equation of energy, (2) the equation of linear mo- 
mentum 

27 I strike an anvil with a given hammer, and its velocity on 
leaching the anvil is the same as that with which it readies a piece of 
red-hot iron on the anvil Will the impulse bo the same in the two cases ? 

What quantities must he known in order to compare impulses? 

28 A bullet weighing 1 oz leaves the mouth of a rifle whose barrel 
is 4 feet long with the velocity of 1000 ft per second Find the mean 
force on the bullet, neglecting the friction against the sides of the 
barrel 


' 29. A cannon-ball whose mass is 1 cwt moving with a velocity of 

25 yds per seo penetrates to a depth of 10 feet into a sandbank. Fuid 
the average pressure on the sand 

30 The erg and foot-pound are both units of work a horse-power 
is 33,000 foot-pounds per minute, how many ergs per hour would this 
be? 

[1 mcli=2 54 centimetres. 1 lb =453 C grammes ] 
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31. In a system of distributing power by means of water at a lngli 
pressure, the pressure of water is 2000 lb -wt per square inch. How many 
cubic feet must bo used per hour to suppty 10 n -r. (In -v =33000 foot- 
pounds of work per minute) assuming no power to be lost? 


32. A mass of m pounds is raised up a plane inclined at an angle of 
SO 3 to the homon, and of length l, and reaches the top with a velocity n 
Shew that the v, ork done is 



foot-pounds. 



♦CHAPTER IX. 

CURVILINEAR MOTION UNDER GRAVITY. 

127. Projectiles. When a ball is tin own in the 
air it does not move in a straight lmo , a very little observa- 
tion is sufficient to shew this, moreover its 'velocity is con- 
tinually changing We can deduce the form of the path 
from the laws of motion, thus — Let us suppose, m ordor 
to simplify the problem, that the body is projected in a 
horizontal direction with a velocity u, the only accelera- 
tion which it acquires is g m a vertical direction due to the 
action of the Earth, and it is not difficult to determine the 
path of the body undei these cucumstances We will however 
m the first instance investigate the motion by the aid of 
experiment 

We have seen that two bodies whatever be their masses 
when dropped together fall at the same rate 

We wish now to shew that, if one of the bodies be projected 
in a horizontal direction with any velocity while the other is 
allowed to drop simultaneously from the same height, the two 
will fall at the same rato and reach the ground together We 
may shew this roughly by rolling a ball rapidly along a table, 
on leaving the table it will desenbe a curve m the air , if now 
at the moment the first ball leaves the table a second be 
dropped from the same height the two will reach the ground 
together The same fact is better shewn by the aid of an 
arrangement of apparatus devised by Sir Robert Ball 1 . 


i Experimental Mechanics, Section 511. 
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Experiment 2i. To shew that (he time of fall of a body is 
independent of its horizontal velocity 

In Fig 81, AB is a piece of wood about 2 5 cm thick 
the upper edgo of which is curved as shewn A strip of thin 



brass is screwed to cadi face of the board, the edges of the 
brass strips being al«o curved care must be taken that there 
shall be no metallic connection betv, eon the brass strips Thus 
the upper edge of the wooden board foi ms a kind of groove with 
brass sides The brass sti ips are connected to binding screws 
On resting a brass ball on the sti ips as shewn in the figure, 
an clectnc current can pass from one strip to the other through 
the ball. 

One binding screw is connected to a batteiy, the other 
to tlie electromagnet described in Section 65 , a wire also 
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passes from the electro-magnet to the second pole of the 
battery When the ball is on the groove the circuit is 
complete and the magnet is made, thus it can support a 
small iron ball 

When the brass ball rolls off the groove the circuit is 
broken between the strips and at the same moment the iron 
ball drops If the groove be fixed in such a position that its 
direction at A is homontal the brass ball is projected in 
a horizontal direction. 

If also the electromagnet C be fixed at the same height as 
the pomt of projection A, then the iron ball is dropped and the 
brass ball projected horizontally at the same moment from 
the same height The velocity with which the brass ball starts 
can be varied by allowing it to roll 1 down the groove AB 
from various positions, or by placing a spring in the groove 
and projecting the ball forward by its aid If this plan be 
adopted a straight horizontal groove will do as well as the 
curved one shewn 

Arrange the apparatus as described and, starting the brass 
ball from various points in the groove, observe the times at 
which the two balls reach the floor It will be found that 
whatever be the height of the starting pomt and whatever be 
the velocity of projection the two always strike the floor 
simultaneously 

Thus the downward acceleration of the two balls is the 
same, the brass ball although it starts ■with a horizontal 
velocity, depending on the distance it has rolled down the 
groove, gams in each second the same vertical velocity as the 
iron ball, m the first second it will fall through \g centimetres, 
in the second through centimetres, and m t seconds \gt~ cen- 
timetres The vertical velocity is mdependent of the horizontal 
and is the same as that of a body allowed to drop freely 

1 If the ball is not quite spherical then in rolling down it may happen 
that contact between the hall and tho strip is broken, and the iron ball 
is allowed to drop too soon This may be avoided by asmg instead of a 
hall a cylindrical piece of brass or zmo which slides down on the braes 
steps, the friction however in this case is greater and the ball does not 
start with so great a velooity 



127] CURVILINEAR MOTION UNDER GRAVITY. iDl 

Exprp.inr.vr 25 To describe a parabola 

Take a straight lath or scale about a metre long , divide it 
into equal distances each 10 cm m length and from each point 
of division suspend by a piece of fine string or thread a small 
bullet or weight 

Adjust the first piece of string to some convenient length, 
say 3 centimetre^ make the second 3 x 2 ! cm , the third 
3x3 s cm, the fourth 3x1’ and so on, so that the lengths 
of any tiro strings are propoitional to the squares of their 
distances from the end of the rod. 



Tig S2 

Thus, in Fig 82, AB is the lath, lf„ M s , etc the points 
of division, Pj, P s etc the bullets, and we have P 1 if 1 = 3 cm , 

P s ir g = 3 x 2* = 12 cm , 

P,lf s = 3 x 3 s = 27 cm , 

and so on 

Hold the lath as shewn in Fig 82 against a vertical black- 
board or sheet of draiving-papei, mark the positions P 2 , P a etc 
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of the bullets The points so found he on a curve called a 
parabola If we suppose that each of the 10-centimetre divisions 
is subdivided into (say) 10 parts, and that threads with bullets 
are hung from these in such a way that the lengths of the 
threads may follow the same law as before, the bullets will be 
practically in contact and the curve which passes through them 
will be a parabola The curve however can be constructed 
with sufficient accuracy for our purposes by drawing a free- 
hand curve through the points P l P a 

Again, draw a vertical line AN as m Pig 83 from A, the end of the lath 
from which the divisions are reckoned, and from P x drawi^Ni parallel to 
the lath to meet AN in N x 

Then P 1 N 1 —AM 1 , 

AN x —PM lt 

and by construction PM 1 is proportional to AM 2 . 

Hence P t N^ is proportional to AN y 

In the figure the lath is horizontal, this however is not necessary, m 
whatever direction the lath be held the balls still he on a parabola; the 
size of the ourve will depend on the inclination of the lath 

Experiment 26 To determine the path of a body projected 
%n a horizontal direction and to shew that it is a parabola 

Arrange the grooved board described in Experiment 24 
in front of a vertical black-board as shewn in Fig 83 in such 
a way that the ball after sliding down the groove may 
start from A in a horizontal direction and fall in a vertical 
plane parallel to the board Make a mark C on the groove 
and m all the experiments start the ball from this mark. 
Allow the ball to roll down the groove and watch its path 

Eix to the board with drawing-pins a number of paper hoops 
so that the ball m its path passes through each of them, the 
proper position of the uppermost hoop is first found by trial, 
then that of the next below, and so on, the ball being started 
m each case from the same point 0 Mark on the board 
the positions of the centres of the hoops, remove them and 
draw with a free hand a curve starting from A and passing 
through the various marks Pj, P« Draw a horizontal line 
from A, and vertical lines P^fj, P 2 2!f s from the marks 
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?ir ne ?tr a m ?*' Sf * Measure the horizontal distances 
AM * . , and the vertical distances PJf " P d J/ o) c tc 


Write down the squares of ^i/ s etc , and obtain the 
quotients, given by dividing each square such as AM*, by 



from whwhth^L^ri^ 6 J ertlca ^ height above A of the point G 
*at th -h “* • J* * be a Then it will be found 
oonstant ratl ° of 4If* to PM is equal to 4u 
Thus we have 


C D 


AM*=4aPM. 


13 
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But if u be the horizontal velocity with -which the ball 
leaves the groove we have seen that u is acquired by falling 
down a height a, hence u e = 2 ga 

Therefore a = m 2 / 2 g, 

O 

and AM* — — PM 

9 

The curve described by P is a parabola, the point A is 
called the vertex of the parabola, and the quantity 2 u*/g is its 
Latus Rectum 

Thus, when a body is projected in a horizontal dv> ection its 
path is a Parabola 

Again, it we suppose the motion of the body at any point to be re- 
versed, it will proceed to describe the some path in the reverse direbtion, 
thus when projected obliquely its path will still be a parabola This may 
be verified by construction in o similar way by arranging the grooved 
board so that its direction is not horizontal 

The path of the drops of water in a water-jet is the same as that of a 
body piojected under gravity, each little particle of water follows the 
same course as that which would be taken by the body if projected with 
the velocity with which it starts By plaomg a lamp at some distance 
from such a jet its shadow can be thrown on a white screen placed behind 
it, the path of the jet can thus be traced and measurements made on it as 
on the curve drawn as described above For further details see Glazebrook 
and Shaw, Practical Physics, Section 0 

128. Motion of a Particle projected under 
Gravity^ We have shewn by the result of Experiment 24 
that the vertical motion of a falling body is independent of 
its horizontal velocity A body which has initially no vertical 
velocity will in t seconds fall a distance \gC~, whether it start 
from rest or be projected horizontally 

-If the body be projected obliquely, its velocity has a 
vertical as well as a horizontal component, let v be the upward 
vertical component, u the horizontal component 

Then during t seconds the velocity v will have earned the 
body a distance vt upwards, while owing to the vertical 
acceleration g the displacement will be downwards Thus 
k, the actual height above the point of projection, is given by 

h=vt— %gf 
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In the same time the homontal velocity u -will have 
earned it a distance ut, and it has no horizontal acceleration, 
hence h the horizontal displacement is given by 

h — ut 

T£ the actual velocity of projection be V and the direction 
of motion be inclined at an angle a to the horizon, then 
■we have 

u= U cos a, 
v= U sin a. 

Hence 

h—Utsva.a. — ^gt\ 

L=Ut cos a. 

"We -will now shew how to prove that the path is a parabola 
so long as the resistance of the air is neglected. 

Pboposition 34 A pat licle is projected with a given 
velocity and at a given inclination to the horizon, to shew 
that its path is a parabola 

Let P, Fig 84, be the point of projection and PP, making 
an angle a with the horizontal line Px, the direction of 
projection. Let U be the velocity of projection along PT 

T 



Fig 84. 


13 — 2 
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The only acceleration which the paiticlo has is vertical and is 
equal to g The motion "will theiefoie take place in the 
vertical plane through PT 

To find the position of the particle after t seconds, make 
PT equal to TJt and from T draw TQ vertically downwards and 
equal to \gf Draw PR vei tical and equal to TQ and join QR 
Then if the particle had no acceleration it would move uniformly 
along Pi' and at the end of t seconds would be at T Again, if 
it had initially no velocity it would m t seconds fall vertically 
and reach the point R In the actual circumstances the 
displacement in each of tlicso two directions is, m accordance 
with the second law, independent of that m the other, the 
particle is displaced m the direction PI' just as far as it 
would he if it had no vei tical acceleration, it is displaced verti- 
cally just as fai as it v ould be if it had initially no velocity 
along PT Thus, at the end of t seconds, PT still represents 
the displacement due to the initial velocity, while Pit or TQ 
represent the displacement due to the accclciation. Hence 
the particle is at Q. 


Now 

QT=\gt\ 

PT=Ul 

Henco 

,, 2 QT . PT 

t= —> t= ~u 

and 

2 

g u- ' 

Therefore 

9 T7 2 

PT >=— QT 

9 


Now U and g are both constant, therefore the ratio of PT 1 
to QT is a constant, and this (Experiment 25) is the funda- 
mental property of a parabola 

Thus the point Q always lies on a parabola 

129. Properties of the path of a Projectile We 

will now proceed to investigate various properties of the motion 
of a projectile 

(1) To find the directrix of the parabola 

Draw PK vertical and equal to U s j2q Then the velocity at P would 
he acquired by falling through a height KP A horizontal line KX drawn 
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throngli K is called llic directrix Tlie velocity at any point of the 
parabola is that duo to the fall from the directrix 

Por if PK is equal to H, and if h ho the height abovo P of the particle 
when at <3, since the energy remains constant wo have, if V denote tho 
velooity at <3, 

imV* +mgh=imU : — mgH 

Hence T r -=2g (E-h)=2gQL if the \ortical QT meet the directrix 
mi 

(2) To find the vertical and horizontal components of the velocity at 
any time 

The horizontal velocity initially ib U cos a, and since there is no 
horizontal acceleration it remains unchanged 

The vertical velocity initially ib U sin a, and m t seconds under the 
downward vertical acceleration g an additional vertical velooily -qt ib 
acquired 

Hence if «, v represent the components of tho velocity at nnj lime 

u—V cos a, 
n= Uoma-gt 


(3) To find the direction of motion at any time 

If at any time t the particle be moving with velocity V m a direction 
inching an angle 0 with the horizon, we have 

Pcos 0 — u= U cos a, 

Psin 0—v=U bin a — gt. 


Henco 


V s = 17 s cos® a + (U Em a - gt) 3 
= U 2 +g z l s - 2XJgl sm a, 

U Sill a-ql 


tan 0 — ■ 


U cos a 


(4) To find the position of the particle at any time 

Let h be the distance of tho particle abovo P, h its horizontal 
distance from P 

Then h=Ut sm a - $ gt s , 

h= Oleosa 

(5) To find the time to the vertex 

At tho vertex A (Pig 84) the motion is horizontal, tho vortical velocity 
therefore is zero Hence if tj is the time to tho vertex 

V sin a-/7tj=0, 

Osin a 
h— 


0 
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(6) To find the height of the vertex 

If the height of the vertex AN {Fig 84) he li v then is the height of the 
particle at time t 1 when the vertical velocity is zero. 

Hence 7q— Vtj sin a — Jpti 8 * 


But 

Therefore 


'i= 


h=h 


U sin a 

1 • 

9 

U s sm s a 

9 


(7) To find the distance of the vertex from the directrix. 

At the vertex the velooity is horizontal and is cqnal to u cos a 

Hence if AX be perpendiculnr from A on the vortex, wo ha\o 

... IP cos 5 a 
AX- ^ 

In a parabola four times tho distance between the vertex and the 
directrix is the latus rectum Hence the latus rectum is 217 s cos 3 ajg 

In Section 125 we found the value 2 tfijg lor the latus rectum, it must 
be remembered that u is the constant horizontal velocity winch is equal 
to U cos a. Thus the two formula! are the same 

A line through the vertex at right angles to the directrix is called the 
axis of tho parabola 

A point S on this line at a distance from the vertex equal to A A 
is called the focus 


(8) To find the horizontal distance between the vertex and the point of 
projection 

Let the distance PN (Fig 84) be 1. Then l t represents the horizontal 
distance which the pai tide has moved m time t x 


Hence 


. „ . U s cosasina tfsina 

U oob at^ sti- 


ff 9 

writing u for the constant horizontal velocity U cos a. 


Moreover 

V 3 sin 3 a 
h ~ 2 g ‘ 

Hence 

, , 2u ! D^sin^a 

7*l 3 ss 

ff 2 g 

2«* 

ff hl 

Thus 

PN^^iAX .AN, 


and the ratio of PH 3 to AN is the same for all points (Of Section 125 ) 



129] CURVILINEAR MOTION UNDER GRAVITY 399 

(9) To Jiitd the time at which the particle reaches the ground again. 
Lei the time lie f 3 

Then at time t t the height h of the particle ip zero. 

Hence 0 = U/ a sm 

Therefore f a =0, which gives the starting-point, or 

. _ 2£7sma_ 0 . 

*s- — 


which gives the time to the point P' 

Thus tlio particle takes ns long to descend from A to P* ns to rise 
from P to A 

The TaluG of t 3 is known ns the time of flight 


(10) To find the range on the horizontal plane 
The range P2 V is the horizontal distance which the particlo moves in 
time t 3 


„ t, tt, 2I7 a sm a cosa 

Hence Range = VU cos a 

0 

2u „ I7 s sm2a 

= — . 17 Fin a = . 

9 9 


Hence for a given velocity of projection the range is greatest if sm 2a 
is greatest, that is if 2a=D0 < \ a=15° 

A number of other propositions on parabolic motion might be given , 
for these the reader is referred to Lone}, Elementary Dynamics. 


Examples (I). Shew by finding an expression for the velocity of a 
projectile that it is equal to that due to a fall from the directrix. 

If Hbo the distance between tlio dircctnv and the point of projection, 
h the height of the particle at tunc t above the point of projection 

We havo V-=2qH, li = Ut sm a - hgt-. 

F* = 17 s cos 5 a + ( V sm a - < 7 t) 3 
= U 3 + g-t s - 2 gtU sin a 
= I7 a - 2g (Ut sm a - Igl-) 

= 17® — 2gh 
=2/7 (H- ft) 

Thus F is the velocity due to a fall from the directrix 

(2) Find the lime at which a particle projected with velocity TJ m 
direction a will stnleaplane through the point of projection inclined at an 
angle 0 

We have with tlio same notation 

h=Vtsma~ jffl®, 

7- =171 cos a, 
ft=fttan)3. 
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Hence 

Therefore 


Uem a - t = U cos a t an (3 
217 

t=~ (sin o -cos a tanjS) 

_2U sm(g-/3) 

~ g cos p 


(3) Find the angle at which a particle must be projected so as to hit a 
given point if the velocity of projection be given 

Let li, h be the vertical and horizontal distances of the point from the 
point of projection and t the timo to the point. 


Then 


t= 


h 

V cos a 


t 


hz= Ut sm a—^gfl 


= h tan a- (1 + tan* a) 


This gives us a quadratic equation to find a, and corresponding to the 
two roots we have two directions of projection 


(4). A stone is thrown from a cl\ff 112 feet high with a velocity of 
192 feet per second in a direction making an angle of 30° with the horizon, 
find where it strikes the ground 

The vertical velocity is 192 sin 30 or 9G feet per second, the horizontal 
velocity is 90 *JH feet per second When projected up with a velocity of 
96 feet per second it will be at a distance of 112 feet below its point of 
projection after a time T given by 

-H2 = 96r-ipr s 

=9DT-16T 3 , 

T s -GT-7=0 


Hence T=7, or T= -1 

Thus the stone will strike the ground 7 seconds after it started, we 
also see that the stone might have been projected from the ground with 
proper velocity 1 second before it started from the cliff, it would then 
have passed the edge of the cliff at the moment of starting with a velocity 
of 192 feet per seoond at nn inclination of 30° to the horizon 

Since the horizontal velocity of the stone is 96 */3 feet per second, 
the horizontal distance from the cliff of the point at which it strikes the 
ground after 7 seconds will be 7 x 9G*/3 feet 
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(fi) A man can just throw a stone 302 feet Find the teloaty with 
which he throws it, find aho how high it will rise and determine the time 
of flight. 

The range is greatest when the angle of projection is *15°, and then the 
range is U 3 /e. 

U s 

Hence — =392 feet 

0 

Hence U s = 32x892, 

whence 17=112 fett per second. 

The greatest height to which it rises is 

^ l7 s fiin s a/<7, and sin ! o = i 

Hence greatest height is 32 x 392/i x 32, or 98 feet 

The time of flight (217 6m a/e) is 112 ^/‘J/32, or 7/\/2 seconds 

130. The Simple Pendulum. A heavy particle sus- 
pended by a fine flexible string constitutes a simple pendulum 
In practice we cannot of course arrange that the string should 
be perfectly flexible or that the body which is suspended should 
be a particlo For most pui poses however a spherical ball of 
wood or metal suspended by a piece of fine stung such as a 
wateiproofed fishing-line will seive as a simple pendulum, the 
ball maj r be conveniently fiom 5 to 7 cm m diameter 

If such a pendulum bo drawn aside and then let go, it 
commences to oscillato backwards and foiwaids in a veilical 
plane The bob of the pendulum moves in an me of a circle 
The distance from the point of suspension to the centre of tho 
suspended sphere is called the length of the poiidulum, and we 


B 



Fig 85 
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treat the motion as though the bob were a heavy paiticle con- 
centrated at its centre Such a pendulum is shewn in Fig 85 
The length of the arc A C through which the pendulum swings, 
measured from its lowest position, is known as the Amplitude 
of the vibration Such a pendulum when once started loses 
its energy very slowly and will continue to swing for a long 
time, its amplitude gradually grows less but the decrease is 
very slow 

Now Galileo shewed that, if the amplitude of oscillation 
of a pendulum be not large, its time of swing is constant, 
thus if at staitmg it takes the pendulum 1 second to move 
from G through A to D and back to C, it will contmue 
throughout its motion to take 1 second for each such oscillar 
tion The uniform rate of a clock depends on this property of 
a pendulum. In order to vei lfy it completely we should need 
to start a long heavy pendulum and count the number of 
oscillations in the interval between some two astronomical 
occurrences, which are always sepaiated by a constant interval 
of time, such as the transit across the meridian of two known 
stars If we find that during any such interval the pendulum 
makes a number of oscillations which is proportional to the 
length of the interval, we infer that the duration of each 
oscillation is a constant number of seconds We thus arrive 
at the result that in a given locality the time of swing of a 
given pendulum is independent of the amplitude But we can 
shew moie than this, for we find also that the time of swing 
does not depend on the mass of the bob The bob may be of 
any material, provided only the length of the pendulum remains 
unchanged, and the conditions such that we may treat the 
motion as that of a simple pendulum, the time of swing is the 
same Newton called attention to this and made numerous 
experiments to verify the fact 

Experiment 27 To sheio that the time of swing of a 
simple pendulum is independent of the mass of the boh 

Take a number of spheres of about the same size, but of dif- 
ferent materials, and suspend them all side by side from some 
steady support, such as a horizontal bar, by strings of the same 
length (say 1 metre) This is most easily done by having an 
eye screwed into each sphere through which the string can 
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pass The string is passed through n small hole m a small 
-wooden block, it is then threaded through the eye of the bob 
and the end is secured to another hole m the same small block 
The length of the string can then be adjusted by sliding the 
block up and down in the same way as the stay-ropes of a tent 
are tightened, and the friction will hold the block m any 
position Adjust the strings of each pendulum caiefully till 
all are of the same length, then stait the pendulums swinging 
simultaneously To do this, place a board against the spheres 
and push them all aside to the same extent. On withdrawing 
the board, the pendulums all start together and will continue 
if their lengths hav e been carefully adjusted to keep time for a 
large number of oscillations , thus the time of suing is inde- 
pendent of the mass of the bob 

If tins experiment bo continued for some time it vail be found that 
tbe lighter spheres begin to lag behind This, ns Newton shewed, is due 
to the resistance of the air, if the experiment were performed m a 
vacuum no such effect would be noticed, the effect of the resistance of the 
air may be allowed for by observing tho decrenso that takes place m tho 
amplitude of successive swings When tbiB is done it is found that the 
mass of the bob does not affect the time of swing 

131. Relation between Weight and Mass. This 
result affords a more accurate verification of the law that the 
weight of a body in a given locality is propoitional to its mass 
than can bo obtained from observations on a falling body — 
a pendulum is practically a falling body whose motion wc can 
observe for a long period of tune 

Consider now two of the pendulums At any moment 
their velocities and accelerations are respectively the same 
Their masses however are different, the force acting m each 
case is the same definite fraction of the weight of either 
pendulum, a fraction which depends on the inclination of the 
pendulum string to the vertical at that moment Since the 
acceleration is the same tho ratio of the force acting on each 
pendulum to the mass of the pendulum is the same for the 
two, hence the ratio of the weight of the pendulum to its mass 
is the same for all the pendulums, but this ratio measuies g, 
the acceleration due to gravity, thus tins quantity is the same 
for any two bodies 
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132 . Experiments with Pendulums 

Expekimlnt 28 To shew that the time of swing of a 
pendulum vanes as the square root of its length 

Fit up side by side three pendulums , let the length of one 
be l cm (l may conveniently be about 35 cm ), that o£ the next 
2H or 41 cm , and that of the third 3-1 or 9 1 cm Start the first 
two vibrating simultaneously Count the number of oscilla- 
tions made by the shorter one while the longer one makes 
some 6 or 8, it will be found to be double the number made by 
the longer , for each oscillation of the long pendulum the short 
one makes two The observation is most easily made by 
placing one hand so that the short pendulum at the extremity 
of each swing may just come up to it without contact, v lule the 
other hand is held m a similar position with regard to the long 
pendulum. It will then be found that m a given period the 
short pendulum approaches the one hand twico as often as the 
long pendulum appioaches the other, the time of -vibration of 
the long pendulum is twice that of the shoi t, but the length of 
the long pendulum is four times that of the short, and two is 
the square root of four, hence m this case the times of swing 
are proportional to the square roots of the lengths Now 
make similar observations with the fiist and third pendulums, 
it will be found m this case that the short pendulum makes 
three oscillations while the long one makes one, the times are 
as 1 to 3 while the lengths are as I* to 3 s , thus the times aie 
piopoitional to the square roots of the lengths If a number of 
simple pendulums of diffeient lengths be made to vibrate, the 
time of swing of each can be observed with a stop-watch, and 
the length of each measured Make these observations for each 
pendulum, then form a table in which one column contains 
the observed times while the other contains the square roots of 
the lengths, it will be found that the coi responding entries in 
the two columns are proportional 

Experiment 29 To verify the formula that in a simple 
pendulum t = 2ir . , where t is the time of a complete oscilln- 

■ b 

lion m seconds , 1 the length of the pendulum in ccniimeU es, and 
g the acceleration of a falling body m centimetres per second per 
second 
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One end of a tlnn string is fastened to a fixed support, the 
other is passed through a ring attached to a heavy ball and 
then fastened to a small piece of wood sliding on the string 
In this way a simple pendulum of adjustable length is obtained 
Make the pendulum about 100 cm long and measure carefully 
the distance from the point of support to the centre of the ball. 
Place some mark, such as a s ertical rod standing on the floor, 
to indicate the position of the pendulum at the lowest point 
Start the pendulum swinging and determine w ith a watch the 
number of seconds taken by the ball to pass 51 times in the 
same direction thiough its lowest point, in reckoning the 
transits it is best to count the first transit as 0, the fifty-first 
will then reckon as 50, and the number of seconds which has 
elapsed will be the time of 50 -vibrations Dn ide this by 50, 
we have the time of an oscillation, let this be t seconds If a 
stop-watch is used it should bo started at the first tiansit 
and stopped at the fif tv-first 

Now substitute in the fotmula the measured length of the 
pendulum l and the value of g (in England 981 cm per second 
per second) and thus compute the value of tho quantity 

2r \/l , it will he found that this quantity is equal to t alter 

the length of the pendulum, making it twice as long as before, 
and r&ake another similar senes of observations, it will bo 
found that the time t is altered in the ratio of *72 to 1 or 
approximately 1 41 to 1 and the formula is again verified 

133. Period of Oscillation of a Pendulum. The 
formula venfied by the preceding expenment can be deduced 
from the laws of motion -when applied to the case of a simple 
pendulum if wo assume the formula true the same observa- 
tions give us a means of determining g, for we can observe t 
and l, and then we have 


'-*Vr 


Thus 

and from this we can calculate g. 


4 : 7^1 
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This is the method used to determine g with accuracy, in 
practice however a simple pendulum is not employed, a metal 
bai is made to oscillate about an axis perpendicular to its 
length, a formula can be obtained connecting together the time 
of swmg, the dim ensions of the bar and the value of g, and from 
this g can be found 1 , the other quantities being known 

It is beyond our limits to prove the formula here We may indicate 
how it is obtained in the following way 

Consider a particle falling down an inolined plane GA (Fig 86) From 
G draw CD at right angles to the plane, 
and from A draw AD vertical to meet CD in 
D. Bisect AD m B, then a circle with B as 
centre will pass through D, G and A , let 1 be 
its radius, and let a be the angle which AC 
makes with the horizontal line AT whioh 
touches the oircle at A Let i, be the time 
taken to slide from G to A, the acceleration 
down the plane is g sm a, hence 
AG=ig sin at ^ 

But from the figure the angle ADC is a, 
and AC=AD sin ADC= 21 sm a 

Thus 21 sin a=^£rsmal 1 2 Fig. 86. 

Hence t,=2 




Now if we imagine a similar plane AO' on the opposite side of AD to 
AC, and that the particle could be started up this with the velocity it has 
at the bottom, it would rise to a height equal to that from which it 
started, and come to rest after a second interval of t, seconds, it would 
then descend and nse to C after another interval of 2f, seconds, the 
whole tune of an oscillation then would be 4tj, and we should have 


Time of an osoillation 



Now if the plane is short and the angle a is small there is not much 
difference between the plane and the smaU circular aro AC, along which a 
particle attached to a string of length l at B would move As a rough 
approximation therefore to the time of an oscillation in such a small 
circular arc we have the value 8 \fTfg Such an approximation however 
is only rough, for the particle starts at C along a steeper slope than the 
plane, its acceleration at first therefore is greater than on the plane, and 


1 See Glazebrook and Shaw, Practical Physics, § 20, for details of this 

and of the method of determining t with accuracy 
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this gives it an additional velocity which more than compensates for the 
less acceleration of the arc near G When allowance is made for the 
varying inclination of the arc, it is fonnd that we must replace the 8 of 
the above formula by 2 r or 6 28 approximately, and then we get 


t=2ff \fr 


The rough formula however illustrates the method of proof, and shews 
how the value Jljg comes m (See Section 146, Example ) 

134. Value of g in different latitudes. Attention 
has already been called to the fact that while g is a constant 
for all bodies at a given point on the earth’s surface, it vanes 
from point to point Pendulum experiments afford the best 
means of establishing this If the time of oscillation of the 
same pendulum be observed in diffeient latitudes it is found to 
vary, thus a pendulum of given length oscillates more quickly 
at the pole than at the equator, smce the value of g is in- 
versely propoitional to the square of the time of an oscillation 
we can compare the values of g by comparing the square of the 
times of an oscillation It was m great measure a knowledge 
of the fact, denved from such experiments, that g was variable 
which led Newton to distinguish between mass and weight 

Examples (l). Find the length of a pendulum which males 1 com- 
plete oscillation per second at a place where the value of g is 981 cm. per 
sec per sec 


then 


If the length of the pendulum be l cm. 


Hence 


Z=^=24 84 cm. 
47 V 


. seconds pendulum,” as the phrase is generally employed, means 
one which passes through its equilibrium position once a second Its 
above°* therefore is 2 seconds and its length is four times the 

Hence Length of a seconds pendulum under the above conditions 

=99 36 cm 

__ ac *' u -, a \ Ta ^ ue °f 9 m London is 981 17, and the length of the 

seconds pendulum is 99 413 cm. 
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(3) The i alue of g at the equator is 978 1, in London 9S1 17, and at 
the pole 93311, the length of the seconds pendulum is 99 413 em in 
London, find its value at the pole and the equator 

Since the time ot swing is to be constant, the lengths are proportional 
to the values of g 

Hence 

qro T 

Length at Equator = 55 ^-^ x 99 413=99 103 cm 

ysi j# 

qoq 1 -i 

Length at Po 1 e=^|^ x 99 413=99 610 cm 


(3) A pendulum beats seconds at London, find with the above data its 
time of swing at the equator 

The length remains the same, thus the penods are inversely pro- 
portional to the square roots of the value of g 


Hence 


Period at 


Equator 




98117 

97810 


=1 "00156 seconds 


EXAMPLES. 


PROJECTILES 


1 Determine the velocity with which a stone must be projected at 
an angle of 45° to the horizon in order that the range may be 100 yards 

2, A stone is projected with a velocity of 50 feet per second in a 
direction making an angle 0 with the horizon, where tan 0 = £ Find the 
greatest height it attains 


3. If v is the vertical component of the velocity of projection of a 
particle, prove that the greatest height it attains above the horizontal 


v 


plane through the starting point is — 

4 9 


4. A stone is projected with a velocity of 60 feet per second in a 
direction making an angle 8 with the horizon where tan 8=% Find its 
range on a honzontal plane through the starting-point, and the time of 
flight 


5. A cannon-ball is observed to strike the surface of the sea, to 
rebound, and to strike the surface again 2000 yards further on after 
6 seconds Find the honzontal velocity of the shot during the rebound 
and the greatest height the shot attains 
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6 From the top of a vertical tower, whose height above thehorl- 
zontal plane on which it stands is feet, a heavy particle is projected 
with a velocity whose upward vertical and horizontal components are 6g 
and 8g feet per second respectively, find the time of flight and the distance 
from the base of the tower at which the particle will strike the ground, g 
being the acceleration due to gravity 

7, A particle is projected with a i elocity V in a direction making an 
angle a with the horizon, under the action of gravity , find_ the highest 
point to which the particle will n e e and the range on the horizontal plane 
passing through the point If the velocity of projection be 880 feet per 
second, find m miles tne greatest range on the plane, supposing the 
acceleration due to gra.ity to be 32 feet per second. 

8 A shot is fired horizontally from the top of a tower with a velocity 
equal to the vertical component of its velocity when it reaches the ground; 
shew that it reaches the ground at a distance from the foot of the tower 
equal to twice the height of the tower 

9, A particle is projected with a velocity « m a direction making an 
angle 6 with the horizontal Find the range on the horizontal plane 
through the point of projection 

If the range is 300 feet, and the tune of flight A seconds, find the 
velocity of projection. 

10. A particle is projected with a velocity urn a direction making an 
angle 0 with the vertical Find the greatest height to which it will rise 
above the horizontal plane through the point of projection. 

If the greatest height is 49 feet and the velocity at the highest point is 
42 feet per second, find the velocity of projection 

XI, If a particlo he projected horizontally, with a given velocity w, 
along the surface of a smooth plane, inclined at an angle a to the hori- 
zontal, what will be the latus rectum of its path 9 

12 A bullet is fired from a gun at an elevation of 45°, with an initial 
velocity of 810 feet per Eecond Find the range on a horizontal plane 
through the point of projection 

If the bullet shakes a bird which rose vertically with uniform velocity 
from a point on the ground 500 yards distant from the gun at the instant 
when the shot was fired, find the velocity of the bird 

13. Prove (hat the range of a projectile on a horizontal plane through 
the point of projection is 2uv/g, where u and v are the horizontal and 
vertical components of the velocity of projection, and g is the acceleration 
due to gravity. 

14. A particle is projected with velocity V at an angle a with the 
horizon, find the height of the focus of the path 

G D. 


14 
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15 A ball rolls from rest at the top of the roof of a house and 
finally strikes the ground at a distaucc from the house equal to its 
breadth If the roof on both sides of the house makes an angle of 30° 
with the horizon, prove that the height of the house to the eaves of the 
roof is three times the sloping distance from the oaves to the top of the 
roof [The top of the roof is in the middlo of the house ] 

16 Shew that if hues be drawn from a point to represent the 
velocities of a projectile at different instants their other extremities will 
lie on a vertical line 

17. A vertical lme is divided into a number of equal parts A^, 
A s A a , A 3 A 4 etc Shew that if a particle be projected from 0 in the ver- 
tical plane through the lme, OA u OA s , OA 3 etc will meet its path in 
points such that the times of flight from each to the next are all the 
same 

18, Find the range of a projectile on a horizontal plane passing 
through the point of projection, and prove that when the velocity of pro- 
jection has a given value u there are two possible directions of projection 
such that the range has a given valuo R, provided It is less than a certain 
distance 

19 Prove that in this case the di fference of the greatest heights 
attained in the two paths is 4 >/? -It 3 . 
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135 . Impact. We have seen ahead}’ that experi- 
ment proves that -when Wo bodies impinge there is neither 
loss noi gain of momentum, and it has been pointed out 
that in order to calculate the motion when the two impinging 
bodies do not adhere some further experimental lesull ib 
necessary 

Newton’s experiments already referred to afford the 
necessary information He proved by measuring with the 
aid of the apparatus shewn in Fig 51, Section 50, that when 
two spheres impinge directly their relative velocity after 
impact always bears a fixed ratio to that before impact; thus, 
if u, u' are the velocities of the spheres before impact and 
v, v after impact, all estimated m the same direction, tho 
relative velocities arc u-v! and v-v respectively Now 
with Newton’s apparatus the velocities can bo measured and 
it is shewn as the result of experiments that tho ratio of 
v-v to u—u' is alwajs tho same for balls of tho same Wo 
materials, it does not depend on the masses of tho balls 
but only on tho substances of which they arc composed 

This constant ratio is found to bo a negative fi action, that 
is to Fay if u is greater than u\ so that u — it? is positive, then 
v is less than v' or v-v' is negative, tho ball which is struck 
has tho greater velocity after impact, the ratio is never greater 
than unity , in some cnseB the balls separate with the same 
relative velocity as that with which they impinged though tho 

14—2 
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direction of this velocity is changed , in general however the 
lelative velocity is reduced by the impact If we denote 
the ratio of v — v' to u—u' by — e, then the quantity e is never 
greater than unity it is called the Coefficient of Restitu- 
tion. For certain pairs of substances the coefficient of resti- 
tution is unity 

In general we have 

v — v'_ 
u—vl 6 

We can now make use of these two results of experiment 
to solve some problems on impact 

Proposition 35 Two balls impinge directly , to find their 
velocities after impact m terms of the velocities befme impact , 
their masses, and the coefficient of i estitution 

Let m, m be the masses of the two balls A, B, Pig 87, 



Pig 87 


u, v! their velocities before impact, v, v' their velocities after 
impact, and e the coefficient of restitution 

We suppose that initially the two balls are moving in the 
same direction AB, the velocity (u) of A being greater than 
that of B 

We know that the momentum is unchanged by the impact 
and that the ratio of the relative velocity after impact to that 
before impact is - e 

Thus we have 

mv + m'v' = mu + m'u, 
v-v' = — e (u -u') = - eu + cvf. 
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Hence, solving these equations 

(in + in') v — ( 7/i — cm') u + m' (1 4- e) it 1 , 

(m + m^v = m (1 4- c) u 4- (in' —cm) u\ 

Tlieso two equations give the values of v and if when 
« end u- are known, they aio simplified if e is unity, in which 
case the halls are said to he perfectly elastic, or if c is zero, in 
which case the balls adhere and move with the common 
■\ clocity (nm + mV)/(m + m') In tho latter case with which 
we have already dealt at length tho balls nro said to be 
inelastic. (See Section 68 ) 

Proposition 36 To find the Impulse of an Impact 

Let the Impulse of tho motion be I Then we have 
I s= 7ii u - mu ~ — (m’v — m'u') 

Now subtracting (m + m’) u f i om both sides of the equation 
which gives ^ we have 

(m + m) ( v - u) — (m — cm') u - (m 4* m') u 4 m' (1 4- c) u. 

Hence v~u= — (u - u) 

. m + m 

Therefore I = ^ («' — u). 

m+m ' ' 


Proposition 37 To find the velocity of rebound afta' dvect 
impact on a fixed surface 

We may deal with this problem by supposing tho mass of 
the second ball to bo very large and its initial velocity to bo 
zero It will remain at rest* wo must put in' infinite and v! 
zero m the equations and wo get 

v~ — cu, v' — 0 

Or we may obtain this fiorn Newton’s second experimental 
result, tho relative velocity before impact is u, after impact it 
is v, and we have v=-eu 

Wo cannot use tho lkst experimental result, for though u' is zero, m' 
is very large, and we do not know what the value of m'u' is 
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Examples In working examples it is much the best plan always to 
hare recourse to the two fundamental principles and not to quote the 
results for v and v' Thus 

(1) A mass of 1 kilogramme moving with a velocity of SO cm per 
second impmijcs directly on a mass of 10 kilogrammes at rest, the coefficient 
of restitution is J Find the velocities after impact 

Let the velocities after impaot be v and v’ respectively in centimetres 
per second The momentum before impaot is 50000 gramme centimetre 
units, and the relative velocity 50 cm per sec 

Hence 1000i> + 10000t>'= 50000, 

v~v'=-iS0=-2S. 

Hence 10»'+t>=50, 

. v'-v= 25, 

llv'=75, 

i/=r^=G^ r om perseo, 
v= -(25- 6$) = - 18^ r cm per sec 

Thus the 1 kilogramme ball returns with a velocity of 18^ r cm per 
-sec , the 10 kilogramme ball moves forward with a velocity of G^r cm 
per sec 

(2) A hall whose mass is I lb moving with a velocity of 10 feet per 
second impinges dnectly on another hall moving in the opposite direction 
with a velocity of 5 feet per second The first ball is observed after impact 
to continue to move on with a velocity of 6 feet per second, and the coefficient 
of restitution is % Find the mass and the velocity after impact of the 
second ball 

Let the mass be m' lb and the velooity estimated m the direction in 
which the 1 lb ball moves v' ft per sec The momentum before impact 
in this direction is 10 - 5 m' 

The relative velooity before impact is 10+6 or 15 

Hence 6 + mV= 10 - 5m', 

5—v'= -|15= -10 
v' =15 

Hence 5 + 15m'= 10 - 5m', 

or 20m' =5, 

* m'=i 

Thus the mass of the second ball is \ of a lb and it moves after 
impact in the direction opposite to that of its initial motion with a velooity 
of 15 feet per second 
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(©). A ball drops from a height of 25 feet on to a horizontal surfadc 
and rebounds, the coefficient of restitution is J, find how high the ball will 
rise after striking the surface three times 

Let the Telocity witli winch it btrikes tlio surface bo ti ft per sec. 
Then since the velocity is acquired by falling through 25 feet 

\i= <]%g .2b— N /C1 x 25 =40 feet per sec. 

After 1 rebound this becomes § of 40, or 30 feet per second 

The hall rises and then falls again, striking the ground with a velocity 
of 30 feet per second After this second impact the velocity becomes $ of 
30, and after the third impact it becomes 

SxgxSO or 4x15 

The height to which tho ball will rise then is 

mh 

Thus tho height required is equal to 



or about 4 448 feet. 


136. Energy and Impact. 

Proposition 38 To find tho work done when two bodies 
impinge dn cctly 

The kinetic energy of each ball is changed by the impact , 
thus work is done, and tho work done on cither ball is equal 
to its gam of kinetic energy 

Hence the woik done on the ball A 
= £ mir — ^?mi s 
— u) (v + u) 

= hl(v + u), 

if / is the impulse or whole change of momentum 

The work done on tho hall B 

= lmV s - JmV 
= im'(v'-u')(v' + u') 

=-\I(v' + n% 

for m! ( 1 / —u') = — m(v-u) = - / 
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Proposition 39 To find the whole change of kinetic energy 
on Impact 

We have just seen that the hall A gains an amount 
(v + u) of energy, while the ball £ loses an amount 

(«' + «') 

Hence the total loss of lonctic energy is 


J7 («' + w' - v — u) 

How v — v' = — e(u~ u') 

Thus the loss of kinetic energy is 

£/(»'-«)( 1-e). 

On substituting the value of I from Prop 38, we find for 
the loss of kinetic energy 
1 mm' 


2 m + m' 




How (u - uf bemg a square is always positive and c 2 is not 
greater than umty, hence 1 — e® is positive unless «= 1, when it 
is zero Thus the loss of kinetic energy on impact is always 
positive unless the coefficient of restitution is unity, when 
there is no loss In this case kinetic energy is transferred from 
one ball to the other but its amount is unchanged In general 
however kinetic energy disappears J oule’s experiments, already 
referred to, lead us to believe that the total energy is un- 
changed, the energy apparently lost in the kinetic form is 
transformed into heat, the balls are raised in temperature, and 
the heat needed for this is measured by the loss of kinetic 
energy 


137. Oblique Impact. In the cases of impact which 
have been considered it has been supposed that the two balls 
were moving either in the same or m exactly opposite directions 
at the point of impact This is not always the case consider 
the two balls A, £, Fig 88, let their directions of motion make 
angles a, a' before impact with the line joining their centres, 
which is known as the line of impact, and /?, /?' with the same 
line after impact, their velocities and masses bemg as in the 
previous sections In considering the problem we have to deal 
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with the motion along the line AB and also with that at nght 
angles to it. Now the whole momentum is unchanged, and 



Fig 88. 

this statement is true for the components of the momentum 
along and perpendicular to the line of impact 

If the balls be smooth there is no force between them at 
right angles to the line of impact Thus the velocity of each 
ball in this direction remains unchanged 

Newton’s experimental lesult as to the relative velocity 
before and after impact applies to the velocities along the line 
of impact 

Pboposition 40 To determine the motion a/lei impact of 
two halls which impinge obliquely 

The first principle above stated gives us the following 
results • 

mv cos f 3 + mV cos /S' = mu cos a + mV cos a' (l), 

mv sin /? + mV sm /3' = mu sm a + mV sm a' (u) 

From the second we have 

v sm (3 = u sin a . . (in), 

v' sm ft' = v! sin a' . .. (iv), 

while from the third we find that 

, »cos/3-i/cos/3' = — e (wcosa — w'cosa) .... (v) 

Of these five equations ( 11 ) is included m (in) and (iv) Hence 
we have four independent equations (i), (m), (iv) and (v) from 
which we can find v, v\ (3 and /?'. 
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We may shew as above that kinetic energy is lost by the 
impact and that the amount so lost is 

1 DMHi /i qv / / /vo 

(1 — 6") (u cos a -u cos or 

2 m + ni ' ’ ' ' 

If one of the bodies be fixed we proceed as follows : 

Example, .4 billiard ball moving with velocity u strikes the cushion 
at an angle a, the coefficient of restitution being e, find the direction and 
velocity of rebound 

Let v be the velocity of rebound and let the direction of motion after 
impact make an angle jS with the normal to the onshion at the point of 
impact 

Then the velocity along the onshion is unchanged, that perpendioular 
to the cushion is reversed and reduced m the ratio e to 1 

Hence if the velocities be estimated as in Fig 89, we have 
vsmjSsusma, 
vcos/3=euoos a 



Thus v s = u s (sin ! a + e 3 cos s a), 

cotj9=ecota 

If the coefficient of restitution be unity, we hove 
«=1, then v=u, p=a 

The ball rebounds with its velocity unchanged in amount, and its 
direction of motion inclined to the cushion at the same angle as before, 
but on the opposite side of the normal 


138. Action during Impact. The term Action has 
been used in our discussion of the third law either for the rate 
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at which momentum. is transferred, or the rate at which work 
is done Now in a case of impact the momentum of each ball 
is changed by a finite amount in a very brief period, the rate 
of change of momentum is \ery great, too great for observa- 
tion, we do not deal with the rate of change of momentum but 
with the whole change which occurs during the impact This 
whole change is what is meant by the Impulse of the motion, 
so that when we speak of the Action taking place between two 
bodies at impact we refer to the whole amount of momentum 
which is transferred 


139. Moment of greatest compression. It is con- 
venient in some cases to divide the whole change of momentum 
into two parts Consider what takes place at the point of 
impact the bodies are deformed, the velocity of the one A is 
being reduced, that of the other B is being mcreased, there 
will be a moment during the very brief interval in which the 
two are m contact at which the deformation of each ball has 
reached its maximum amount and the two balls are moving 
together with the same velocity Let us then divide the 
duration of the impact into two parts, the first lastmg up to 
this instant of gieatest compression, the second, durmg which 
the balls are agam separating, from this instant up to the tame 
at which contact ceases Let I 1 be the momentum transferred 
in the first part, 7 a in the second, then we have 

/ = / 1 + / a 

PnorosiTiON 41 To shew that the impulse after the moment 
of greatest compression bears a constant ratio to that before i, and 
that this ratio is the coefficient of restitution 

By hypothesis the two balls have a common velocity at the 
instant at which an amount of momentum has been trans- 
ferred Let this velocity be F, then 

m(V-u) = I x = -m' (V-u') 

Hence r= mu + M 

m + m 

Thus 

m + m y ' 
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r mm (1 + e) . , . 

1= — t 1 (« - u). 

m + m K ' 


Hence /= (1 + e) I t . 

But I=I 1 + I 2 

Therefore / 2 =eJ r 1 

Hence the impulse during the second period of the impact 
bears a constant ratio to that during the first part, and this 
ratio is measured by the coefficient of restitution 

Thus when a ball impinges directly on a flat surface and 
rebounds, during the first part of the impact all its momentum 
is transferred to the surface and the ball is reduced to rest, 
during the second period an amount of momentum e times as 
great as that which it has lost is acquired by the ball in the 
opposite dnection, it rebounds therefore with a velocity e times 
as great as that with which it struck the surface 

Example A ball whose mass is 1 lb moving with a velocity of 10 feet 
per second overtakes another ball whose mass is J lb moving in the same 
direction with a velocity of 6 feet per second The coefficient of restitution, 
is |, find the impulse up to the moment of greatest compression and the 
whole impulse 

Iiet V be the common velocity at the moment of greatest compression 
Then since the momentam is unchanged 

(l + £)7=lxl0+£x5. 



V=9 feet per seoond 

Thus the Impulse up to this time is 1 (9 - 10) or — L 
The hall loses 1 lb -foot unit of momentum 

The total impulse therefore is 1 (1 + 1) or J- lb -foot units of momentum 
These'are lost by the first ball, gained by the second Hence if v‘ be its 
final velocity we have 

Thus after impact the smaller ball has a velocity of 12 feet per 
second. 
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EXAMPLES. 

IMPACT 

1, An inelastic ball impinges directly on another of half its mass at 
rest, find the new velocity of the tiso in terms of that of tho impinging 
ball 


2. The velocities of two balls before impact aro 10 and 6 feet per 
second respeotiv eh , after impact they aro 5 and 8 feet per second 
respectively , compare the masses of, the two balls and find the ooelhoient 
of restitution 


3. Two bodies of unequal mass moving m opposite directions with 
eqnal momenta impinge directly Shew that their momenta aro equal 
after impact 


4 A body whoso mass is 3 lb impinges directly on ono whose mass 
is 1 lb , the coefficient of restitution is J After impact the momenta 
of tho two balls is tlio same and tho smaller lias a velocity of 15 feet 
per second, find tho original volocities of the two 

5. Find the condition that two balls may interchange velocities on 
direct impact 

6. A body is dropped from a height of G4 feet on to a horizontal 
floor If the coefficient of restitution be find tho height to which the 
body nses after 3 rebounds. 


7. A ball strikes a cushion at an anglo of 45° If tho coefficient 
of restitution bo g, find the angle of rebound 

8. A ball impinges with a velocity « on an equal ball at rest, the 
direction of motion making an angle of 30° with the line of tho centres , 
determine the motion of the two balls afterwards, the coefficient of resti- 
tution being unity 


9. A ball impinges obliquely on an equal ball at rest, find the 
direction of impact if the two move afterwards with equal velocities, the 
coefficient of restitution being unity 

10. Two balls of masses m, m', whose coefficient of elasticity is e, 
unpmgo directly on each other with velocities «, v respectively («>r) 
bnew that the lmpulso between the balls ib 


mm' 

m+m' 


(u-v){l+e). 


i ^2 three equal balls A, B, £7, placed in this order in ono straight 
nne, A moves with a given initial velocity towards B, while B and G are 
at rest Find B’b velocity after it has Btrnok C, assuming the coefficients 
oi elasticity to be the same for tho two pairB of ballB A, B and B, O. 
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12. Find tlie velocities after impact of two smootli spheres which 
impinge directly, m terms of their masses, their velocities before impact, 
and the coefficient of restitution 

Shew that the velooity of their centre of inertia is unaltered by the 
impact, and that the velocity of each body relative to the centre of inertia 
is reversed in direction and diminished m the ratio of 1 e, where e is the 
coefficient of restitution 


13 Two smooth spherical masses m and m! moving with given 
velocities u and u' in the same direction collide Shew that the loss 
of kinetic energy due to the collision is 


mm' 


2 (m + m') 

wheie e is the coefficient of restitution 


(ti-u 1 )- (1 — e 2 ). 



♦CHAPTER XL 


MOTION IN A CIRCLE MISCELLANEOUS 

140. The Hodograph. The velocity of a moving 
particle may be represented at an} 7 moment by a straight line 
drawn from some fixed point, the length of the line lepresents 
the magnitude while its direction represents the direction of 
the velocity Thus if the particle move with constant velocity 
the straight line is fixed in magnitude and direction If the 
particle move with uniform acceleration m a straight line the 
direction of the line representing the velocity is fixed, its 
length however increases uniformly with the time Thus 
if OQ repiesent the velocity at any moment, and if 0Q X 



Consider now a particle moving m a curve AB t Pig 90, let 
A,P a be its positions at different times and drawP^, P S P 2 
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to represent the velocities r*> r a of the particle in those 
positions From a fixed point 0 draw 0Q X equal and parallel 
to V u 0Q S equal and parallel to V 2 , and so on for the other 
points P a etc 

We thus get a second series of points Q lt Q 2 , Q a . which 
have the property that the lines drawn to these points from 
the fixed point 0 represent the velocities of the particle m 
the conesponding positions -Pi. -P* etc 

If a similar construction be made for all points on the 
curve AB we shall get a second curve CD, which has the 
property that the lines drawn to it from 0 represent m direc- 
tion and magnitude the velocity of the paiticle at the corre- 
sponding points of AB 

This second curve CD is called the hodograph of AB 

141. The Hodograph and the Measurement of 
Acceleration. Again let Q u Q s in Fig 90 be two points on 
the hodograph, P u P 2 the corresponding points on the path, in 
moving from JPj to P 2 the velocity changes from OQ 1 to OQ 2 , 
join QxQ 2} then the change in velocity is represented in direc- 
tion and magnitude by Q X Q 2 , for QyQ a represents a velocity 
which when compounded with 0Q 1 will give OQ a 

Proposition 42 To shew that m the case of uniform 
acceleration the hodogi aph is a straight line 

If P u P 2 , Fig 91, are two positions which the particle 
occupies aftei an interval of 
1 second, then Qf2 2 is the o 
change in velocity in 1 second, 
if we know that the accelera- 
tion is constant then it is 
measured by the change m 
velocity in 1 second Hence 
in this case the line Q^Q 2 re- 
presents the acceleration 
How let P s be the position of 
the particle after a further interval of 1 second and Q s the 
corresponding point on the hodograph Then m the same way 
QaQs represents the acceleration, but since the acceleration is 



Fig 91 
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constant in direction and magnitude Q«Qz must be equal to and 
m the same straight line as QiQa Thus the hodograph 
QyQjQz must m this case be a straight line 

Hence if a particle move with uniform acceleration the 
hodograph is a straight line, and the arc of the hodograph 
tiaced out in 1 second represents the acceleration 

This proposition can be generalised thus 

Proposition 43 'If P be a paihcle describing any curve 
and Q the point on the hodogi aph which corresponds to P, then 
the velocity of Q m the hodograph measures the acceleration 
of P. 

For suppose that after a shoi t time r, P, Fig 92, has moved 
to P, and Q in consequence 
to Q' 

Then the velocity of Q 
is given by the ratio QQ'jr, 
when r is made very small. 

For QQ' is the space tra- 
versed by Q in time r, and 
the ratio of the space tra- 
versed to the small time of 
traversing it measures the 
velocity of Q 

But when r is very small, we may treat QQ' as a straight 
line moreover we may consider the acceleration of P as constant 
for the interval r, if that interval be made sufficiently small. 

How OQ is the original velocity of P and OQ' is its velocity 
after the interval t. Hence QQ' is the change m velocity 
during the interval and the ratio of this change to the interval 
in which it occurs measures the acceleration of P 

Thus the ratio QQ'jr measures the acceleration of P as well 
as the velocity of Q Hence the acceleiation of P is equal to 
the velocity of Q 

Whenever then we know the hodograph of a path and the velocity 
with which it ib described, wo can find the acceleration in the original 
path 

Thus when the hodograph is a straight line described with uniform 
velocity, the acceleration is constant both in direction and magnitude, 

G U. 15 
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when the hodograph is a straight line but the velocity in it is not uniform 
the acceleration is constant m direction but variable in amount 

We proceed to give some other examples 

Pboposition 44 A particle describes a cv> cle with uniform 
speed Y, to find the hodograph and the acceleration 

Let the path of the particle be a circle P]P 2 with centre G, 
Fig 93 Let Pj be the position of the particle in the original 
path, P 2 its position after one second 


Pi T t 



At P lf P 2 draw PjP,, P 2 P 2 to represent the velocity since 
the speed is constant P X T X = P 2 T S ~ V 

Again, since the path is described with uniform speed and 
P t P 2 is the distance traversed m a unit of time we 'have P X P 2 
equal to V 

Now let OQ x equal and parallel to PfPi represent in direc- 
tion and magmtude the velocity at P,, and let OQ 2 represent 
it at P 2 

Then OQ 2 is parallel to P 2 P 2 Hence OQi and 0Q B are 
respectively perpendicular to GP 1 and CP B 

Hence the angle Qf)Q t is equal to the angle PfiP B 

Since the speed is constant the length of the radius vector 
from 0 is constant Thus the hodograph is a circle and this 
circle is described by the point Q with uniform speed. 

Now QiQi represents the space traversed in 1 second by the 
point in the hodograph when moving with uniform velocity Xt 
is therefore equal to the velocity in the hodogiaph Thus it 
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represents the acceleration completely. Also ‘unco the velocity 
at Q x is perpendicular to OQ u tho accclciation at P, is perpen- 
dicular to 1\T X , tlmt is, it is along P,G\ Hence the accelera- 
tion at Pj is represented m amount by Q t Q t , tlie aro of the 
liodograph described in. one second, and is directed along P X G 

Hence if a bo the acceleration v e hav e 

QiQi - o, 

OQi = V. 

Lot r bo the radius of tho cnclo P,P 5 . 

Then smeo the angles Q x OQ x and P,G'P a arc equal their 
circular measures are the same 


Hence 

or 


<?/A 1\P, 
QyO P X G ’ 

« _ V 
V~ r 


r- 

Tlius a- — . 

r 

Hcnco when a particle mores with uniform speed V m a 
circle of radius r, it has at each point an acceleration dueclcd 

F 2 

to the centre of the circle and equal m amount to — . 

Thus tho force towards the centre is 

mV J 


if m is the mass of the par tide 

Bj expressing theso results m terinn of tho angular velocity of tlto 
particle wo can put them in Khghtlj diflcrcnt form, for if ft ho tho angular 
v elocity wo have (Section 38) 

F=ftr 


Ilcnco 


V s 

fl=— - = ftV, 

T 

T. VlVi 

I'— =1/1 iftV. 

r 


Tims when wo ohservo a hodj moiing in a cirolo with uniform Bpecd 
wc know that it has tho ncccloration given above 


13—2 
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If a stone is tied to a string and swung round m a horizontal circle, 
force toward the centre is exerted by the string , this force measures the 
tension of the string, if we call it T then 


T=— =m£l a r 
r 


The string breaks when the angular velocity is such as to make this 
tension greater than it can bear 


Example A string 1 metre long can support a body whose mass is 
10 Kilogrammes A mass of 100 grammes is tied to one end, and whn led m 
a horizontal circle making one revolution per second, find the tension of 
the string, find also the greatest number of revolutions per second which can 
be given ta the mass without breaking the string , and calculate the kinetic 
energy of the mass when moving with tins greatest possible speed 

When the mass makes 1 revolution per second, an angle whose circular 
measure is 2ir is traced out in each seoond , thus the angular velocity 
is 2ir 

Hence since r= 100 cm the acceleration is 


and the force is 
or 


4a 3 100 om per see per seo , 
4ir> 100x100, 

394880 dynes approximately 


When the mass makes n revolutions per second, the angular vdooity 
is 2im, and the tension 

4ira s 10 4 dynes, 
or approximately 394880a 2 dynes 

Now the breaking tension is the weight of 10 kilogrammes or 
10 x 981 x 1000 dynes 

Hence to find the maximum number of revolutions per second we 
have 394880a 2 = 981 x 10 4 

981000 


Thus 


n-= 


39488 


=24 85 


Hence a =4-98 or very nearly 5 

Hence the string will break before the mass attains a speed of 
5 revolutions per second 

The kinetic energy is £mV s ergs 

The value of this is 


or 


$ x 4 v 2 x 100a 2 x 100 2 ergs, 
490 8 x 10 s ergs 
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142. Motion in a circle. Consider a body such as 
a marble m a horizontal tube along •which it can move freely 
if the tube be set spinning about a vertical axis, the marble 
■will be shot out at one end, now suppose the marble attached 
by a spiral spring or piece of elastic to some point in the tube, 
the spring will be stretched until the tension it can exert on 
the marble and the impressed force mv-jr on the marble are 
equal 

Suppose now that the marble is attached to two points in 
the tube as shewn at AB, Fig 94, by two spiral springs, the 



Eig 94 

marble being between A and B Both these springs are 
stretched until each is subject to the same tension The 
one spring AG may represent a spiral spring balance by which 
the marble is suspended, the tension in the other spring will 
then stand for the force of attraction between the earth and 
the marble, the weight of the marble, this weight is measured 
by the extension of the balance AC Now set the tube 
rotating about a vertical axis through 2?, the marble wall move 
towards A , the spring AG will be less stretched than before, 
the weight of the marble as measured by the extension of this 
spring will appear less If when the tube were at rest the 
spring AG were cut, the maible would move towards B with an 
acceleration depending on the extension of the spring BC , if 
when the tube is rotating the spring A G be cut, the marble 
unless the rotation be too great will move towards B, but its 
acceleration will be less than it was before by the amount I2 5 i , 
where O is the angular velocity and r the distance from the 
axis of rotation 

The acceleration with which the marble moves towards B 
stands for the acceleration with which a body falls under 
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gravity, this, other things being equal, is greater when the 
tube is at rest than it is when it is moving round an axis 

143. Consequences of the Earth's Rotation. 

Now let us apply this to the Earth A particle on the Earth is 
describing a circle about the axis of the Earth, near the pole 
this circle is small, near the equator it is large, the angular 
velocity however is the same in all cases We may illus- 
trate this in a rough manner by supposing that in order to 
represent a particle near the pole with the tube, the axis of 
rotation passes near to the marble, while to represent a particle 
near the equator the axis of rotation is far from the marble 

In the first case the marble will be very slightly disturbed 
by the rotation, its weight as measured by the spring AC will 
be nearly the same as it was when the tube was at rest, in the 
second case the marble may be considerably displaced, its 
weight is appreciably diminished, thus we see how in con- 
sequence of the rotation of the Earth the acceleration of a 
falling body is less near the equator than near the pole 

144. Circular Motion. It follows then that m order 
that a body may move m a circle with unif orm speed, its 
connexion with some other body must be such as to be con- 
sistent with its having an acceleration irfr towards the centre of 
the circle, if this is not the case the body will not move in the 
circle 

When the marble is free in the tube, it cannot, under the 
normal pressure of the walls, acquire an acceleration ton ards 
the centre and is shot out of the rotating tube, when it is 
connected to the spring, the spring is stretched until this 
acceleration is acquired and then the circular motion con- 
tinues 

Many other examples might be given Thus consider a 
body C suspended by a vertical rod BC from a horizontal arm 
AB let there be a joint at JB which will allow the body to move 
in the vertical plane ABC Cause the whole to rotate about 
a vertical axis through A, the body C will rise, the rod BC no 
longer remaining vertical Eor if the rod be vertical the body 
is in equilibrium under its weight and the tension of the rod, 
it cannot then have an acceleration towards the centre of 
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rotation on the axis through A When the body rises the 
tension is no longer vertical and we can resolve it into two 



components, the one horizontal, the other vertical since when it 
is rotating steadily the body has no vertical acceleiation, the 
vertical component of the tension balances the weight under 
the horizontal component the body acquires the acceleration 
OV necessary for its circular motion 

We can find the position of the body thus let P be its position and 
let 0 be the angle -which the rod PB mates -with the vertical Let AB=a, 
and BP=b Draw PN on the vertical through A Let m be the mass 
of the body, T the tension of the rod 

Then r=PN=a +b sin 0. 

Hence resolving horizontally 

Tsin fl=m!3 ! r=m!3 ! (a+ b sm 6), 

T cos 6=mg 

Therefore 

tane = fe ±*- Bm - g >- n3 

9 

From this equation we can find 6, and then 0 being known the tension 
is given by the equation 

T=mg sec0. 
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-An arrangement of ibis description is made nse of m the ball governors 
attached to some forms of steam-engine 
Mechanism for opening and closing the steam 
ports so as to vary the supply of steam is 
connected with the ball When the engine 
runs too fast the hall nses and the steam 
port is closed, when the speed is too slow 
the port is opened, for the hall falls Watt’s 
governor is shewn in Fig 96 In this form 
there are two balls, and the value of a is zero 
Hence T=VPmb=mgBeoO 
Therefore for the equilibrium position 
cos 0=g[£l-b 



145. The shape of the Earth. When dealing -with 
the variation of g attention was called to the fact that the 
Earth was not spherical but was flattened at the poles , this 
again is a consequence of the rotation This may be shewn by 
spinning, about a vertical axis, a circular hoop, such as that 
shewn in Eig 97, of thin brass or some 
other elastic material 

The hoop is fixed at the bottom to the 
axis, at the top the axis passes through 
a collar attached to the hoop m which it 
can slip freely 

When the hoop is rotating with uni- 
form speed there must be a force on each 
particle of mass m at a distance r from 
the axis equal to moflr 

Unless this force is exerted the par- 
ticle cannot move uniformly m a circle 
When the motion is first started the action between the 
various parts of the hoop is not such as to give rise to this 
force At first therefore each particle does not move uniformly 
in a circle, it also moves outwards from the axis, by this 
motion the hoop is bent from its circular form, becoming 
flattened at the top and bottom, and this bending continues 
until the acceleration acquired by the particles under the 
forces to which the bending gives rise is that requisite to give 
uniform motion m a circle 

The same may be shewn by floating a spherical bubble of 
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oil m a mix ture of alcohol and water Such a bubble can be 
set into rotation, and when this is done it becomes flattened 
at the points in which its surface is met by the axis How 
the matenal of which the Earth is composed resembles in some 
respects the brass hoop or the oil of the bubble, the Earth 
is rotating round its axis and hence its shape is not spherical 
but oval, flattened at the poles 

146. Simple harmonic motion. Let AGB, Fig 98, 
be a diameter of a circle 
centre 0, and suppose a 
particle P is moving 
round this circle with 
uniform angular velocity 
n Let it start initially B 
from the point A and 
let it be at the pomt P 
after t seconds 

Let A'GB' be the 
diameter perpendiculai 
to AGB and draw PiV, Fig 98 

PM perpendicular to AB and A'B! respectively 

Then in t seconds the radius CP traces out the angle PGA 

Hence PGA = Qt 

Let CP = a 

Then CN = CP cos PGA = a cos fif, 

CM = GP sin PGA = a sm Of 

How as P moves uniformly round fiom A, the pomt JT 
starts from <4 and moves along AC towards C, whenP is at A' } 
JT has reached G , as P moves on to B, If moves towards B, 
coinciding with P at P, as P moves back along BB' to A, Jf 
moves back to A Thus N has a vibratory motion backwards 
and forwards along AB and its distance x from C is always 
given by the equation x = a cos S2f 

The motion of N is said to he simple harmonic motion 
The motion of M is also simple harmonic 

Proposition 45 To find the velocity of a pat tide moving 
with simple harmonic motion. 
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The velocity of P, Fig 98, may be resolved into two com- 
ponents, one along AC and the other along CA', the former of 
these gives the velocity of P. 

Now the velocity of P is 7 at right angles to CP Draw 
PT at right angles to CP meeting CA produced in T , then a 
velocity V along TP has for its component along AC a velocity 

V cos PTC. 

But CPT is a right angle 

Hence cos PTC = sin PC A = sin Sit 

Thus the velocity of A" is V sm Qt 

Also V—aQ, we have therefore the result that 

When the distance of a particle, oscillating about a fixed 
point, from that fixed pomt is given by 

x=a cos Qt, 

then the velocity of the particle toward that pomt is given by 

i) = oflsm Qt 

PaoPOSiTXON 46 To find the acceleration of a particle 
moving with simple harmonic motion 

The acceleration of P is Ora towards C This can be 
resolved into Q"a cos PC A along PC and Q"a sm PC A along 
MG The first of these is the acceleration of P 

Hence the acceleration of P is given by 
Q"a cos POP or Ora cos Qt. 

But CP = a cos PGP 

Thus the acceleration required is 
Q?CP or Qrx 

We have thus the result that when the acceleration of 
a particle moving in a straight line is always directed to a fixed 
pomt in the line and is proportional to the distance of the 
particle from that pomt, then the motion is simple harmonic 

Moieover if the acceleration at any distance x is equal to 
px, then the value of x m terms of the time is given by 

x — a cos \f~jjmt, 
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■wlieic a gives the distance of the particle from the fixed 
pomt initially 

This follows from the result that if the distanco is 
x ss a cos fif, 

then the acceleration is CPx, hence if the acceleration is fix wo 
have _ 

fi ! = /x and x^acosiJJit 

Moreov cr if T be the time of a complete revolution, then in 
T seconds the radius traces out four light angles hence 

fl2 , = 2:r 


Thus if the acceleration at distance x he fix, 
the Periodic time = ^- = ~ . 


Thus if a particle move in a straight line under an accelera- 
tion fix towards a fixed point the motion is a simple harmomc 
vibration, the distance x of the particlo fiom the fixed point at 
any time l is given by a; = a cos Jpt, its velocity towards the 
fixed point is v = a/i sin J fit, and T the time of a complete 
oscillation is found from the equation 


T = 


2tt 


It is not necessnryfor tlio motion to take placo in a straight line Wo 
may suppose the particlo to bo a nng oscillating backwards and forwards 
on a smooth sti night wire, the acceleration being directed to a fixed point 
on the wire Then the wire may bo bent into any shape without altering 
the motion, provided that tho acceleration at each point of tho wire 
remain of tho same value as boforo This will bo secured if the accele- 
ration be proportional to the distanco of tho particlo from tho fixed 
point measured along the wire, tho pai ticlo still having the samo harmonic 
motion as before Thus a particle moving on a smooth curve with an 
accelciation directed along tho curvo to some fixed point on tho ourve, 
and cqunl to fi x {distance mcasuied along tho curve of the particle from 
the fixed point}, has simple harmomo motion about tho point, tho period 
of the motion being 2 irljli 


Example. A particle suspended by a string of length 1 oscillates m a 
vertical circle of radius 1 , find the lime of a complete oscillation 

Let tho stung CP, Pig 99, make an angle 0 with the vertical lino CA 
Let A bo the equilibrium position, and let tho length of the arc AP 
bo s. 
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The acceleration of the particle along the curve is g sm 0 
Now if 6 be small sm 8=0=sfl 

Hence acceleration of particle 

Thus the motion is simple harmomo, and 

S = Sg COS ^ 

while the periodic time is 2tt ^/~ • 

This example gives us the case of a simple 
pendulum, and we have thus proved the formula 
for the time of BWing which was verified by ex- 
periment m Experiment 29 We see moreover that 
this formula is only approximate, for the motion is 
not simple haimonic unless 8 is so small that we may treat 0 and sm 0 
as equal For other applications of this method of dealing with problems 
in simple harmonic motion, see Maxwell, Mattel and Motion, Article 
cxvi and following 



EXAMPLES 

CIRCULAR AND HARMONIC MOTION THE PENDULUM. 

1, Explain what is meant by simple harmonic motion 

Describe some method of causing a particle to move with simple 
harmonic motion, and determine the energy of such a particle 

2 A mass of one pound is attached to a string three feet long and 
whirled m a horizontal circle If the string can just carry a weight of 
ten pounds, find how many revolutions per second the mnss can malm 
without breaking the string 

3. A dock whose pendulum ought to beat seconds gams at the rate 
of 10 mmutes a week What alteration must be made in the length of 
the pendulum to correct its error ? The length of the simple seconds 
pendulum is about 39 12 inches 

4 Define the terms Acceleration, Momentum, Emetic Energy, and 
determine their values in the cnse of a simple pendulum which has been 
drawn aside through a known angle and then released. 

5 A pendulum consisting of a bob weighing 1 kilogramme at the 
end of a string 1 metre long is drawn aside until the bob is 25 cm from 
the vertical through the pomt of support, and is held in this position by 
a horizontal string Find the forces on the bob (1) when in this position, 
(2) just after the horizontal string is cut, (3) as the bob swings thiough 
its lowest position 
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6. Shew that there is a force acting on a body which moves with 
uniform velocity in a circle 

7. A pendulum which beats seconds at a place A gams 10 seconds a 
day when taken to another place B; compare the intensity o! gravity at 
A and B 

8. Describe an arrangement to exhibit the combination of two simple 
har monic vibrations in planes at right angles Point out how such an 
arrangement may be used to illustrate or verify the law of the addition of 
vector quantities 

9, Define a simple harmonic vibration and shew that such a vibration 
is executed when a particle mo\es under the action of a force which vanes 
as the distance of the particle from its position of equilibrium 

10, A bullet fired from a gun hits the bob of a heavy simple pendulum 
and remains imbedded m it The masses of the bullet and of the pen- 
dulnm bob are known, shew how by observing the amplitude of the first 
swing of the pendulum the velocity of the bullet may be found 

11, A particle is descnbing simple harmonic oscillations in a straight 
line, shew how to determine graphically its velocity, and prove that the 
potential energy of the particle is proportional to the square of its dis- 
tance from its equilibrium position 

12 Descnbe the motion of the boh of a pendulum if the upper part 
of the string is doubled and the two ends are attached to two separate 
points m the same horizontal line 

Under what circumstances does the hob descnbe a path analogous to 
that of a falling stone 9 

13. What are isochronous vibrations ? 

Shew that a body will execute isochronous vibrations if its potential 
energy vanes as the square of its distance from its position of equihbnum 

14. The mass of a simple pendulum of length 3 ft is 2 lb The 
pendulum is raised till it makes an angle of 30° with the vertical and let 
go, find its energy 

15 Two equal masses are attached to the ends of a string passing 
through a hole m a smooth horizontal table One mass moves uniformly 
on the table m a circle round the hole at its centre, while the other mass 
is thus kept hanging at a constant distance below the bole Find the 
velocity of the moving mass if the radius of the circle be 6 yards 

16. A mass of 1 gramme moves with a harmonic motion and vibrates 
128 times a second through a range of 1 cm Find the energy it pos- 
sesses 

17. A mass of m pounds is suspended from a point by a string of 
length l feet The mass revolves in a horizontal circle with the string in- 
clined to the vertical and makes n revolutions per second Shew that the 
string i8 inclined to the vertical at an angle whose cosine is 

g 

in-n-l 
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MISCELLANEOUS EXAMPLES. 

X What is meant by 1 kilogramme and by 1 oz ? Describe care- 
fully the observations you would make to determine the number of ounces 
in 1 kilogramme if given a balance, not known to be in adjustment, and 
a set of weights 

2 What is the “ Standard yard ” ? 

Describe carefully the method you would employ to determine the 
length of a given yard measure m terms of the Standard, and to cheok 
the accuracy of its moh divisions 

3, What is the unit of force in absolute measure? If the unit of 
mass be changed from a gramme to a kilogramme and the unit of time 
from a second to an hour, in what proportion is the measure of the weight 
of a given body affeoted? 

4 What do you understand by an absolute system of umts and a 
derived unit? 

What would be the unit of time of the British absolute system if the 
weight of one pound at London were to be the absolute unit of force, 
the units of length and mass remaining unaltered? 

What would be the advantages and disadvantages of such a change? 

5. What is the unit of force on the o o s system? and what is the 
unit of work? What are the respective units commonly employed in 
England? 

6. If a nation uses 89 inches as unit length, 3 seconds as umt time, 
and 1 cwt as umt mass, what is the umt force m lb weight ? 

7. The measure of a oertam power is 10 when 1 ft , 1 sec , and 1 lb 
are the umts What is its measure when 1 yd , 1 minute, and I ton are 
the units ? 

8 Define velocity What do we mean when we say that a tram is 
travelling at the rate of 60 miles an hour ? 

Find the direction of the blow which drives a cnoket-ball to square-leg 
with the same velocity as that with whioh it reaches the bat 

9, A stone is dropped mto a well from the surface of the ground 
The sound of its reaohing the water is heard 6£ seconds after the stone 
was dropped If the velocity of sound is reckoned as 1000 feet per 
second, find the depth of the well (p= 32 feet per second in eaoh 
second ) 

10. A traveller alights from a tramoar, which is traversing a straight 
street, and starts to walk at 4 miles an hour along a straight side-street , 
after walking 10 minutes he reaches a street crossing his own at right 
angles, and, looking along it, he sees his tramcar at the end of it, half- 
a-mile away Find the velocity of the tramcar, and draw a diagram 
shewing the inclination of the streets 
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|Q ( Two trams are moving on two lines inclined at a Bmall angle to 
one another, with the same velocity Shew that if an observer m one 
train fix his eje upon a particnlar point of the other tram, this other 
train may eecm to bo rooming faster or slower than his own, or at tho 
same rate, according to the direction, relative to him, of the point of tho 
other tram which ho is watching 

12 The horizontal velocity of a shot is 1100 feet per second and the 
range 3000 jards find the initial velocity 

13, Two ships are sailing in directions making an anglo of 60° with 
each other, with velocities of 15 and 20 miles an hour respectively. Find 
the magnitude of the velocity of one ship relative to the other 

14, How Is the measure of on acceleration altered when tho umt of 
time is changed from a second to a minute? 

15, A train uniformly retarded has its velocity reduced from 30 
to 24 miles per hour in 15 minutes Find how far it goes in the 
interval 

16 Find the acceleration of a train, supposing it uniform, which 
passes one station at the rate of 20 miles an honr, and another 5 miles 
distant at the rate of 30 miles an hour 

17. A 6tone is thrown from a railway tram with such a velocity m a 
direction at right angles to the path of the tram that, relatively to the 
ground, it has a -velocity of 30 miles an hour in a direction making 30° 
with the path of tho tram What is tho velocity of the tram’ 

18 A particle moving with uniform acceleration has at a given 
instant a velocity of 33 feet per second, eleven seconds later it has a 
velocity of a mile per minute Determmo tho measure of tho accelera- 
tion, a foot and a second being the units of length and time 

19 With a foot and a Bccond as units of length and time, the 
measure of an acceleration is 49 , find the unit of time whon the measuro 
of the same acceleration is 12, and the unit of length a yard 

20 The hno AB is vortical, and ACB is a right angle Show that 
the time of sliding down either A G or CB, supposed smooth, is equal to 
the time of falling down AB 

21. A tram is moving at a rate of GO miles an hour, and a gun is 
to be fired from a carnage window to hit an object which at that 
moment is exactly opposite the window If tho velocity of tho bullet 
be 440 feet per second, find tho direction m which the gun must bo 
pointed 

22. A bag of ballast is dropped from a balloon when the balloon is 
ascending at the rate of 10 feet per second and is at a height of 300 feet , 
find the time occupied m the bag's descent 

(The acceleration due to gravity measured in feet and secs may ho 
taken as 32 ) 

23. A boy throws a stone 150 feet vortical!} upwards What was 
the velocity of tho stone when it left tho boy’s hand ? 
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24 Compare the velocities of two trams, one of which is moving 
at the rate of 66 feet per second, and the other at the rate of 40 miles an 
hoar. 

25. How is uniform acceleration measured ? If the measure of the 
acceleration due to gravity be 32, the foot and the second being the units 
of length and time , find its measure when 2 feet and £ second are the 
units of length and time 

26. A boat is set with her head due N E Under the notion of the 
wind alone the boat would move m a N E direction with a velocity of 
4^/2 miles per hour The tide is flowing due south at a rate of 4 miles 
per hour Shew that the boat’s actual course is due east 

27 A cncket-ball is thrown vertically upwards with a velooity of 
56 feet per second Find the velooity when it is half-way up, and the 
height to which it has nsen when half the time to the highest pomt has 
elapsed (The resistance of the air is neglected, and the acceleration of 
gravity=32 feet per seoond in each second.) 

28 A man starts at right angles to the bank of a river, at the ' 
uniform rate of 1£ miles per hour, to swim aoross , the current for port 
of the way is flowing uniformly at the rate of 1 mile per hour, and for 
the remainder of the way at double that rate He finds when he 
reaches the other side that he has drifted down the stream a distance 
equal to the breadth of the nver. At what pomt did the speed of the 
current change? 

29 Shew that the difference of the square of the velocities at any 
two points, of a body falhng in vacuo, varies as the distance between 
them 

A body falls from rest in vacuo through a certain height and acquires 
a certain velooity Find how much further the body will have fallen 
when it has doubled its velocity 

30 A stone is thrown vertically upwards with a velocity of 36 feet 
per second. To what height will it rise, and after what intervals of tune 
will it have a velooity of 12 feet per seoond? 

31. A stone is dropped from a height of 8 feet above the ground from 
the window of a railway oarnage travelling at the rate of 16 miles an 
hour , find its velocity on striking the ground 

32 If a small smooth ball be set rolling up an inclined plane in a 
direction other than the line of slope, find the curve whioh it will 
desonbe 

33 A projectile weighing half a ton is fired with a velooity of half 
a mile a second from a 100-ton gun Find the velocity of recoil of the 
gun, and compare its kmetio energy with that of the projeohle 

34 Two masses of 3 lb and 4 lb respectively are connected by a 
string passing over a pulley Find the acceleration and tension of the 
string 


I 
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35 A 60-ton engine moving at the rate of 10 miles an hour impinges 
on a truck at rest weighing 10 tons, and the two move on together Find 
their velocity and calculate the loss of kmetio energy 

36 Two equal weights of 1 lb are connected by a fine string passing 
over a light pulley A weight of 1 oz is attached to one of them. Find 
the acceleration and the tension of the string 

37 A ball 1 lb in mass, with coefficient of restitution g, is lot fall to 
the ground from a height of 32 feet Find the loss of kmetio energy on 
impact, and the height to which the ball will rebound 

38. In the system of pulloys in which each pulley hangs by a 
separate string and all the pulleyB are of the same weight, find the 
acceleration of the weight when there are n pulleys, all the strings being 
vertical. 


39. A fly-wheel is brought to rest after n revolutions by a constant 
fnotional force applied tangentially to its circumferenco If h be the 
kmetio energy of the wheel before the friction is applied and r its radius, 
shew that the friction is 7./2iriir 

40. -A lump of clay weighing 10 lb 13 thrown with a \elocity of 
50 feet per second against an equal lump at rest if the two travel 
together with a velocity of 26 feet per second, find the loss m energy 
estimated m foot-pounds 

41. Find the amount of work done m drawing a weight of 3 tons 
100 yards along a rough horizontal plane, when the friction is 26 lb -wt 
per ton 

42. A colliery engine draws 10 tons of coal up a shaft 1000 feet 
deep in 1 minute Find the total amount of work done and average 
power given out by tho engine 

43 The handle of a hoisting crab moves through 1 foot while the 
weight lifted moves through \ inch It is found that to raise 1 ton a 
force of 80 lb -wt must be applied to the handle. What proportion of 
the work ib spent m overcoming friction ? 

44. How much work is done in elevating 2 cwt of coals from tho 
bottom to the top of a staircase, the staircase having 66 steps and each 
Btep 8 inches high? 

45 Two stones are thrown at the same instant from the tops of two 
towers directly at one another, shew that, neglecting the effeot of the 
atmosphere, they will meet if tho velocities of projection are great 
enough 


46. A particle is moving in a circle with constant speed Assuming 
the mass and speed of the particle and the radiuB of the cncle to be 
known, state the force acting on the particle and its acceleration 

G D. 16 
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47 A shot 8 lb in mass leaves a gun 18 tons in mass with a 
velocity of 1500 feet per second, with what velocity does the gun 
recoil ? 

48 A constant horizontal force will give to a mass of 15 lb , 
staiting from rest and supported on a smooth horizontal plane, a 
velocity of 28 feet per second in 4 seconds 'What weight will that force 
support ? 

49 A force equal to the weight of 10 lb acts for a minute on a mass 
of 1 cwt Find the momentum and energy of the mass What is the 
w ork done by the force ? 

50 A truck which weighs 10 tons is free to move without friction in 
a horizontal direction under the action of a horizontal force equal to the 
weight of 42 lb , find the acceleration and determine how fast (in miles 
per hour) the truck would be moving if the force continued to act for an 
hour 


51. How fast must the bob of a pendulum (length 3 ft ) be moving 
at the bottom of its swing if it is to leach the horizontal through the 
point of support before it turns ? 

Will the required velocity be greater for a small bob than for a large 
one? Give reasons for your answer 

52 Determine the kinetic energy lost in the direct impact of two 
elastic spheres, each of a pound mass, moving in opposite directions, 
each with a velocity of 1 mile in 3 minutes, the coefficient of restitution 
being l 

53 An engine of 45 horse-power is drawing a tram, if the re- 
sistance to the motion when moving with a velocity of v feet per second 
be Tffirlb weight, find the maximum velocity the tram can attain. 
[1 horse-power =550 ft -lb per second] 

54. Find the number of foot-pounds of work which must be done 
on a fly-wheel whose mass is 1000 lb and radius 30 inches to give it a 
velocity of 600 revolutions per minute, assuming the whole mass of the 
wheel to be concentrated in the run 

55 Shew that if a body falls freely under gravity there is neither loss 
nor gam of energy , and explain how to apply the same principle to find 
the velocity of a body sliding down a smooth curve 



EXAMINATION QUESTIONS. 


L 

1. "What ore the units in terms of which length, mass and time are 
usually measured (1) m England, (2) on the Metric System' 5 

2. Define the terms Motion, Velocity, Speed, Acceleration, and 
explain how they arc measured 

3. "What is meant by the composition of Velocities? Enunciate and 
prove the parallelogram of Velocities 

4. Shea that in the case of a jnrticlo moving with uniform ucccleia- 
tion a in a straight line the following relations hold 

v—at t’ 5 =2««, 

v being the velocity at the end of tho tunc f, and s tlio spice pa r eed 
over 

5. State Newton’s Laws of Motion, explaining the terms used in yonr 
statement 

6 Define Force and show how the second law enables ns to obtain a 
measure of force, prove tho formula F=ma, where a is the acceleration 
produced m mass m by tho force F In wlmt units must theso various 
quantities he measured if the above formula is to hold? 


H. 


1. State the second law of motion and shew clearly how to use it to 
determine the measure of tho unit of force Define tho terms dyne, 
poundal. 

2. "What experiments are required to show that the weight of a body 
is proportional to its mass? 

3. Describe Atwood’s machine and shew how to use it to verify the 
formulae v=at l s=t,at 3 , F=ma, with tho usual notation 

16—2 
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4 How would you verify the foot that the time of fall of a body 
is independent of its horizontal motion and that the path of a projectile 
is a parabola? 

5. "What is meant by a simple pendulum? Shew that the time of 
swing of such a pendulum is proportional to the square root of its 
length What inference do yon draw from the faot that it does not 
depend on the mass of the hob? 

6. State the third law of motion 

Define the terms work and energy , and shew that if a body of masB 
m has a velocity v produced m it by the action of a constant force F, then 
the work done by the foroe is kmv 3 

7 Shew that if a body is falling freely under gravity its energy 
remains constant. 


in 

1. Explain the terms Work and Energy and Bhew how work is 
measured , distinguish between an erg, a foot-pound and a foot poundal 

What do you understand by Power? What is a Horse-power? 

2 Distinguish retween kinetic and potential energy and shew how 
they are measured m the case of a falling body 

Shew that if a body be let fall from rest its energy remains oonstant 
till it reaches the ground 

3. State and prove the parallelogram of forces. 

4. What is meant by the [Resolution of forces? Shew how to find 
the resolved part of a force in two directions at right angles 

5 A body is projected in a horizontal direction, shew that its path 
is a parabola and find its latus reotum 

6. Describe experiments to determine the relation between the 
relative velocities before and after impaot of two balls which impmge 
directly. 

7. Shew that a body moving with uniform speed v m a circle of 
radius r has acceleration equal to ifljr 

8. Explain what is meant by simple harmonic motion. 
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CHAPTER I. 

FORCES ACTING AT A POINT 

1. Equilibrium. In Statics we consider the illations 
which must exist between a set of foices linpiessed on a body 
if the body is to remain at lest 

Definition of Force Force is action exercised on a 
body so as to change or tend to change its state of rest or of 
uniform, motion in a straight line 

Each force is measured by the acceleiation the body would 
have if the other forces were not impiessed on it The actual 
acceleration is compounded of these several acceleiations which 
coexist simultaneously, to compound two or more acceleiations 
we use the parallelogram law' The resultant acceleiation will 
be a measure of the resultant force, this is found fiom the 
individual forces by the same process as that by which the 
lesultant acceleration was obtained from its components 

2. Representation of a Force. A force can con- 
veniently be represented by a straight line, one end of the 
line will represent the point of application of the force, the 
direction of the bne gives the direction, or line of action of 
the force, while the numbei of units of length in the line 
measures the number of umts of force in the force 

3. Measurement of a Force. A foi com Statics may 
be measuied in terms of any convenient unit, the weight of 
lib oi the weight of 1 gramme aie often taken as units, and 
we speak of a foi ce of P grammes weight or P lb weight we 
use gravitation units 

1 Dynamics, Sections 30, 96 


1—2 
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If we have to consider the motion duo to a force so measured we must 
remember that the weight of a gramme contains g (931) dynes, where g 
denotes the acceleration of a falling body in centimetres per second per 
second, while the weight of a pound contains g (32 2) poundals, g being jn 
this case measured in feet per second per second 


4. Resultant Force. "We proceed now to find the 
l esultant of two or more foices impiessed on a pat tide. 

DrriNmoN If two or moi e fen ces P, Q be tmjn essed on 
a 9 iqi<l body, the actual accelei ahon of the body is found by 
compounding the accelei ahons communicated by each force sepa- 
lately If a single foice R can be found which, ivhen impiessed 
alone, will communicate to the body this acceleration, this foice 
is called the Resultant of the two or moi e forces, and these forces 
ai e called its components 

Proposition 1 When two oi more forces ai e impi essed on 
a particle m the same direction their resultant is the sum ( the 
difference if the forces act m opposite dnections) of the fat ces 

For let OA, Pig 1, lepresent the one foice P and AB the 
second Q, then OA and AB re- 
piesent also the accelei ations of a ] 

unit mass on which these forces 6 9 A ? B 

are impiessed The 1 esultant 
acceleration is (Dyn § 29) lepre- 

sented by OB Thus the lesultant foice R is lepiesented by 
OB, and since 

OB=OA + AB, 

R = P + Q 

Similaily if the forces bo impressed m opposite directions, 
vie have, Fig 2, OB = OA - AB 

Thus R = P-Q 5 5 + € £ 

If the lines of action of the p llr 2 

forces P and Q aie not in the 

same sh night. line we find the resultant by the paiallelogram 
law 


5. Parallelogram of Forces. 

Proposition 2 If two fences nepicsented m direction and 
magnitude by two stiaighl lines OA, OB be vnjnessed on a 
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pat ticlc their tesidinnt v> rept denied bp OG the diagonal 
though 0 of the parallclogt am which has OA and OB for 
adjacent sides 

Let OA, OB, Fig 3, lepiesent two foiccs P ami Q im- 
pressed on a particle Complete 
the parallelogram AOBG and 
draw the diagonal OG Then 
OG shall represent the resultant 
foico R 

For OA, OB icpicsent also 
the accelerations o£ a particle of 
unit mass on which the forces 
P, Q are each separately impressed , and by the paiallelogram 
of accelerations OG represents the resultant acceleration of such 
a particle, but the resultant acceleiation measures the le- 
sultant impressed force 

Hence OG the diagonal of the paiallelogiam lepiescnls It 
the resultant impiessed foice 

Thus forces arc compounded and resolved accoidmg to the 
parallelogiam law and Propositions 9 to 13 of the Kinematics, 
relating to displacements, apply equally to forces 

We maj notice that tho resultant force doei not depend on the mass 
of the particle If m Fig 3 above, the mass of tho particle be m, and 
the accelerations corresponding to P, Q, and Ji be j>, q, r , then since P 
is equal to mp, Q to mq, and Ji to m r, the lines OA, OB represent mp and 
mq respectively Thus OG represents vir on tho same scale, lienee it 
represents tho resultant force li 

The pi oof of the paiallelogram of foices depends tlieiefore 
on that of the parallelogiam of accelerations 



6. Experiments on the Parallelogram of Forces. 

The parallelogram of forces can be vcnficd in various ways 
by direct experiment, we shall describe two such experiments 
A student who has difficulty m following the dynamical pi oof 
may base Ins acceptance of the proposition on the dnect insults 
of the experiments A statical pi oof b} T Puchayla is often 
given , theie are many reasons however why its use should be 
avoided and we shall not include it 
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In many statical evpennicnts the nnpiessed foice is 
measured by the w eight of a body suspended by a stun g fiom 
some pait of the appaiatus, and it is often necessaiy to vaiy 
this weight A convenient ariangeraent is shewn in Pig 4 
An non lod about 15 cm in length 
has a hook at the uppei end , to the 
lowei end a flat circular disc is 
l netted and the whole is adjusted to 
have some definite mass such as 1 lb 
oi, if c G s units aio being employed, 

3 a kilogrammo The weights talco 
the form of flat cnculai discs of iron 
oi brass , each disc has a slot cut out 
as shewn in the figuie, the slot 
leaches to just beyond the contro and is wide enough to admit 
the voitical rod which suppoits the scale-pan Two sires of 
“ weights,” say pounds and \ pounds or \ and \ kilos , will bo 
found convenient, when m use they lest one on the top of the 
otlici on the scale-pan forming a pile tlnough the centio of 
which the supporting rod luns, thus a foice equal to the 
weight of a definite number of half-pounds is easily applied. 




Fig 6. 
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In other experiments the foice is most easily applied and 
measured by means of a spring balance 

A useful foim of pulley is illustrated m Fig 5. 

Experiment 1 To verify by experiment the parallelogram 
of forces 

(a) The appaiatus required foi this is lllustiated in Fig 6 1 



Two pulleys F, G aie attached to a horizontal support A 

i Jh* i figure the apparatus is shewn supported by a Willis frame- 
worJi Such a framework consists of a number of bars which can be 
secured together m various positions by suitable sciew bolts, and is very 
useful for various statical experiments In a laboratory where a large 
number of sets of apparatus for the same experiment are i squired, it is 
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stung AOB passes over these and camcs two of the scale-pans 
just described these aie shown at L and M A second strrng 
OD knotted at 0 to the first camcs a thud pan JIT 

Some convenient numhei of weights is put on each scale- 
pan and the whole system is allowed to come into equilibrium 

Let us suppose the total weights suppoited at L, M, If re- 
spectively including the weight of the scale-pans to be P, Q and 
R pounds-weiglit, these weights measure the tensions of the 
respective strings Thus forces of P, Q and R lb -weight act 
along OA, OB and OD respectively Smce there is equilibrium 
R is cleaily equal and opposite to the resultant of the other 
two forces P and Q 

Now adopt some convenient length to represent the unit 
of foice, e g represent a foice of 1 lb -weight by a length of 
10 centimetres 

Draw on the boaid hnes OA, OB, OD, parallel to the 
strings and measuie off along OA and OB lengths OA and OB 
to represent the forces P and Q , complete the parallelogram 
AOBC and join 00 Measure the length of OG It wall be 
found to lepiesent m magnitude the force R on the same scale 
as OA and OB represent P and Q Place a straight-edge agamst 
00, it will be found that CO when prolonged is m the same 
straight line as OD the line of action of R Thus OC repre- 
sents R in magnitude but is opposite to it in direction, and 
since the three forces P, Q, R are m equilibrium, R must be 
opposite to the resultant of P and Q , hence OC represents the 
icsultant of P and Q lepiesented by OA and OB respectively, 
and OC is the diagonal of the parallelogram of which OA and OB 
aro adjacent sides Thus the parallelogram of forces is verified 

By talcing along OD a length OD to lepiesent the force R, 
and constructing a parallelogram with OA and OD as sides, we 
could shew r that Q is represented by the diagonal of this paral- 
lelogram 

convenient to have a board fastened to the walls, but projecting some little 
distance from them, and running round the room at some suitable height 
Apparatus such as pulleys, etc can be secured to this and the weights 
conveniently suspended from them without coming in contaot with the 
walls Arrangements should be made for supporting a drawing-board 
behind the strings which carry the weights, in order to solve questions 
easily by graphical construction 
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Tn tla* figure iv 1 * drawn /’, (J, R arc fours <>f *i> *t mid •* lb 
weight Tl will Ik* noticed that in tins oaso the angle A 0J> it* 
n right angle and that suite 

.V :F+ I s , 

we have JP -J K t Q\ 

(l>) Knot three *>11 mgs Ingot la r at 0 , Fig 7, and attach 



then ends to linen spung bd urns L, if, X Kiv tho h dances 
to hoots on tho edges of ,i diawinghoaid in such it mi) that 
the stung* may he nil dinwn tight and tho babinus stietched 
Tho readings of the balances will give us the foices acting 
along tho strings, let them ho P, Q, R respective!} Matk ofl* 
along OL, Oif and ON lengths OA, OH, 00 to lepiesent tho 
forces P, Q, R t thus if the balances lead in lb wo might talco a 
length of 1 inch to ropi ascot 1 Hi weight, a forte of PI h weight 
is then represented by a lino P inches in length Draw lines 
OA, OR, 00 on thopapei mulct tho stung to represent, those 
forces , (lion by constructing a pai allologram us before w ith OA 
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and OB as sides, v e can shew that OG is equal and opposite to 
the diagonal of this parallelogiam, the diagonal repiesents the 
resultant of P and Q 

We may use this consti uction to verify another important 
fonnula Measiuc with a piotractor the angles BOG, COA and 
AOB opposite respectively to the foices P , Q and R Look 
out m a trigonometrical table the sines of these angles and then 
calculate the values of the fi actions 

P Q , R 

sm BOG ’ sin GOA aQ sin A OB ’ 

the latio that is of each force to the sine of the angle between 
the otliei two 

It will be found that the latios aie all equal We thus 
have the equations 

P Q _ R 

sin BOG sin GOA sin A OB * 

Thus in the case shewn m Figuie 7 in which 
P= 3, <2=4 and i? = 5, 
we find BOG = 143°, GOA = 127° and AOB = 90° 


Hence sm BOG - sin 143° = sm (180° - 143°) = sm 37° 
= 6 appioximately 

Also sm.G0A = 8, sm AOB = 1. 


Hence 


sm BOG ~ 6 “ °* 


_i _ 5 

— O “ 


Q 


sm GOA 8 


R 


sm AOB 1 

Thus the relation is verified. 


4=5 


7. Further experiments on the equilibrium of 
forces. 

Tne spung balance may be employed m vanous other 
experiments to measure foice and verify the lcsults of theory 
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Thus in Fig 8 a weight is suppoited by two stimgs each 



Fig 8 


of which is attached to a sptmg balance The balances are 
fastened to two points A and B, thus their leadings gne the 
tensions in the stimgs, if a paiallelogiam be constructed with 
its sides representing these tensions the diagonal w ill be vei tical 
and wall represent tho weight Moi cover w e should find m tins 
case that each of the tensions is greatci than the weight 

In a similar manner w c may suppoi t a weight as in Fig 9 
by three or more strings, each of which is attached to a spring 
balance the readings of the balances gi\ e the tensions, and if, 



Fir 9 


12 


STATICS 


[CH I 

starting from any point, we construct a pol) r gon wlioso sides 
lepiesent the tensions in direction and magnitude, it will be 
found that the lino joining the starting point to the extremity 
of the last lino so drawn is veilical and lepresents the weight 
supported 

8 Composition and Resolution of Forces Since 
forces like displacements are combined according to the paiallel- 
ogram law, the various propositions which have been given for 
the composition and resolution of displacements apply to forces, 
foi the sake of completeness in this part of the subject avc 
repeat them heie We will first put the parallelogram of 
forces into a slightly diffeient form 

In order to find the icsultant of two foices P, Q acting at 
a point we draw OA, OB , as m Fig 3 above, to repiesent the 
forces and complete the parallelogiam AOBG We have seen 
that OG is the lesultant Now the position of G can be 
found somewhat more simply in the figure AG is equal and 
paiallel to OB, hence AG will lepresent the foi'ce <3 in magni- 
tude and direction though not m point of application, for both 
forces P and Q act at 0 We may then clearly find the point 
conespondmg in any given case to C thus 

From 0, Fig 10, the point of action of the foices diaw OA 
to represent the force P, fiom A 
the extremity of this line draw 
AG to represent the force Q m 
magnitude and direction Join 
OG, then OG lepicsents the le- 
sultant of P and Q m point 
of action, magnitude and direc- 
tion For by completing the 
patallelogiam by drawing a line 
from 0 equal and parallel to AG and another line tlnough G 
parallel to AO, it is cleai that OG is the diagonal of a parallel- 
ogram whose two sides meeting at 0 represent the forces, hence 
OG represents the resultant of P and Q 

This constiuction can be generalized thus 
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PiiOPosinos ,'i To fad by a a mphical conduction the 
re<uUnnt of o number of faces tut preyed on n pnrtide. 


lslOJ.OA\OA , \ etc. Fig 
ok' From .1 draw Alt equal 
mid jnrnllol to OA‘ to n pro 
<ont (f in timgsutmle .md dt* 
rout tun 1 lion Oil ts the to 
suliant or P mid /*'. From H 
draw IlC t qtt.il and jumllol 
to 0 I" to IVplV.OIlf I*” in 
magnitude and dmsliun. 
tlion 00 is the nMilt.uit of 
force s represented Its O/l 
and IiC\ and OH tepreM*nU> 
tliu resultant of P nnrl F ; 
hence 00 rojirv.''Uit< tlie ro 
submit of J\ F and F' 
Proceeding tn this wav wo fix 
fen res acting at a point; for 
tin' resultant is Oh 


1, tvptw nt tho forces P, F, F\ 



A* 

Iif 11. 

the resultant of an} nuinhet of 
7/ is tin* hist point found, t lion 


Corolla n/ It L coinudo with 0 the ii'sultnni is /no and 
tho furies mo in eejiuhbriutn In this ease tho forces me 
ivpn rented tn direction and ningnituele* In the sides of a dosed 
polygon taken m ordei and wo lime tho iisuH that 

If a number of force* impressed on a pin tide be i cpi esnifed 
in direction find maymtude by the soft', of a rhnetl polygon 
t filtn in order , the fotees me in cqmlibi mm 

Tins pioposition is called the Polygon of fotees 

A special ease of this is tho Tl tangle of forces, of this 
on actotnif of its tinpoi (.nice we gno a hiriiml pioof 

PiiorosiTlON 4. Jf three fa ers imp/ eb/o'd on a pm tide be, 
1 epresented m dhertion and nuu/n it title by the side* of a ti imif/Ie 
taken in oidei, the pmhcle is in apidilaiinn 

For lot (he sides OA, AC, CO, Fig 12, taken in oidei, 
repi e*-ent in dncction and magnitude thteo foiees P, Q, Jl 
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acting on a particle at 0 By completing tlio parallelogram 
OAGB we see that OB is equal 
and parallel to AG and therefore 
represents Q completely Hence 
the resultant of P and Q is re- 
presented by OG , tlus resultant 
is theiefore equal and opposite 
to R, hence the particle is at ° A 

rest Fig 12 

It should be noticed that the sides are to he taken in the aipne 
direction round the tnangle Thus forces represented by OA, AC, and 
OC are not in equilibrium 

The converse of the above proposition is also true 

Proposition 5 If th ee forces impi essed on a pat facie are 
m equilibrium they can be represented m direction and magni- 
tude by the sides of way i/rianqle drawn so as to have its sides 
pat allel to the forces 

Let P, Q, R he three forces impi essed on a particle at 0 which 
are m equilibrium In Fig 13 take OA to lepiesent tlio force 
P, from A draw AG to lepiesent 
Q in direction and magnitude and 
join OG Then OG lepresents the 
lesultant of P and Q, and since 
P, Q and R are in equilibnumj R 
must be equal and opposite to the 
resultant of P and Q, thus CO 
must represent i?, hence the forces 
P, Q, R are represented by OA, AC and GO respectively 

Again, any convenient length along OA may be taken to 
represent P, hence any triangle with its sides parallel to P, Q 
and R will represent the forces 

The converse of the polygon of forces is not tiue All 
tuangles whose sides are parallel to the foices aie similar and 
have their corresponding sides pioportional, hence anyone of 
them may be taken to represent tho forces tins is not the case 
foi polygons A numbei of polygons can be found whose sides 
lepresent the foices, all these polygons are sumlai , but any 
polygon with its sides parallel to the foices will not repiesent 
them 



Fig 13 
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The following examples illustrate this graphic method 

Examples. (1) Find the resultant of forces of 2 to the Koilh, 3 to 
the East, 3 to (he South, and 4 to the JJ est, impressed on a particle. 

Drawnvertical line OA (Fig 11) upward*, 2cm in length, to represent 
the first force Draw AB to the right, nt right 
angles to OA, 3 cm in length , BC downwards, at 
right angles to AB, 3 cm in length, CD hori- 
zontal to the left, 4 cm m length, then OD is the 
required resultant 

Also if OL be perpendicular on CD, it is 
clear that OL is 1 cm and LD is also 1 cm 
Hence OD is J2 cm Thus the resultant force 
is n /2 to the South-West This example is the 
same as Example 1 on page 43, (Dynamics) 

(2) Six forces of 1, 0, 2, 7, 3, and 8 lb weight respectively are im- 
pressed on a particle in directions parallel to the sides of a regular hexagon 
tal en in order Shew that the particle ts m equilibrium 

The adjacent sides of a regulnr hexagon make angles of 120° with each 
other. Take a lme of 1 cm to represent a force of 1 lb wt , and draw AB 
1 cm in length to repre c ent the first force, BC inclined nt 120° to it 9 cm 
m length to represent the second, CD 2 cm m length to represent the 
third, and so on If the figure lie carefully drawn, the end of the sixth 
line representing the force of 81b wt will be found to coincide with A. 
The hexagon is a closed one, and the particle is m equilibrium The 
Btndent should construct this figure for himself to scale 

Aliter The foiccs of 1 and 7 lb weight acting m opposite directions 
aie equivalent to nforceof Gib wt nctinginthcsamcdircctionnsthe71b 
wt , the forces of 9 and 8 lb w t are equivalent to a force of G lb wt acting 
in the direction of the 9 lb wt , the forces of 2 and 81b wt nrc cqimalcnt 
to a force of G lb acting parallel to the 8 lb , thus wc have tlireo equal 
forces of G lb acting away from the particle m directions inclined to 
each other at 120°, and these form a sj stem in equilibrium 

(3) The ends of two strings are secured to two fixed points L and M, 
and are Inotted together at 0, a G kilogramme weight is suspended fi om 0, 
find by a graphical i oust ruction the tensions in the strings 

Fix a drawing-board m a vertical plane behind the strings, and trace 
on the board tlieir directions Take some length (say 6 cm ) to represent 
a force equal to the weight of 1 kilogramme Trom 0 draw OA (Fig 1G) 
vertically upwaids 25 cm in length, then OA represents the suspended 
weight From A draw AB parallel to OM to meet the string OL in B 
Let Tj , Tn be the tensions in OL and OM , W the weight in direction A O 


A B 


OJ 

< i 

, | 

/ -» 

D L C 

Fig. 11 
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Then the three forces T 1 , T s and 5 kilos weight are parallel to the 
sides of the triangle OBA taken m 
older They are therefore represent 
cd by its three sides Moasure the 
lengths of OB and BA in cm 
Then we have 
T, £3 _ JT 
AB ~ AO 


_1L— Al — — =T r = 1 
OB ~ i if «r a 




Hence 
OB 

R 


kilos wt , 2 lalos wt 
o 



In the figure draw n it is clear 
that 

Zi=G lnlos wt , 2’ 2 =4 kilos wt 

(4) The hob of a pendulum weighing 5 Kilos is pulled aside by a 
horizontal string until its thread ts inclined at 30° to the vertical Find 
the impiessed force m the string and the tension of the pendulum thread 

Let 0 (Fig 16) be the point of suspension, A the pendulum when dis 
placed, OG vertical Draw AG horizontal 
meeting OC in G The impiessed forces 
aie 5 kilos weight vertical, parallel therefore 
to OG, the tension T of the lionrontal string 
parallel to CA, and tho tension Tof the pen- 
dulum thread parallel to AO The impressed 
forces therefore are proportional to the sides 
of the tnangle AOC 

Also since the angle at 0 is 30° we haie 
AG=^AO, OC=i /JdAO, 


and 


5 

OG 5 


r 

CA 


T 

: AO’ 



T OG ' 


10 , , 

-j= kilos weight, 
v 3 

T = 5 ^ = ■— kilos weight 
UL ^fi 

(E) Weights JFj, IF S , TF 3 are attached to three points A lt An, A s in a 
string the ends of which' are secured to two fixed points A, B The whole 
hangs in a vertical plane and the form talcn by the string is diawn to 
scale IT'j is Known Find the weights of W s and TF a and the tensions of 
the parts of the string 

Take a vertical line X 7 X 2 (Fig 17) to represent IF, From X, draw 
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Fig 17 


forces at Aj are parallel to the sides of tho triangle OA’jA - *, wo havo 
therefore 

«1 _ S _ I? 

A'jAj ~ OXi ~ OX a ‘ 

Thus 2\ and T t can bo found by measuring OA\ and 0A' 3 Draw OA', 
parallel to A S A S meeting A’jAo produced m A 3 , tho threo forces T 2 , 2 3 and 
ir a at A a arc parallel to the sides of tho tuunglc A 3 OA 3 , they are therofoie 
represented by these sides, thus 

i’s -JjL-JH. 

OA'n 0A 3 ~ A 3 A 3 ' 


Similarly draw OX i parallel to A 3 1) und produce A' a Y 3 to meet OX 4 in 
X 4 Then 3 3 , 2 4 and Il r 3 are parallel to A 3 0, 0X 4 and A r 4 A 3 


Hence 


h-Ii- W * 

A 3 0 _ 0A r 4 “A' 4 A r 3 ' 


Thus T 4 and IF 3 can be found 


Hence if JFj bo known, tho values of TF 3 and W 9 together with the 
tensions m tho different partB of tho string arc given graphically. 

In tho diagram as drawn it will bo found that 


A' 2 A 3 =2A' 1 A2, AVY 4 = 3AiX 2 
Hcnco if 7Pj=l kilo, then W B =2 kilos, JF 3 =3 kilos 
Also 2j=s4. 2 kilos, 2’ 2 =3 7 kilos, 2’ 3 =3 3 kilos, 
and 2’ 4 =4 G kilob 

Hence the tensions and two of the weights are found. 


G S. 
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When two or more foices mipicsscd on a particle aie given 
in direction and magnitude it is possible to find oxpiessions 
for then lesultant Wo have in the case of two foices to deter- 
mine the diagonal of a paiallelogram two of whose sides aie 
given, while tlie case of more than two foices involves an ex- 
tension of tlie same process 

Thus tlie propositions given on pp 33 — 38 of the Dynamics 
with regard to displacements apply to foices JToi the sake of 
completeness in this part of the book they are repeated heie 


Pkoposition 6 To find an expression fot the i csultanl of 
two foices at right angles 

Let OA, OB, Fig 18, lepresent two forces P, Q respectively 
at nght angles to each other 
Complete the rectangle AOBG 
Let B be the resultant of P and 
Q, then K is represented by 00 

Since tlie angle OAG is a right 
angle we have 

OG 2 ~OA- + AG l 
— OA- + OB 3 , 

.\ B? = F- + Q* 

Hence B = J{F + <2 2 }. 



Proposition 7 To find an expt ession foi the i esullanl of 
two foi ccs inclined to each othci at any angle 

Let OA, OB represent i espectively two foices P, Q inclined 
to each other at an angle y 

Complete the parallelogram AOBG OC represents B the 
resultant of P and Q Draw GD perpendiculai to OA meeting 
OA produced, Fig 19 (a), or OA, Fig 19 (6), in D. Then 
AOB = y , in Fig 19 (a) the angle y is less than a right angle , 
in Fig 19 (6) it is greatei 
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Now in Fig 19 (a), 

OD - OA + AD = OA +AC cos DAG 
= OA + OB cos AOB = P+Q cos y, 
CD =s AG sin DAG = OB smy—Q sm y 



In Fig 19 (6), 

OD = OA- AD = OA - AC cos DAG 

= 0-4 - OP cos (180 - y) = 0-4 + OB cos y 
-P + Q cos y, 

CD = AC sm DAG— OB sin (180 - r ) = 0 sm y 
Hence in either case we have 

Br-=0G i = 0D i + DC i 
= (P + Q cos y) 3 + 0 3 sin 2 y 
= P 3 + Q 2 + 2PQ cos y , 

R = a/I-P + Q° + 2PQ cos y} 

There are many special cases of this last proposition which can be 
solved by Goometry without reference to Trigonometry Thus, suppose 
the angle between the two forces to be 45° 

Hence, constructing Fig 20 as above, we have 
AIP+CD^ACP^Q 3 



Fig 20 


2—2 
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Also 

AD=DG, 


AD-DC =~ n . 

V" 

And 

OD=OA+AD=P+-Q 

Hence 

R i =OG 1 =OD-+DC a 


[ + ^J + 2 
=P=+Q=+PQV2 


Or again, if 7=60°, we liaic, fig 21, 

AD=i i AG=^Q, CD=QJ~. 



=P=+<3=+P<? 

These are both gnen by the general formula by putting 7=45°, 
cos 7= N /\ and 7=00°, 0037=^ 

If the two forces be equal the resultant bisects the angle between 
them, for, Fig 22, if 

OA=AC, 

then / AOC = L ACO 
= lliOC 

Join AB, cutting OG in D, then 
AB bisects OG at nght angles 
And 



Ji = 0C=20D = 20A cos A OG 
s=2Pcos J7. 


O 


Fig 22 
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9. The Resolution of Forces. Just ns we can com- 
bine or compound two or more foices nnd find then resultant, 
so conversely wo enn lesolvo a single foi cc into a nnniboi ot 
others, called its components, which me equivalent to it 

Pkoposition* 8 To find, by a gi aphical const) notion, the 
components of a fence in any lti.o directions 

Let 00, Fig 23, ho the given foice, mul LAI, LIT the two 
given dnections Thiongh 0 diaw OA paiallel to LAf and 
thiough 0 diaw AC p uallcl to LIT These two foices OA, AG 



acting at 0 have 00 foi their icsultant, hence OA, AO ate 
components of 00 and they mo paiallel tespcctively to LAI 
and LN, that is, they mo diawn m the given dnections 

Pkopositio.v 9 To find an cipuisnon for the components 
of a foi co in livo given dnections. 

Let 00, Pig 23, icpiesent Ji the given force, and let OA, 
OB he the components in directions making angles a, fj, lespec- 
fcively with 00. 

Then A0C=a, 

JiOO - AGO ■=• (i. 

Hence OA C - 1 80 - (a b P) 

Now in the tuanglo OA G the sides are pioportional to tlio 
sines of the opposite angles 
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Hence 


00 OA AG 
sin OAG ~ sin ACO sin A 00 * 
R P _ Q 

sin (a + ft) sm ft sin a* 


Moieover fiom the figuie a + ft —y. 

, sm ft 


Hence 


P = R 




sill y 
a 

sm y 


Proposition 10 To find the components of a foice m two 
directions at right angles 

Let 00, Fig 24, repiesent the force R, OA, OR two direc- 
tions at right angles in which the 
components are required. 

Let AOG-a 

Diaw OA, OR perpendiculai 
on the two duections Then OA, 

OR l epi esent the components P, Q 

OA 


Also -qq = cos AOG = cos a, 



Fig 24 


Hence 


OA = 0(7 cos a 
P = R cos a 


OR 


Again ~00 = cos -BOV ~ sin ^ OQ ~ sm °> 
OR — 00 sin a 


nonce Q = R sm a 

If we put ROC = ft wo have cleaily 
OR = OG cos ft, 

Q = R cos ft 

And in this caso a + ft = 90° 

Thus, when a foice is lcsolved into two others mutually at 
right angles, the component in each dnection is found by 
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multiplying the ongmal foice by the cosine of the angle 
between it and the dnection of the component 

It must he lcmembercd that this result is only true whon the two 
components aic at right angles 

Thus, let OA, OB (Fig 25) he two com- 
ponents of OG at right angles Draw OB' 
making an angle y with OA' and through 
G draw CA' parallel to OB’ If nor. OG 
be resolved into two forces an directions 
OA and OB' inclined at an angle y, the 
component m the direction OA is no longor 
OA but OA' 

A force repi esented by OA is J? cos a, where 
a is the anglo between OA and 00, that ■* ,, 6 

represented by OA' has not this value 

Proposition 11 To shew that xf the components of a force 
he resolved xn any dxxectxon, then the sum of these resolved pat ts 
as equal to the component of the ox xginal fox ce resolved xn this 
same dxrectxon 

Take the case of a foice R repi esented by OG, Pig 2G, 
which is resolved into two f oi ces 
P, Q lepi esented by OA and 
OB respectively 

Diaw Ox, Oy two lines at 
right angles through 0, and 
draw AL, BM and ON perpen- 
dicular to Ox Then if we sup- 
pose all the f oi ces resolved m 
the directions Ox and Oy it is 
clear that OL rcpiesents the 
component of P, OM of Q and Fig 26 

OFotR 

Diaw AK parallel to Ox to meet CN in K 

Then LN = AK And m the triangles BOM and OAK the 
sides are respectively parallel and OB is equal to AG 

Hence the tuangles are equal Therefoie OM -AK= LN 
Thus LN lepiesents the component of Q m the dnection of Ox 

But from the figuie 

0N~ OL + LN= OL + OM 
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Hence 

Component of li m the direction Ox = 

Component of P + Component of Q 

This pioposition can icadily bo extended to the case of any 
number of forces 

Proposition 12 To find an eynevnon foi the resultant of 
a number of fmcci impietsed on a pm tlclc in qn en directions 
lying in one plane 

Let j?j, Pn be tlio foices and let them make angles 
aj, a„ with a fixed line Ol, Fig 27, drawn tlnough the point 
of action Let Oy be peipen- 
diculai to Oi Let 11 be the 
resultant foice and 0 the 
angle its ducction makes 
with Oi 

Itesolve all the foi ces and 
the resultant m the two 
duections Ox and Oy Then 
since the lesultant is equiva- 
lent in its effect to the foi ces 
the components of the i esult- 
ant in each of these two 
duections aie respectively 
equal to the sum of the components of the foices in these two 
du ections 

The component of the i exultant along 0.i is R cos 0, the 
components of the foi ces ai e /*, cos a, , 7 > s cos a, lespectn ely 

Hence 

Jl COS 0 = P, COS «j + P„ COS CIo + = If/* cos a} (1), 

wlieie 2 {P cos a} means the sum of a numbei of quantities like 
Pcosa 

Again lesolvmg pnallol to Oy 

R sm 6 = Pj sin a, -i P„ sm cu + = 2 {P sin a} (2) 

Thus lemembenng that sin 1 0 + cos 1 0 - 1, ve have by 
squaung and adding 
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Jt 2 = [2 {P COS a}] 2 + [2{Psm a}] 2 

= 2 {P 2 } + 22 {P-iPi COS (cu— a,)}, 

while by dividing ( 2 ) by ( 1 ) we find 

A „ 2{P sm a} 

tan 6 = =- 7-5 f . 

2 {P cos a} 


10. Equilibrium of Forces impressed on a par- 
ticle. "We have alieady found, Prop 3, the conditions of 
equilibiium of a set of foices impiessed on a paiticle If a 
polygon be diawn whose sides lepiesent the foices in dnection 
and magnitude it will be closed The same icsult can be 
expiessed in symbols by the aid of the last pioposition thus 

If the particle be in equilibrium the resultant of the foices 
is zeio Thus the components of the resultant in any two 
dn ections must also be zeio Hence the sum of the components 
of the foices in any two directions at right angles must be zeio 

Hence 

Pj cos ttj + Po cos a B + . = 0 or 2 (P cos a) = 0 , 
and P, sin a, + P a sm a 2 + = 0 or 2 (P sm a) = 0 

Tins result is of couise applicable to the case of three 
forces, but m this case we know m addition that the foices aie 
lepresented by the sides of any triangle di awn paiallel to then 
dn ections, hence for tlnee foices we have the following theoiem 
known as Lami’s Theorem 


Proposition 13 When three foices impiessed on apaitic/e 
are in equilibrium each is pi opoi honal to the sine of the anqle 
between the other two 

Let the tlnee forces bo P, Q, It acting in dn ections OL, 
0M, ON respectively, Fig 28 

Let ABC be a triangle whose sides are parallel to the 
foices, BO being paiallel to OL, CA to OM and AB to ON 

Then from the figuie 

GAB -180- MON, 

ABC = 180 -NOL, 

BOA = 180 — LOM. 
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Hence sin CAB — sin MON, 

sin ABC = sin NOL, 
sm BCA = sin LOM 



But the foices P, Q, B are propoitional to the sides BC, 
CA and AB of the triangle ABC respectively 

Moieovei the sides of a triangle are proportional to the 
sines of the opposite angles Thus the forces are pioportional 
to the sines of the angles of the triangle which aie opposite to 
them 

]j ence ^ 9 — = ^ 

sm A~smB sm C 


Thus 


P Q B 

sm MON~ sm NOL ~ sm LOM' 


This theorem has alicady been veiified by expei iment (Exp 

im 

We may conclude then that m dealmg -with questions on 
the equihbnum of forces impressed on a particle 

(a) The direct method of solution is to resolve thefoi ces m 
any two convenient directions at right angles and equate to ze ? o 
each set of components 

(b) If the f<n ces be only tht ee in number a gt aphical solu- 
tion based on the it tangle of foices can easily be obtained 



10 ] 


ronCKS AT A POTNT 


27 


The following examples will lliuxtmte these xanous 
methods 

Examples. (1) hml the result ant of tico forces of '3 it ml i Kilos 
weight respect it elg impressed on a pat tide at right angles 

Let Jl l>e the resultant, then since the forces nro at right angles 
L‘ s = •d-lA-=2 r >, 

]l~o kilos weight 

Tins is the result which we senfiul m Experiment 1. 

(2) l'mil the resultant of tiro forces of 10 and 5 7 1 /«» weight acting at 
an ait’dr of OO" 1 * 

Let Jl l»c the resultant 

Then substituting in (ho formula 

Jf-=7»+ Q H 2PQ cos y, 

wc have 

JF=.V{1-1 2 1 +2x2xl} 

= 0 x 7, 

J?=f» */? kilos weight 

(3) A force of 10 7 i/n? ir« ight is resolt rd into tiro equal forces mutually 
at right angles , find these forces 

hi nee the components arc equal, they arc cqunlh inclined to the 
resultant 

Hence the angle lictwccn each of them and the lesultant is 45°. 

Thus if P and Q he tlicir a allies 

P=10cos Jo°= kilos w l , 

-s/2 

<Jr=]0=in45 o =— kilos wt 
-s/2 

(i) A force of 15 hlos weight is resoh ed into two at right angles, the 
value of one of tlnse is twice that of tin other, find the forces 

Let than ho 1* and Q kilos weight 
Then I’='2Q, 

J" | V a =lG 3 , 

<2=(1 ) J) =15-, 

Q 4 s=15 x 3, 

<? = 3 >Jh kilos weight. 

J J -=G«y5 kilos weight 


Henco 
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(5) The resultant of two forces of S 1 1 Jos weight and 5 hlos weight u 
a force of 7 kilos weight, find the angle between the two 

Lot y be the angle, then if II bo the resultant of two forces P and Q 
inclined at an angle y, we Know that 

li-=P : + Q-'+ 2 PQ cos y, 

7'=5 s +3- + 2 x 5 x 8 cosy, 

30 cos 7= 19 — 25 - 9=15, 
cos 7=3, 

7 = 00 ° 

Tims the angle required is CO -1 

(6) Forces equal to the weights of C, 7, and 8 lb are impressed on a 
particle in directions inchmil to iach other at 120° Find their lesultant 

Three equal foices at angles of 120’’ me in equilibrium The given 
forces aro eqimalcut to forces respectively of C lb , (0+1) lb and 
(0+2) lb 

The three forces of 6 lb are m equilibrium, and maj therefore be 
removed fiom consideration, and there aro left foices of 1 and 2 lb weight 
at an angle of 120° Their lesultant may be found graphically, or thus 
J2 2 =l- t2 2 +2xlx2xcosl20 :i 


=5-2=1 

Thus ll=*/2 lb vvt 

Or again 

Let Jl be the resultant force and let it make nn angle 0 with the 
direction of the forco of 8 lb weight 

Resolve all the foices parallel aud peipcndiculni to the direction of 
the 8 lb force 

II cost? = 8 cos 0 + 7 cos 120 +C cos 120 
-8 1 h7(-i) + G(-J) 

= 8-J3-3 = lv 

li sin 0=8 sin 0 +7 sin 120 - 6 sin 120 


=.8 0 + 7 ~--G 


J* 

2 



Hence 


Jl=<s/3Jb weight 

tnn0=^ = ~. 
d >/3 

0= 30° 


Thus tlic resultant is a forco of *fs lb weight inclined at 30° to the 
force of 8 lb weight 
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(7) A body icciqhinn a lb is sitppoi led by tiro strain*, the tension at 
one strain is 8 * lb ircuiht ami it* direction if inclined at 80° to the horizon 
Find the dtrictton of the other stnny and the tension m it. 


(l) Graphically 

Draw AB (lag 20) vertical!} down, j cm m length, to represent tlic 
weight, draw BC 8 cm an length and at 30° to flic 
laonzon to represent the tension an the first string, A 
and join CA Then CA represents the direction of 
the second string, and the number of cm m CA 
measures in lb weight the tension an that string 

(u) By resolution of forces 

Let T be tho tension of the string OC, 0 the angle 
it makes with the scrtical 

Let OD he the first string and OA the direction 
of the 1 lb weight. 



Revolving \erhcallj 

5= 3P cos 0+8 cos GO 5 ' 
Resolung horizontal!} 

T sin 0=8 sin 00°. 

From tho first equation 
T cos 0=1 
From the bccond 

Tsm0 = l Jd 

Hence 

2 -= 10 , 

T=71b weight, 

and tan 0 



(8) The resultant R of two forces P, Q impressed on a particle is equal 
to P and at rtyht angles to it Find the force Q 

LetAB (Fig 31) represent P, BC equal to AB and at right angles to 
it wall represent R Join CA Then BC is the 
resultant of forces represented in magmtudo and 
direction by AB and AC acting at B 

Thus a lino through B parallel and equal to AC 
will represent Q 

But ACP=4B'-i-J)Cr- 

=2AB- 
Qs=2pa 
Q=Pj2. 


A 



Therefore 

Hence 


Fig 31 
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(9) 1 uo Jotcci impressed on a particle are represented respectively 
by XO.fl and pOB, A and B buna fared 2 >omts and X and p constants 

C is a point vi AB such that X.4C is equal to pBC Shew that the re- 
sultant of the forces is (X+/i) OG 

By the triangle of forces n force XO/1 along OA (Fig 32) is equivalent 
to XOC along OG and \CA acting .it O 
parallel to GA Again pOB is equivalent to 
pOG along OC and pGB at 0 parallel to CB 

Thus the two given forcos are equivalent to 
(\+p) OG along OC togethoi with \GA and 
pBC in opposite directions parallel to AB 
These last two arc equal, the) therefore 
halanco and in a) be removed Hcnco the 
resultant is (X+p) OC 

(10) Explain the action of the wind m propelling a ship 

Lot AB (Fig 33) represent the direction of the ship’s heel, CD 
the direction of the sail which we 
suppose to ho flat Let the pressure 
of tho wind lie equivalent to a forca 
B acting on tho sail in the direction 
indicated Resolve this force into 
two components, one 11 at right 
angles to the sail, tho other 2' along 
the snil This last component pro 
duces littlo or no effect, and wo ma> 
neglect it, it is onl) tho component 
pcrpondioular to the sail which wo 
need to consider This forco R nets 
on the ship through tho mast AYc 
may resolve I? into two components, 
the one X parallel to the heel, tho other Y at right angles to tho heel 

Tlio resistance offered by tho watci to motion m n direction at right 
angles to tho heel is so great that tho component Y is nlmost bnlnnccd by 
it, the ship is built so that the water maj offer a small resistance to 
motion parallel to tho hcol, and the ship moves in this direction under 
the impressed force A Tho effect of the forco in tending to turn the 
shyi round can onlj be considered later 



A 
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EXAMPLES 

TRIANGLE AND PARALLELOGRAM OF FORCES 

J t Forces represented by the weights of 10 lb and 15 lb respec- 
thely act at a point in northerly and easterly directions Find the 
magnitude and direction of their resultant 

2 Find the magnitude of the resultant of two forces 12P and 5 P 
rrhen they act at a point and in directions at right angles to one another. 

3 ABC is a triangle, D, E, and T the middle points of BC, CA, AB 
respcctnely. Forces acting at a point are represented m direction and 
magnitude by the hnes AB, AC, BE ; shew that their resultant will be 
similarly represented by 3 FD 

4 The sum of two forces is 36 lb wt and the resultant which is at 
right angles to the smaller of tho two is 24 lb wt Find the magnitude of 
the forces 

5 The difference of two forces is 8 lb wt and the resultant, which is 
at right angles to the smaller of the two, is 12 lb wt Find the magnitude 
of the forces 

6 Can three forces which are in the proportion of 7, 10 and 17 
beep a point at rest? 

7 Forces represented in magnitude and direction by the diagonals 
of a parallelogram act at one of the corners, what single force will 
counteract them 9 

8 Shew by means of a diagram how to find the part of the pressure 
of the wind which is available for urging on a ship when the wind blows 
verj nearlj from the direction in which the ship is going 

9 Explain how the law of composition of forces may be deduced 
from the second law of motion 

10. Two forces P and Q have a resultant R equal to P Draw a 
diagram representing such a system and bhew by means of it that the 
resultant of two forces equal and parallel to P and R respectn ely would 
act at right angles to Q 

11 Shew how to find the resultant of two forces acting at the same 
point and explain how to venfj the result by experiment 

12 The wind is blow mg from the north-east Explam with a dingram 
its action m propelling a ship towards the north 

13 Resolve a force of 15 lb wt. into tw o forces each making with it an 
angle of 30° 

14. Shew how to place three forces which are m the ratio of 3, 4 and 
5, so that they may keep a particle at rest 

15. Describe an experiment to prove the parallelogram of forces 
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16 A pendulum consisting of a bob weighing 1 kilogramme at the 
end of a stung 1 metre long is drawn aside until the bob is 25 cm from 
the vertical through the point of suppoit, and is hold in this position by 
a horizontal string 

Find the forces on tlio bob (1) when in this position, (2) just after 
the horizontal string is out, (3) as the bob swings through its lowest 
position 

17. Five forces each equal to P act along radii of a circle which are 
at angular distances 30°, 60°, 90°, 120° and 150° from a fixod radius, 
determine the resultant 

18 If a heavy body is supported by two strings one of which is 
vertical, prove that the other must be vertical also. 

19 Shew that a vessel may sail due cast against a south oast wind 

20 A straight line is drawn parallel to tho baso BO of a triangle 
ABG, cutting AB in a point D such that AD is twico BD If P be any 
point on this line, piove that tho resultant of forces completely repre 
sented by AP, BP, CP is parallel to BC 

21 Find the resultant of two forces represented by the side of an 
equilateral triangle and the perpendiculai on this bide from tho opposite 
angle 

22 If the magnitude of one of two forces acting at a pomt be 
double that of tho other, shew that the anglo between its direction and 
that of their resultant is not grenter than thirty degrees 

23 If a uniform heavy bar is supported m a horizontal position by 
a Btring slung over a pog and attaohed to both ends of tho bar, prove 
that the tension of tho string will be diminished if its length be increased 

24 A weight hangs at the end of a string attached to a peg If 
tho weight is held aside by a horizontal force so that the string makes 
an angle of 30° with the i ertical, shew that tho tension of the string is 
double the horizontal force 

25. ABCD is a rhombus Show , without assuming the Parallelogram 
of Forces that forces lepresented by AB, CB, CD and AD aro m equi- 
librium 

26 State how three equal forces must act so as to produce equi- 
librium and hence find the resultant of two equal forces inclined at 120° 
to each other 

27 A weight is suspended by means of two equal strings attached 
to points in the same horizontal line Shew that if the lengths of the 
strings are mcieased, their tension is diminished 

28. A weight hangs at the end of a string attached to a peg If 
the weight is held aside by a horizontal foice, so that the string makes 
an angle 60° with the i ertical, shew that the tension of the string is double 
the weight. 
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29. Two forces P nnd Q act at the same point and then directions 
arc inclined to each other at an anglo of 45° Find an expression for 
tho magnitude of their resultant 

Find approximately the magnitude of the resultant if llio component 
forces bo respectnely equal to weights of 31b wt and 4 lb wt 

30. If a hcavj uniform bar is supported in a horizontal position by 
a string slung over a peg and attached to both ends of tho bar, prove 
that the tension of the string will bo diminished if its length bo in- 
creased . 

31. A weight is suspended by means of two equal strings attached 
to points m tho samo horizontal lino Shew that if the distance between 
the points is increased, the tension of tho strings is increased 

32. Find the resultant of two forces of 6 and 10 lb weight 
xespectn ely acting at an anglo of GO 0 . 

33. A body is acted upon by two forces, ono of 500 dynes duo north, 
and one of 250 djnes noith-cast , find tho resultant force 

34 A mass of 1 lb is supported by strings of lengths 3 nnd 4 feet 
respectively attached to two points in tho samo horizontal plane 5 feet 
apart "What is tho tension of each string? 

35. Pro\o that when a kite is being flown, the position which tlio 
string will take up cannot bo at right angles to tlio body of the kite, but 
will bo less steep 

36. Shew that three forces of 5, 6, nnd 12 lb. wt can nmer bo in 
equilibrium 

37. A body weighing 4 lb at rest on a smooth table is noted upon 
by forces of A and 41b weight in directions oblique to tho tnblo and 
at right angles to each other Show by a diagram how to find the 
directions of tlio forces 

38 Three forces keep a particle in equilibrium, one acts towards 
tho east, another tow’ards tho north-west, and the thud towards tho 
south , if tho first bo 6, find the other two 

39. ABCD is a parallelogram, and throe forcos noting at a point aro 
represented m magnitude nnd direction by AC , BD and 2 DA. Shew 
that tho three forces are in equilibrium 

40 DC and AB arc diameters of a circle Three foices acting at a 
point arc represented in mngnitudo and direction by AB, DC and 2 BD, 
shew that they arc in equilibrium. 

41. Three forces of 5, 12 and 13 lb wt aro in equilibrium Shew 
that two of them arc at light angles and find tho sines of the angles 
which tho remaining force makes with these two 

G.S. 


3 
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42. A weight of 10 lb is suspended from a fixed point by a string 
25 inches m length The weight is drawn aside until its \crtical distance 
below a horizontal line drawn through tho fixed point is 20 inches Bhow 
that the smallest force which will keep tho weight in this position will 
just support a weight of G lb hanging fioely 

43 A force of 7 lb wt acts on a pailiclo duo north, one of 81b wt 
duo east, one of G lb wt N N W Find by a careful diawmg the direction 
and the magnitude of tho force which will balance these 

44 If two forces eaoh equal to 1 lb w t act at a point and their direc- 
tions make with each other an angle of G0°, find to tho nearest oz the 
magnitude of their resultant 

45 Shew that forces of 09 lb wt and 5 lb wt acting at right anglos 
to each other have a resultant which is 17 times as great as the rosultant 
of fi lb wt and 3 lb wt acting at right angles to each other 

46 ABC is an equilateral triangle, AB the perpendicular on BG 
Forces each equal to P act along BA, AD and AG respcctivdj, in the 
directions indicated by the lottcrs Find the magnitude of their resultant, 
and shew that it is inclined at an angle 75° to the lino AB 

47 Thioo lines AB, AC and AD m the same plane make the angles 
BAG, GAD each equal to 30° Forces, equal to P, net along BA, AC 
and AD in tho directions indicated by the letters Find tho magnitude 
of their resultant, and shew that it is inclined at an angle 75° to the 
line AB 

48. ABGD is a rectangle, AD =15 inches and AB =20 inches , find 
the magnitude of the rosultant of two forces of lGlb wt and 25 lb wt 
acting along AB and AG respectn oly 

49 To two points A, B, 5 foot apart on a horizontal beam, the 
ends of a string aGB aro attached, AC being 4 feet and BC 3 feet long 
Flora G a weight of 101b is hung Find tho tensions m the strings 
AG and BC 

50 Foul weights of 2, 3, 4 and 5 lb aro hung on a string 5 feet 
long at points 1 foot apart The ends of tho string are attached to two 
points 3 feet apart in the same horizontal line, and tho form assumed 
by tho string is drawn to scale on a sheet of papoi Show how to find 
from the figuie tho tensions in eaoh part of the string 
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11. Rigid Bodies. So far we have dealt only with 
foices impiessed on a paiticle, or on some body which foi our 
purpose could he treated as a particle We are to consider 
nmv some of the effects of forces impressed on a body, the 
volume of which cannot be treated as very small The bodies 
with which we shall deal are called Rigid Bodies. By this 
it is meant that they 'do not alter in shape when force is im- 
piessed No body is perfectly rigid, but many substances will 
lesist the application of force and will change m shape by an 
amount which is practically infinitesimal, when foice is applied 
lion, glass and wood have all ngidity, and, though the shape of 
a body of any of these and other similar materials may vaiy 
slightly under the application of a force, the variation will not 
concern us Bodies which have rigidity are called Solids. 
Otliei bodies which we consider in Hydrostatics are Fluids. 
Tho distinction between Sohds and Fluids will best be con- 
sidered later 1 


12. Superposition of Forces. Now, when a foice is 
impressed on a rigid body, it is found by experiment that any 
point of the body, which lies in the line of action of the foice, 
may be considered as the point of application of the force 

Thus if a body be m equilibrium under two forces P and Q 
applied at A and B, Fig 34, the two forces 
P and Q must be equal and act m oppo- 
site directions along the line AB b*~ 

Now let a force P act on the body at Fig 34 


1 See Hydrostatics. 
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A in direction AB, Fig 35 At B intioduce two equal and 
opposite forces each equal to P These 
foiccs are in equilibrium and 'will 
theiefore not disturb the effect of P A 8 

Then P at A and P at B directed Pi g 35 

along BA balance , they therefore pro- 
duce no eflect and may be removed from consideration, and •we 
are then left with P at B 111 the direction AB producing the 
same effect as P at A impressed in that same direction 

Thus P may be impressed at any point of the body m its 
line of action without altering its effect 

This is called the principle of the transmissibihty of force 

In proving this principle, as w T ell as in some of the Ex- 
amples solved in Chapter I , we have made use of another prin- 
ciple which is of general application We have introduced two 
equal forces m opposite directions and have assumed that this 
does not afiect the equilibrium The truth of the assumption 
is obvious 

Tims we may, without alto ing the conditions of any problem, 
superpose upon, 01 1 emote from, any system of j in ces any second 
system which is itself m equilibrium 

13 Parallel Forces When the lines of action of two 
or more forces impressed at two or more points m a body 
meet, we may suppose the forces to be applied at the point of 
intersection of their lines of action, and find their resultant by 
the rules established in the last chapter 

In general, however, the lines of action of forces impressed 
on a body do not all meet m a point, the pioblem is more 
complicated The simplest case of this occurs when the 
forces are parallel 

Definition Two pm allel forces are said to be Dike when 
they act in the same direction, they are Unlike when they act in 
opposite directions 

Proposition 13 a To find the resultant of two parallel 
forces impressed at two points of a rigid body 

(1) When the forces ai e like 
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Let the two forces be P, Q acting at the points A,B, Fig 36, 



Fig 3G 

in directions AL and BM Take AL and BM to represent the 
forces Join AB, and at A and B mtioduce two equal and 
opposite forces S, represented respectively by A D and BE acting 
in the directions AB and BE Complete the parallelogiams 
ADEL and BEGM 

The resultant of P and S at A is represented by AF and 
acts along AF, let it be P 1 and replace P and S by their result- 
ant 

The resultant of Q and 8 at B is expressed by BG, let it be 

acting along BG. 

Then the two forces P and Q are equivalent to P, and Q x 
impiessed at A and B and represented by AF and BG respec- 
tively 

The lines of action P x and Q 1 when produced will meet 
Let them be produced and meet at 0 Draw 00 parallel to 
the original direction of the forces P and Q to meet AB m G 
Transfer the points of application of F 1 and Qi from A and B 
respectively to 0 

At 0 resolve P l into two components parallel to OG and 
GA respectively, these components must be equal to P and S 
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Again resolve Qi at 0 into frtfo components paiallel to OG 
and CB, these two components will be Q and S Thus we 
now have, acting at 0, P+Q along OG and two equal foices S 
paiallel to GA and GJi These forces aie equal and opposite, 
they may therefore be lemoved and we are left with a single 
force R equal to P + Q acting along OG parallel to the original 
direction of P and Q Transfer the point of application of JR 
to G Then the lesultant of P and Q is R acting at G parallel 
to the ouginal dnection of P and Q 


We have now to deteimine the position of the point 0 


By the construction, the triangles AJDF and AGO are 
similai 


Hence 


OG FJD _ P 
CA~ DA~ S' 


or 


P AG=S OG 


The triangles BEG and BCO aie similar 


Thus 


PC GE Q 
CB ~ EB~ S' 


or 


Q BG-S OG 


Thus 


or 


Q BG- P AG , 

AG Q 
BG~ P 


Agam add umty to each side 


or 


Similarly 


^ + i_e + i 

BG + P + ' 

AC+BG P+Q B 

BC " P = P' 

P AB=B BG 

Q AB-JR AG . 


P_ 

BG' 


Q 

AC' 


R 

AB * 


Thus 
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(u) When the forces aic nnhle 

Let the fences bo-P .vntl Q noting m the opposite du ections A /,, 
air, Pig 37, at the point* A and B, lot P be the gieatci foice 



Fin 37 

Take AL and BM to lepiesent the foices Join A Ji, nnd at A 
and B mtioduce two cqu il and opposite forces .S' leptesented 
iespecti\ely by AD and BE inipi eased m tlie du ections AD 
and BE 

Complete the pamllelogiains ADEL and BMGE as before 

Replace P and <$>, acting at A, by then lesultant i J , along 
the diagonal AF, leplace Q and S at /> by then lesultant Q, 
along BQ 

Since Q is lo«s than P the two diagonals A F and GB must 
meet Let them meet at 0 , diaw 00 paiallel to the original 
directions of the forces to meet BA piodueed m (J. Remove 
the points of application of /’, and Q l fiom A and B lespec- 
tively to 0 

At 0 lesohe P, into its two components P and .S' parallel 
to AL and AD jespectivoJj, and icsolve Q, into its two com- 
ponents Q and .S' parallel to BM and BE lespectively 

The tw'o components .S' balance and may be removed, nnd 
we liav e left a foice 11 equal to P — Q, m the dnection 00 pi o- 
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ducedj which is equivalent to the two forces P and Q at A 
and B Transfer the point of application of JR to G Then 
the lesultant required is JR equal to P — Q acting at C 

To dcteimmc the position of G we have, as before, since the 
triangles ABF and AGO are similar, 

0G__PP_P 
GA DA S' 

Thus P.AG = S. 00 

Also, since BEG and BOO are sumlar, 

PC GE Q 
CB EB~ S' 

Thus Q BC=S OG. 

Hence P AC - Q . BC, 

or P Q P-Q X 

BG~ GA~ BC—GA~ AB' 

Thus for like forces we have 

JR — P + Q t 

for unlike forces 

E=P-Q, 

while m eithei case the position of the point 0 is given by 
P_ _ Q__R_ 

BG GA~AB 

14. Couples. We should notice that theie is one case 
of the last proposition (Proposition 13 a n) in which the con- 
struction fails, if P is equal to Q the lines AF and GB of 
Fig 3V will be paiallel, we cannot find tlieir point of inter- 
section, it is at an infinite distance away and there is no smgle 
force which will leplace the two, such a system of two equal 
unlike parallel forces is called a couple 

We shall consider such a system later 

15. Resultant of Paiallel Forces When a number 
of parallel forces are impiessed on n body we can find their 
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resultant by taking Wo and finding the magnitude and line of 
action of theu icsultant , then combine with tins resultant a 
third force and so on, m this wav the lcsultant of all the 
forces can ho obtained It is dearly a foicc R gi\en by 

R=l\i P s + P s +. , = 2{P}, 

iilieie P j, P* aie the mdmdu il forces all supposed to act in 
the same direction, if one or mote of the foices acts m the 
opposite direction its sign, m the e\pi ession for J?,, must he 
changed 


16 . Experiments on Parallel Forces. For experi- 
ments on parallel forces a i octangular bar of wood about a 
metre long with squato section, each side of the squaie being 
some 2 to 3 cm m length, is convenient 

One face of the bar should he gtaduaied m centimetres or 



Fig 38 

and can slide along it These nngs base small hooks attached 
as shewn m the figure The liar is suspended m a horizontal 
position by vertical strings attached to A and B v, hile various 
weights can be supported fiom G. 

The ends of the strings attached to A and B are seemed to 
Wo spring balances JD and E 

For this experiment Salter’s ciiculai balances aie the most 
convenient In a spiral balance the scale-pan diops consider- 
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ably when loaded, owing to the stretching of the spnng, the 
drop is much less m the cnculai form shewn m the figure 

The small motion of the end of the spnng is magnified by 
the pointer 

The spnng balances are supported in some convenient way 
and the bar suspended in a liomontal position 

If the bar be uniform and the rings A, B be equidistant 
fiom either end lcspectively, it will be found that with the 
central nng G unloaded each balance is equally stretched 
This extension is due to the weight of the bai , m making 
expenments the readings of the balances thus obtained should 
be subti acted from those obseived when the bar is loaded 

Experiment 2 To delot mine by ea pm imcnt ihe postlton 
and magnitude of the resultant of two parallel fot ccs. 

Suspend the bar as just described from the two balances D 
and E lay the rings A, B Adjust the length of the stnngs so 
that the bar may be hon/ontal and the lings A, B equidistant 
fiom its centre Take the readings of tlio spnng balances, 
these should be the same Suppose them to be 25 kilo Sus- 
pend a earner or scale pan of known weight fiom C, and place 
known weights on it Let the total weight suspended fiom C 
be Jl kilos weight, this is supported by the tensions in the two 
stnngs at A and B Read the spi mg balances and subtract 
from each the leading observed before 11 was suspended The 
differences give the values of the forces P, Q winch acting at 
A and B lcspectively support R 

Note the positions on the scale of the points A, B and C 
and thus measure the distances AC and BG 

Then it w ill be found that 

R = P + Q t 

and also that 

P AC=QxBG 

The lesultant of P and Q is cleaily a force through C equal 
and opposite to R, thus the formula which gives the magnitude 
and line of action of the -lesultant of two parallel foices is 
verified 
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llep<ul the expeument, shifting the position of <7 it will be 
found th.it as G is moied P and Q both change, but their sum 
remains constant while the} always satisfy the relation 

r.jC-Q .JjG 

Mo i cover if the value of R be altered by changing the 
suspended weights it will be found that the % alues of P and Q 
are also cli mged but in such a way that the equation P+ Q — Ji 
is always tiue 

Again if 0 Iks a point on the bar on the side of A 
removed from B, and the distances OA, OH and OG be 
mcasuied, it will lie found that 

R OG ~ P OA -r Q OR 

See Section 21 

17. Motion about an axis. Wo will now consider 
the equilibrium of a IkkI}’ which can turn lound a fixed axis, 
and on winch foices aie impiessed m a plane perpendicular to 
the axis Unless some relation exists between these forces i ota- 
tum will take place, we wish to determine the i elation which 
must exist if there is to he equilihiiuin This condition is 
easul} found, the forces, which we lmc to consider, are the 
impressed foices and the leaction at the axis, this le letion is a 
force winch nei < ssanly passes thiough the avis, and it must 
balance the resultant of the iinpussed foices Hence foi 
equilibrium the lesult ml of the impiessed forces must pass 
through the avis 

Suppose now’ that tlieie aie onty two impiessed foices 
We can put the conditions into sj mbols thus 

PnorosiTiov 14 7'o find the condition of equilibrium ofi a 
body which can tin n about a fixed aonn when acted oil by two 
fioreext in a plane pcrjiendiculai to the axis 

It is clc.ii fiom w’b.it lias been said that the resullant of 
the forces must pass tin ough the axis 

Let the forces P, Q act in the plane of the papei and let 
the avis, at right angles to that plane, cut it m C Let a line 
ABC thiough the axis cut the lines of action of the foices m 
A and B and transfer the points of application of the forces l-o A 
and B } then the lesuttanl of two ioices P and Q acting at A 
and B lespeclnely passes thiough G 
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( 1 ) Let the forces be parallel, Mg 39 

Then their lesultant R, which is equal to P + Q, passes 
through 0 and a\ e have 

P.AG=Q BG 

Draw BCE perpendicular to the 
foices to meet then lines of action in 
B and E and let CD =p, CE = q 

The triangles AGB, BCE are simi- 
lar 

Hence 

Hence q ~ CE ~ CJ} p- 

Therefore P p-Q q. 



Now p and q are the perpendiculars from the axis on the 
lmes of action of P and Q Thus in this case the condition of 
equilibrium is that 

P x perpendicular from axis — Qx peipendicular from axis 

(n) Let the forces P, Q, Fig 40, be not patallel but let 
their lines of action meet at 0 
Their resultant R acts through 
0 hence R acts along OG Take 
OG to represent the resultant 
and from G draw OF, CG paral- 
lel to BO and AO respectively 
to meet OA and OB m F and G. 

Draw OB and GE perpendicular 
to the lines of action of P and Q, 
and let then lengths be p and q 
Then OFCG is a parallelogram 
and OG lepresents the resultant of the forces P, Q along OF 
and OG respectively 

Thus OF represents P and OG represents Q 
Now the diagonal of a parallelogram bisects it 
Hence area of triangle OFG = area of tnangle OGG, 
and ai e.i OFG = \0F. CD, 

also area OGG = \0G . GE 


o 
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OF GD - OG GE. 
p _ CD _ OG _ Q 
q~ GE~ 0F~ P‘ 

Theiefoie P p=Q - <1 

Thus the condition o£ equilibrium is the same as before, 

P x peipendiculav fiom axis — Qx peipcndicular from axis 

It may be shewn that, when three or moie forces act, the 
condition of equilibrium is the same m form, the quantities 
involved are the strength of each force multiplied by the length 
of the peipendicular from the point G on the line of action of 
the force 

18. Moment of a Force. The quantity which we have 
thus been led to consider has been given a name , it is called 
the moment of the force about the point 

Definition The Moment of a foice about a given point 
is the product of the foice and the peipendicular drawn fiom 
the point on to the line of action of the foi ce 

Thus the condition of equilibrium just found may be ex- 
pressed by the statement that The moment of P round G is 
equal to the moment of Q round G, 

Again if we consider the force P only it will turn the body 
m one dnection round the axis, while Q, alone, would turn it 
m the opposite direction. Under the action of P the body 
■would rotate m a direction opposite to that of the hands of a 
watch, placed face uppermost on the page, under the action of 
Q it would rotate m the same dnection as the hands of the 
watch. This fact is generally expressed by the statement that 
the moments about G of P and Q are opposite in sign 

The moment of P is said to be positive, that of Q is nega- 
tive 

Thus when the bar is in equilibrium the moments of the 
foices round G are equal in magnitude and opposite m sign, or 
in other words, having regard to the difference in sign, we may 
state that the sum of the moments about G of all the foices is 
zero 
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Thus 

Hence 
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19 Experiments on Moments. We shall now 

describe some experiments to verify tins lesnlt 

Experiment 3 To proic that, when a body which can twi n 
about a fried point is in equilibrium under two foices, the 
moments of these forces about the point are equal and opposite 

Foi tins cxpeiuncnt the bar employed m Expcnment 2 is 
again used It is however suspended by an axis through G , 
Fig 41, so that it can rotate m a vertical piano 



This Is attained either by boring a hole through the centre of the bar 
and passing n piece of steel Mire through the hole, the ends of the wire 
pass through two scrcM-cy es fixed into some convenient suppoit, the Mire 
thus forms the axis , or if inoie comcmcnt, a scrcw-ejc inxj be fixed into 
the bar instead of boring a hole through it A pm run through these 
0 } es forms the axis 13y suspending the bar very close to its centre, the 
effect of its omti weight in tending to turn it Mill be very small, and may 
be omitted from consideration [See §§ 3a, 37 Centre of Grai ity ] 

(l) When the foi ces ai e parallel 

Suspend by means of the wire rings earners fiom tu o points 
A, B of the bar Let 0 be the fixed point or fulcrum Place 
u eights on the earners until the bar balances m a horizontal 
position Let P be the total weight, including that of the 
carnei, suspended fiom A, Q that suspended from B 

Deteimine the weights P, Q for vaxious positions of the 
carriers A, B and measure in each case the distances AC and 
BG Form a table giving m four columns coi responding 
values of P, Q, AG and BG, then calculate the pioducts 
P AG and Q' BG. 
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It w ill bo found m all eases thnb they are equal, moieoiei 
A and B ato on opposite sides o£ C', hence the moments aro 
opposite in sign Thus tho pioposition is \enfied for two 
pai.dlel forces 

It can be veufied for more than two such foieos by placing 
several tamers on the bar and loading until equihbmim js 
seemed 

In all cases it, mil he found that the sum of tho moments 
about C, each taken mth its piopcr sign, is ?cro 

(n) When the fnn<i T 5 , Q arc not jwuiTfrt 

The hn is suppoi ted ns befoic and two spnng bnlnnees arc 
suspended fuan a point 0 ns shewn m I?ig *12 Tlie hooks of 


0 



Fig 42. 

the balances are connected by stiings to tlie points A and B 
and the lengths of the stnngs arc adjusted until the bat is 
horizontal , the readings of the balances gne tho tensions P 
and Q , thepoipendiculai distances p and q of G from the lines 
AO and BO aro meastned, and it will bo found as befoie that 

P.p-Q q 

In this experiment Rome small irror mnj lm produced lij tlie weights of 
tho balances themselves, hut it will not he laige it the balances aro 
stretched so that tho U nsion in tho stnngs maj ho considerable 

Another arrangement of tins apparatus is shewn m Fig 43 
The bai is used as befoie, tho stnngs from A and B pass ovei 
pullers and carry weights Thus tho foices P, Q impicssed at 
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A and B are measuied by the weights suspended at the ends of 
the stung, the pulleys winch should move easily merely serve 



Fig 43 

to alter the duection m which the forces are impressed In all 
these expenments it is necessary that the bai should turn 
easily on its axis 

20. Principle of the Lever. We have thus verified 
the law that When forces m one plane are impressed on a 
body, which can turn about an axis perpendicular to that plane, 
and maintain it m equilibrium, the resultant passes through the 
axis and the sum of the moments of the foices, each taken with 
its proper sign, about the axis is zero This law when apphed 
to the case of two forces is often spoken of as the Principle of 
the Lever 

21. Moments. The moment of a force can be repie- 
sented geometrically and the lepiesentation will be found 
useful 

Thus let AB, Pig 44, represent a force P , and let C be a 
point, about which the moment of P is lequired Draw CD 
perpendicular to AB, Pig 44 (a), or to AB produced, Fig 44 (6), 
and join AC and BG Then the moment of P about C is equal 
t oP CD 

But P is represented by AB 
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Hence P . CD is lcpiesontcd by AB CD. 

And AB CD = 2 nte.i luanglo ABC 

Thin, thb moment of a foico is twice the aiea of a 



Fig 14 (a) Fig 4 l {!,) 


1 mingle w hose base is the lino lepi eventing the foico com- 
pletely, and leilov the point lound which the moment is being 
taken 

II plionld lie noticed, that in making use of tins proposition, the lino A It 
must represent the foice completely It must theieforo ]inss through the 
point of application of the foree Suppose OA, OB he two lines repicscnting 
forces I*, Q impressed on a p irticio at 
O , complete the parallelogram A OBC, 
then for some jinrposes, c g in Older to 
find the resultant, vro maj Ire it .1 U, 
which is equal and parallel to OB ns 
representing Q, when bo doing wo bear 
m mind all the timo that it represents 
it only m magnitude and duection, 
not in point of application, wo cannot 
calculate the moment of Q about some 
point such as D, by finding the nrca of Fig 45 

the trnnglo OCA we must find the area of DOB 

We piocecd now to some Ihcoiems about moments wlucli 
arc of gieat nnpoi lance 

Proposition 15 To prove that the alr/ebtaic sum of the 
moments of too faces about a point in then plane is equal to 
the moment of then icsuftant about that point 

(l) When the lines of action of the forces meet 

Let the foices be P, Q impicsscd on a particle at 0 m 
dnections OA, OB lcspcclively 

G, »s. 
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Let H, Fig 46, be the point about which the moments are 



required and let OC be the direction of M, the resultant of P 
and Q 

Draw HC, parallel to OA, to meet 00 in C, and OB m B, 
and from 0 draw CA parallel to BO to meet OA m A 

Then AOBG is a parallelogiam having OC for its diagonal 
Take 00 to represent the resultant Jt, then OA and OB must 
represent P and Q the components of Jt in the directions OA 
and OB respectively 

Thus the forces P, Q and Jt are repiesented respectively by 
OA, OB and OC 

Again the moment of P about II is represented by twice 
the triangle HOA, that of Q by twice the triangle HOB, and 
that of R by twice the triangle HOG 

Two cases will now arise 

(a) If H is outside the angle AOB, Fig 46, the moments 
of both forces P and Q about H are the same m sign 

(b) If H is within the angle AOB, Fig 47, the moments 
of the two foices have opposite signs 
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In (a) 

Moment of 12 = 2 A HOC. 

How A 7700 = a HOB + A COB 

= A HOB + A CO A 
= A II OB + A HO A, 

for IIC is parallel to OA 

Thus the moment of 72 = moment of P + moment of Q 
Again ( b ) 

Moment of 72 = 2 A HOC. 

How A HOC = ACOB— A HOB 

= ACOA-AHOB 
= a no A — A HOB, 

for BC is parallel to OA 

Moment of 72 = moment of P — moment of Q 

In either case The moment of the icsultant of hvo foices is 
the algehaic sum of the moments of the foices. 

(u) When the lines of action of lliefoi ces an e parallel 

Let P, Q he the forces and 72 their lesultant Fiom 77, 
Fig 48, the point about which 
the moments are taken, diaw H 
HACB perpendicular to the 
lines of action of the forces 
meeting them in A, B and C 
respectively 

In the figure the moments of 
P and Q about II have the same 

S 1 S n Fig 48 

Moi eover we know that since 
72 is the lesultant of P and Q, 

It = P+Q, 

and P . AG — Q.BC 



4—2 
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Now the moment of R about E 
= R EC = (P+Q) EC 
= P EC+Q EC 
= P (EA + AC) + Q {HB—BG) 

=P EA + Q EB + P.AC-Q BC 
= P EA + Q EB 

Since P AC = Q BC 

Thus the moment of R is equal to the moment of P together 
with the moment of Q 

If the point about which the moments are taken between 
the lines of action of the foices is E 1 then the two moments 
have opposite signs 

Also the moment of R 

= jK E x G = P E x C + Q E X G 
= P C E x A - AC) + Q(BG- E x B) 

= P E X A - Q EJJ-P AC + Q BC 
= P HjA - Q E X B 

The proofs which have just been given can be extended to 
the case of tlnee 01 moie foices 

Tlius we obtain the result that the sum of the moments of 
a system of forces m one plane about any point m that plane 
is equal to the moment of their resultant about that point 

22. Resultant of a number of Parallel Forces 

We may notice (1) that this theorem enables us to find the 
line of action of the lesultant of a number of paiallel forces in 
a plane 

Foi lot P J} Pn be the forces, R their resultant Let 0 be 
any given point in the plane and let OA x A e cut the lines of 
action of the foices at right angles m A Jf A 2 , , and of the le- 

sultant in G Then we wish to determine G. 

Now we have 

R = P i + P s + P i + ... 
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Also taking moments about 0 

li OG = Py OA. + P, 0A„ 
1\ 0A X + 1\ OAn + 


Hence 


OG=- 


A+A+ 

Thus (i) The position of G is found, "while (n) The theorem 
includes that proved m Experiment 3, viz that the algebiaic 
sum of the moments of a system of foices about a point m the 
line of action of then resultant is zero For, if 0 be m the 
line of action of the resultant, then OG is zero and the sum 
of the moments vanishes 


Examples (1) Innd the resultant of txco parallel forces of 10 and 12 
Tvilos weight acting at two points A awl B 50 centimetres apart. 

Lot the line of action of the resultant 21 cut AB in G. 

Then 21=10 + 12 = 22 kilos weight 

Also taking moments about A, 

R A(7=10x0+12x50 
=600 

Thus AC=~r=27 27 cm. 


(2) The line of action of the resultant of two forces of 10 and 15 Kilos 
weight is 20 cm from that of the smaller foice Find the distance between 
the lines of action of the two foices 

Let AB perpendicular to the lines of action of the two forces cut the 
line of action of the resultant in G. Then A G= 20 cm and it is required 
to find AB 

Take moments about A 

(10 + 15) AG= 15 AB, 

20=^-° = 33d cm. 

Id o 

(3) Two men carry a pole 24 feet long supporting it at each end, 
from the middle point of the pole a mass weighing 3 cwt is suspended 
The weight of the pole is 1 cwt , and may be supposed to act at a distance of 
8 ft from one end Find the weight carried by each man 

Let AB be the pole, P and Q the upward pressures at A and B, G the 
middle point and G the point 8 ft from A, at which the weight may be 
supposed to act 

Thus P and Q will he the pressures on the men’s shoulders at A and 
B respectively, and their resultant must just balance that of the 3 cwt 
and 1 cwt 
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Thus P+Q=4 cwt 

Also taking moments about A 

Q.AB = 1 AG+3AC 


Thus 


Q= 


1x8+3x12 

24 


2+9 

6 


=1£ cwt wt 

Hence P=2J cwt wt 


(4) Masses of 2, 4, 8 and 1G lb arc placed at a senes of points m a 
line and at distances of 4, 3, 2 and 1 feet from the edge of a table Find 
the magnitude and point of application of the resultant fo> ce 

Let the resultant force be 12 lb wt and let it aot at a distance of 
x feet from the edge of the table 

Then 12=2 + 4 + 8 + 16=30 lb wt 

Also taking moments round the edge 

12a:=2x4 + 4x3 + 8x 2 + 16x1, 

8 + 12 + 16+16 62 
X ~ 30 “30 

= l]i feet 

(5) A series of foicis acting at a point arc represented in direction and 
magnitude by the sides of a polygon taken in order Shew that the sum of 
their moments about any point in the plane of the polygon is zero 

The forces aie m equilibrium , they have therefore no resultant, the 
moment therefore of the resultant is zero, hence the sum of the moment 
of the forces is zero 


(6) Forces act at the angles A, B,G of a closed polygon, each force being 
represented completely by one side of the polygon, and all the forces 
acting m the same direction round the polyqon Prove that the sum of the 
moments of the forces about any point in the plane of the polygon is con- 
stant 

Let the point 0 (Fig 49) be within the polygon, the forces P, Q, R 
etc are completely represented by AB, BC 
etc 

Thus moment of P= 2 a OA B, 
moment of Q=2aOjBC, etc 
Hence sum of moments of forces 
=2 a OAB + 2 A OBG'b 2 A OGB + 

=2 area polygon, and this is the same 
for all the positions of 0 within the polygon 
Now let 0 be outside the polygon The 
moment of P is again represented by 2 a OAB 
and so on , bnt in tbis case some of the mo- 
ments are positive, some are negative If the 
sum of the areas of the triangles which give 
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negative moments be subtracted from the sum of the areas giving positive 
moments, it will be found in any case that the difference is the area of the 
polygon 

Hence in this case also the sum of the moments is twice the area of the 
polygon 

23 . Moment about an axis. So fai we Lave dealt 
only w ith forces in one plane Suppose u e have any system 
of parallel foices and consider a line at right angles to the 
direction of all these forces Each of these forces is said to 
have a moment lound this axis , tins is found by drawing a 
line perpendicular both to the direction of the force and to the 
avis, and finding the product of the length of tins line and the 
force This common perpendicular is the shortest distance 
between the direction of the force and the axis , hence the 
moment of a foice about an axis, perpendicular to the direction 
of the force, is the product of the force and the shoi test distance 
between the axis and the direction of the force We may put 
this otheiwise thus Pass a plane perpendicular to the axis 
through the duection of the force, then the moment of the 
force round the axis is the same as its moment round the 
point m which the axis cuts this plane 

If the forces he not all at right angles to the axis each foice 
can he resolved into two components, one at right angles to the 
axis the other in a plane through the axis The product of the 
component at right angles to the axis into the shortest distance 
from the axis of its line of action is, m this case, called the 
moment of the force about the axis 

Proposition 16 To prove that for any system of parallel 
forces the sum of the moments of the forces about an axis perpen- 
dicular to their directions is equal to the moment of the i esultant 
about the same axis 

Let two parallel forces, P, Q he impressed on two particles 
A, B, Pig 50, in directions perpendicular to the plane of the 
papei Let Ox he a line in the plane of the paper about which 
moments are required, and let AL and BM be perpendicular 
on Ox 

Join AB and divide it in G so that 
P AG=Q BG 

The resultant (P + of P and Q acts at G 
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Draw CN pci pendiculnr to Ox and 11GK patallel to Ox, to 
meet AL and MU (pioduccd) in II and K respectively. 



Then 

Thetefoio 


P 110 BK 
Q~ AG~ All 


Now the moment of the 1 exultant 

= Jt CK= (P + Q) CuV = P II L 4 Q ICM 
= P (A l - All) + Q (Bit + UK) 

= P AL h Q UM-P All + Q UK 
= P AL + Q MI 
= Sum of moments of P and Q. 

In the same waj tho pioposilion can bo pi o\ ed for mi) 
numbci of paiallcl foices 

The pi oof may also bo extended m a similar way to any 
system of fox cos, fox our pui poses it is suihcicnl to lmvo 
established it foi a sj'stem of parallel foices mid to luno shewn 
that the sum of tho moments of any system of parallel forces, 
sibout an axis pcipendiculax to tho dncction of tho forces, is 
equal to tho moment of then icsultant about, the same axis 

3?ox examples of tho use of this Pioposilion, see Section 3S 
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1, Four equal and like parallel forces act at tbe angular points of a 
quadrilateral A BCD E is the middle point of AB and F of CD Prove 
that the centre of the forces is tlio middle point of EF Deduce that the 
lines joining the middle points of the opposite sides of a quadrilateral 
bisect one another 

2 A uniform rod ABCD moveable about a fulcrum, and thirty feet 
m length, has weights P, 3 P, 5P, 7 P attached to the rod at A, B, C and 
D, which are at equal distances apart If the rod be m equilibrium, find 
the distance of the fulcrum from A 


3, A uniform bar of length 2 ft 8m and weight 5£ lb is supported 
on a smooth peg at one end and by a vertical string distant 4 inches from 
the other end Find the tension of the string 


4. Two hght rods AB, BC are rigidly connected at B and meet at 
right angles Weights IV and TJ ' are attached at A and C If the system 
can turn about B shew that the tangent of the angle which AB makes 
with tho horizon is 


tan -1 


W AB 
If" BC 


5 A straight uniform heavy rod of length 6 feet has weights of 15 
and 22 lb attached to its ends, and rests in equilibrium when placed 
across a fulcrum distant feet from the 22 lb weight Find the weight 
of the rod 


6. A 6tiaiglit uniform rod of length 6 feet and weight 11 lb is 
placed across a fulcrum distant 2 J feet from one end to which a weight of 
26 lb is attached What weight' must be attached to the other end so 
that there may be equilibrium 6 7 8 9 

7. A uniform bar of length 3 ft 6 in and weight 9 lb is supported 
on a smooth peg at one end and by a vertical string distant 6 inches from 
the other end Find the tension of the string 

8. A straight light rod 2 feet long rests in a horizontal position 
between two fixed pegs, placed at a distance of 3 inches apart, one of the 
pegs being at one end of the rod , a weight of 5 lb is suspended at the 
other end, find the pressure on each of the pegs 

9 Let P and Q represent two like parallel forces acting at the points 
A and B respectnelj of a body Let C be the point in the straight line 
AB through which their resultant I? acts 

If Rrz 14i ib , <2=8 oz , and AB = 58 inches, find AC and BC 

10 A uniform beam weighing 10 cwt and lying horizontally between 
supports 50 ft apart carries additional weights of 3 cwt , 5 cwt and 8 cwt , 
at distances of 10 ft , 20 ft , and 35 ft respectnely from one support 
Find the proportion of the whole weight born bj each support 
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11 ABGD is a square, 23, the middle point of AB, is joined to C , 
BD is joined Forces of 1 lb and 6 lb act in AB, BC lespectnely , of 
3 lb and 21b in AD, DO respectively, a force of lb in BD, and 
ono of 5 n /5 lb in GJS, skew, by using moments alone, that the sj stein is 
in equilibrium 

12 A rod AB moveable nbout ft lunge A, has a weight of 201b 
hung on to B, B is tied by a string to a point C veiticnllj above A and 
such that GB is G times AG find the tension m the string BC 

13 A dog-cart loaded with 4 cut exerts a pressure on the horse’s 
back of 10 lbs , find the position of the centre of gravity of tho load, tho 
distance between the pad and axle being G feet 

14 Two forces act on a body which can move round a fixed point 
and the body remains at rest Show that the moments of tho forces 
round the point are equal 

15 What is meant by the moment of a forco about a point ? 

A man and a boy cany a weight of 55 pounds between them by means 
of a polo 51 feet long, weighing 20 pounds Wlioro must the weight be 
placed so that the man may bcai twice as much of the vv hole weight as 
the boy ? 

16 Find the magnitude and position of the resultant of four forces 
P, 2 P, 3 P, and 4 P acting along the sides of a square taken m order 

17 The sides of a square are 15 inches long, at tho endb of one side 
arc two weights of 3 lb each, at the ends of the opposite side two weights 
of 5 lb each, where does the resultant of the four weights act ? 

18 A tlnn board in the form of an equilateral triangle, and weighing 
1 lb has one quarter of its base resting on the end of a horizontal table, 
and is kept from falling over by a string attached to its vertex and to a 
point on the table m the same vertical plane ns the triangle If tho 
length of the string be double tho height of the veitex of the triangle 
above tho base, find its tension 
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24, Theorems about Couples. 

Definitions (i) Tuo equal and oppos'd*- parallel force, 

condtMc a Couple. . , 

(„\ The hue drau n at wild angle to the dtnctior . 

Ivo forces is called the Arm of the coup c 

(„0 n* product of either force into the W"™ 

distance between the lines of action ^Couolc 

the couplc-is called the Moment of the Couple. 

(iv) A line drawn at rigid angles to 

the two forces and proportional to the women f 
called the Axis of the couple 

(v) The couple is said to be positiie u hen, to ™ ° s , j 

holing along the awe from the point ^ 1™°% en- 

forces , the forces lend to turn the body on ff^X^Zarlo 
pressed in the same direction as the hands oj J 

moie 

arc now prepared for conic propositions about couples 

Proposition 17 . The algebraic sum Zn^hithc 1 plane of 

foiccs which constitute a couple about f } couple, 
the couple v, constant and is equal to the moment or ui r 

Let eacli force of tlio couple bo V andlotp, 
point m tlie plane of the couple Diaw OAh peipendicuiar 

the lines of action of the tv. o foi ces. 
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Then the algebiaic sum of the moments of the forces is 
P OB-P OA 


o 


A 


Yp 


if 
■ B 


Fig St 

Thus the sum of the moments 

= P(OB- OA) = P AB 
= moment of couple 

Proposition 18 Two couples tmpiessed on a i igid body m 
one plane balance if then moments at e equal and opposite 

Let the forces of the one couple be P, P ancl its aim p, the 
forces of the otliei couple Q, Q and its arm q Then ive have 
that the moment P p is equal to the moment Q q 

( 1 ) If the lines of action of P and Q meet 

Let two of the foices P, Q meet in 0, Ihg 52, and the 
othci two P, Q m O' Diaw O'M, 

O'N peipendicular to the directions 
of P and <2 respectively, then O'M = p 
and O'N ~q 

Thus we have the result that 
P 0'M=Q O'N, 

or the moment of P about 0 is equal 
and opposite to that of Q about 0 
Hence by Section 22, O' is on the line 
of action of the resultant of P and Q 
which act at 0. 
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Similarl}*, by drawing perpendiculars from 0 on the lines of 
action of the tw o forces P, Q which act at 0\ we can prove 
that 0 is on the line of action of the i esultant of these two 
foices These two resultants aie rqunl m amount and the one 
acts at O' along 0 0 the other at 0 along 00' IJcnce they 
balance each other. Thus the two couples are in equilibrium 

(n) If the hnc* of action of (hr (too forces Jo wot meet but 
arc parallel 

Lot AC HD perpenrheulai to the common direction meet 
them as shew n m h lg r »3 We know that P AB=- Q CD 



Fir W 


Tlien the i esultant of P at, B and Q at C is P+ Q acting 
upw aids at a point I whine 

(/M Q)AL -~Q AC^rP AJJ 
=--Q AC+Q CD 
= Q{AC + CD)= Q AD. 

Again the lesultant of P at A .uid Q at D is (P+Q) acting 
downw ai ds at, JJ w hei o 

(P+Q)ATI~P 0 + 0 AD 

= o AD 

Tims (P + Q)AL = (Pi Q) A L', 

or AI — AJJ. 

Hence L and II coincide, thus w r e have P+Q acting 
upwards and P + Q acting downwards at the same point. 

Hence the system is in cquilibnum 
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It follows therefore from this proposition that we may alter the 
direction of the forces of a couple, keeping the two parallel, without 
modifying its effect. We may also alter the forces, so long ns we alter m 
the inverse ratio the distance between them and thus keep the moment 
constant 

Further we may alter the points at which we consider the forces 
impressed, if only the moment remains unchanged 

Thus the forces of a couple may have any value, and one of them may 
be supposed to bo impressed at any point m the plane of the couple, so 
long as the moment of the couple lemains unchanged m magnitude and 
direction 

Proposition 19 Any system of couples impressed on a 
rigid body m one plane is equivalent to a single oesultant couple 
whose moment is the algebi aic sum of the moments of the in- 
dividual couples 

Since two couples of equal moment, opposite in direction, 
balance, any two couples of equal moment, the same in direc- 
tion, produce equivalent effects 

Thus we may replace any couple by anothei couple of the 
same moment with one of its forces passing through any given 
point 

Suppose now that Pi, P, be the foices of the various 
couples and p lf p 2 their arms 

Replace the couples by another sot of couples having the 
same forces JP U P« and the same arms but such that all the 
forces are parallel, and that one foice of each couple passes 
through a fixed point 0 

Let OA x A 2 , Pig 54, be perpendicular on the lines of 
actions of the forces and meet 
the second force of each couple 
respectively in A u A s 

Then we have a system of 
parallel forces Pi, P 3 etc 
at 0, together with a second 
system of forces in directions 
opposite to these, viz P 1 at 
A lt P« at An etc 

Moreover 

OA 1 =p l) OA 2 =p 2 etc 

Now the first system of 
forces has a resultant R acting 
at 0 Also Jt=P 1 4 P a + . 



Fig 54. 
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The second system 1ms a resultant also equal t-o It at some 
point C m OA^U the direction of tins forco Jt being opposite 
to that of Jt at 0 

The position of G is found by (. iking moments about 0 and 
is given by 

Jl OC^J\ OA)+P s OA»+ ... 

-Pi Pi* Pi + . • 

“ sum of moments of oiigmnl foices. 

How R at 0 and 7? at G, acting m opposite dnections form 
a couple nhose moment is R OG, this no have just seen is the 
sum of the moments of the oi ignial couples 

Thus any system of couples in a plane ? s equivalent to a 
resultant couple , whose moment is the sum of the moments — each 
with its proper sitpi — of the oi vjmnl couples 




Proposition 20 A foi < c and a couple imp i essed on a i n/id 
bodq cannot maintain it in cqmhbi mm 

I/‘t 0, Pig r i3, he an) point in the line of action of the 
foicc V Change the aim of the couple, 
keeping its moment constant, until the 
forces of the couple are also P Place 
the couple so that one of its foi ces acts 
at 0 in a direction opposite to the im- 
pressed forco P Then we ha\e two 
equal and opposite forces P impressed 
at 0 and a third force P m a direction 
parallel to these but at a distance p 
from them The two forces at 0 ba 
lance, and i\c aie thus left with an un- 
balanced force acting at A parallel to the impressed forco P but 
afc a distance p from it Such a foice cannot maintain equili- 
brium 


Pir 55 


_ Proposition 21. A force impressed on a ru/ul body at any 
* point is cquii alent to an equal and parallel foi ce, tmpi essed at 
any other point , toqelher with a couple whose moment is the, 
moment of the foice about that point 
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Let a force P be lmpiessed on a body at any point A, 
Fig 56 Let 0 be any other point of the body and draw OH 
perpendicular to the direction of P 
At 0 introduce two equal and opposite 
forces P lf P a equal and paiallei to P 
This will not affect the equilibrium 
Then P at A and P s at 0 constitute a 
couple whose moment is P OH and 
there is left a single force P 2 at 0, 
equal and paiallei to P 

Thus the fence P at A is equivalent 
to an equal and paiallei foice P at 0 together with a couple of 
moment P OH about 0 



Proposition 22 Any system of forces acting at different 
points of a i iqid body m one plane is equivalent to a single re- 
sultant force acting at any given point of the plane together with 
a couple , whose moment is equal to the sum of the moments of the 
foi ces about that point 

Poi , let thei e be a numbei of foi ces P, Q, It acting at 
points A, B, C Let 0 be any given point in the plane. Then 
by the last Pioposition each of the given foi ces is equivalent 
to an equal and paiallei foice thiough 0 togethei with a couple 
whose moment is the moment of the force about 0 

The foi ces P, Q, R impressed at 0 have m geneial a 
single resultant The couples have m general a single result- 
ant couple whose moment is equal to the sum of the moments 
of the couples, and theiefoie to the sum of the moments of the 
forces about 0 


Proposition 23 To find the conditions of equilibrium of a 
system of foi ces in one plane impi essed on a ? igid body 

Such a system is, we have seen, equivalent to a single 
resultant foice and a single lesultant couple Since a single 
foice cannot balance a couple it is necessaiy and sufficient for 
equilibrium (i) that the resultant force should be zero, (n) that 
the resultant couple should be zero 

In Older that the lesultant force may lie zeio the sum of its 
components m an}’ tv o dnections at light angles must be zeio 
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Since the moment of the resultant couple about any point 
is the sum of the moments of the forces about that point, it is 
necessary m order that the resultant couple maj' vanish that the 
sum of the moments of the foices about any point in the plane 
should vanish. 

If the resultant force is zero v e aio left with a resultant 
couple , now the moment of a couple is constant, licucc m this 
case the sum of the moments of tho foices is constant about 
any point m the plane; and thercfoie if the sum of the 
moments of the foices vanishes about one point, it will vanish 
about all. 

The necessaiy and suihcicnt conditions foi cqmhbimm of a 
system of forces in one plane tbeiefoic aio 

(1) The sum of the i esohed pai ts of the foi ces in each of two 
directions at light angles is zero 

(n) The sum of the moments of the foices about someone 
point in the plane is zero. 

Conditions equivalent to these hold for the case of foices not acting iu 
one plane 

The following Examples illustrate the foregoing piopositions 

(1) Forces of 4, 5, 6, 7 lb wea/ht act at the angular points A, B, C, D 
of a square lamina each sale of which ts 1 ft parallel to the sales AB,BC, 
CD, DA respectively Find the resultant force and resultant couple 
about A 

For tlio resultant force Tho 4 and 0 lb wt arc equivalent to ft foico 
of 2 lb wt. parallel to BA, while tlio 5 ami tho 7 lb aro cqimalont to a 
force of 2 lb wt parallel to DA lienee the resultant force is 2*/2 lb 
wt m a direction bisecting the angle DAB and acting towards /I 

For the resultant couple take moments abont A, tbe moments of tlie 
4 and the 7 lb weight arc zero, for theso forces pass through A 

Hence tho moment about A is 

5 • AB + G AD, 

and sinco AB and AD are each 1 ft the moment of tho couple is 11 ft -lb 

It may bo noticed that tlio moment of a couple may bo measured like 
work in ft -lb , or more generally, Hint it is found by determining the 
product of a foice aud a distance. Tins will bo found to be uupoitaut. 

G s. 5 
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(2) Six forces impressed on a rigid body art represented completely by 
the sides of two triangles ABC, DEF, the forces act tn opposite directions 
round the triangles , find the condition that the system may be in equi- 
librium 

The resultant force is found by supposing all the forces to be impressed 
at a point unchanged in magnitude and direction It is clearly zero, for 
forces acting at a point represented in direction and magnitude by the 
sides of the triangle ABC ( Fig 57) are in equilibrium, as are also those 




represented by the sides of DEF 

Thus the resultant is a couple 

Now the moment of forces represented completely by the sides of a 
triangle is twice the area of the triangle 

Thus the moment of the resultant couple is twice the difference 
between the areas of the two triangles In order tliercforo that the forces 
may be m equilibrium, it is necessary that the areas of the two triangles 
should be equal 

(3) The three angular points A, B, C of a triangle are each joined to 
two points P , Q in the plane of the triangle 

Forces represented completely by PA, PB, and PC, AQ, BQ, and CQ 
act on the triangle Shew that the resultant is a force parallel and 
equal to 3PQ 

The resultant of PA, AQ (Fig 58) acting at A is a force at A equal and 
parallel to PQ, for three forces at A 
represented by PA, AQ and QP will be 
in equilibrium 

Similarly the resultant of PB, BQ 
is PQ at B, while of PC, CQ it is PQ 
ntC 

We hare therefore three equal forces 
each equal to PQ acting at the angular 
points A, B, C, the resultant of these is 
a force parallel to PQ and represented 
by SPQ. 
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WORK EQUILIBRIUM. 

25. Work done by a Force. A definition of Work has 
been given (Dynamics, § 105), and it has been seen that -work is 
done when the point of application of a force is moved in the 
direction of the force Thus if a point A, Fig 59, is displaced to 
A', and A'A 1 he drawn at nght 
angles to AJB, the line of action 
of a force F impressed at A, 
then work is done by the force, 
and the work done is measured 
by the product F AA X . 

This quantity measures the 
product of either (i) the force and the displacement of the point 
of application resolved in the direction of the force, or (n) the 
product of the displacement and the component of the force 
resolved in the direction of the displacement 

Moreover we have seen (Dynamics, § 103) that work done 
is one of the meanings which may be given to the term Action 
m Newton’s statement of the third law of Motion 

26. Projection. In Figure 59, the line AAj is often 
spoken of as the projection of A A' in the direction of the force. 

5—2 




STATICS 


68 


[OH. IV 


In general, if AB, Fig 60, be any lme and CD a second line, and 
if furthei AC and BD be perpen- 
dicular from A and B respectively 
on CD, then CD is the ortho- 
gonal projection, or more simply 
the projection of AB on the 
second line If AB represents a 
force then CD repiesents the 
component of the force m iho 
duection CD, it is sometimes 
spoken of as thcpiojection of the 
foice in that duection 

In finding, then, the work done by a force, we project tho 
force in the direction of displacement and then multiply 
together the displacement and the projection of the force 
FTow let a number of forces ■Pu F s> Dts represented in direction 
and magnitude by the lines OA, AB, BG , Fig 61, etc be im- 
pressed at a point, let Ox be 
any'direction through thepomt, 
consider first the caso of thieo 
forces represented by OA, AB, 

BC and join OG 

Then OC represents the re- 
sultant of the throe forces 
Diaw AL, BM, CN perpen- 
dicular to Ox Then AL is the 
projection of jP„ LM the pro- 
jection of P a and MN the pro- 
jection of Also ON is the projection of B, the resultant 

And smce ON— OL + LM + MN, we see that the projection 
of the resultant is the sum of the projections of the components, 
oi, m other words, the resolved part of the resultant is the sum 
of the lesolved paits of the components (See Pi op 11.) 




27. Work done by a system of forces. 

Proposition 24 If a system of foices be impressed on a 
paihcle and the pai tide i ereive any displacement the uoih done 
by the forces is equal to the woth done by the lesultant . 
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Consider Iho case of three foiecs 1\, r, represented by 
OA, AB , BC> Fig 62 Let Ox ‘ 

bo the direction of tho displace- 
ment and let a be its amount 

Draw AL, BM, CAT perpen- 
dicular to Ox, then OL, LM \ 

MN represent respective!}' tlio 
components of tho foiccs m tho 
direction Ox and ON represents 
the component of tho resultant 



Hence the uotk done by 
the f oi cos 


— OL a + LM a + MN.a 

— ( OL + LM + MN) a 

— ON a 


Fig 62 . 


~ tho woik done by the icsulimit 

If one of the foiccs neb m a dnection such us AB, Fig 63, 
the result is still the same, for tho 
uork done by P a is in tins case 
negative since tho displacement 
takes place in a direction opposite 
to the force and M is to tho left 
of L 

Thus the voik done by forces 
= {OL - LM+ MN) a - ON a 
= the \\ oik done by tho resultant 

If the forces form a system m 
equilibrium, then tho point m the diagiam, coiiesponding to 
C, which forms one extremity of the lino lep resenting the last 
force, coincides with 0, the sum of the components of tho forces 
m any direction is zero, and the woik dono is zero 

Thus , if a system of forces impressed on a particle be in equi- 
ibrium, no work %s done in any displacement of the particle, 
provided that the forces are not altered by the displacement 

If we make the displacement very small, we may, even in 
cases m which tho forces do depend on tho position of the 
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pai tide, assume •without euoi m calculating the woik that the 
£01 ces remain unchanged 

Thus tlio conditions of equilibnum, for a system of forces 
impiessed on a pat tide, express the fact that the particle can be 
slightly displaced without expenditui e of eneigy 

Stai ting from this proposition as an axiom we could estab- 
lish the various laws all eady obtained as to the composition and 
resolution of forces, 


*28. Work done on a ngid body. We pioceed now 
to shew that the conditions of equilibrium for a body under a 
sj'stem of forces m one plane also expiess the fact that if the 
body he m equilibrium no expenditui e of energy is necessaiy to 
give it a slight displacement 

PiiOi'OSiTiON 25 To find the tooik done by a foice when a 
body on which it is impiessed receives a slight lolulion about an 
axis at right angles to the duection of the foice 

Let AB, Fig 64, be the direction of the foice B impiessed 
m the plane of the paper on a body 
Let the body be turned about the 
point 0 through a small angle 6 so 
that OA is brought into the posi- 
tion OA' , then A A 1 is the displace- 
ment of A and if the angle be 
very small we may treat A A' eithei 
as a small straight hue or as an 
aio of a circle 

Moreover A A' is ultimately, 
when the angle 6 is very small, at 
nght angles to OA 

Draw A'A 1 perpendicular to AB the direction of the force, 
and ON perpendicular from 0 on the same line AB. 

Then since OAA' is a right angle 

A X AA' = 90- 0AN= NO A, 

and the angles at A, and N are both right angles, thus the 
triangles NO A, A t AA' are similar 
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Hence 


A,A _ ON 
AA' “ OA * 


AA' 

Thus A y A = ON -q 2 • 

Now ^4- is the cuculai measuie of the angle 0. 

OA 

Hence A^ = ON x 0 

Now the woik done by the force P is equal to P AA, 


Thus 

Woik done — P AA, — P . ON x 6-6 x moment of P about 0 

Hence, when a body is displaced tin ough an angle 6 about an 
avis at right angles to the impi essed foi ce, the woi k done by the 
foi ce is found by multiplying the moment of the foi cc about the 
avis by the angulai displacement 


Now the circular measure of an angle is meiely a number, 
the ratio of two lines, we see therefore how it is that the 
moment of a force and work are both measured in the same 
units, foot-pounds, footpound.vls or centimetre-dynes as the case 
may be 


Proposition 26 To find the woik done, by a system of 
Jorces impressed on a body in one plane, when the body receives 
a small notation m that plane about some point 

If a numbei of foices are impressed on the body then 6, the 
angle through which the body is rotated, is the same for them 
all 


Hence, if 0 be the point about which rotation takes place, 
then the work done by each force is found by multiplying its 
moment about 0 by the angle 6 

Hence the whole work done 

= 6 {sum of moments of forces about 0 } 

Hence if the sum of the moments about any point is zero no 
woik is done duimg any small rotation about that point 
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*29. Equilibrium of a ngid body. Now wo havo 
seen that one of tho conditions of equilibrium of a body undci 
a system of forces m one plane is, that the sum of tho moments 
of the foices about any point m the piano should be zcio If 
this condition be satisfied no work is done by turning the body 
tluougk a small angle about any point m tho plane 

Again any system of foices is equivalent to a resultant 
force acting at 0 and a resultant couple about 0 The moment 
of this couple is the sum of the moments of the forces 

If 0 remains fixed, work is done only by tho resultant 
couple, none is done by tho resultant force, and tho work done 
by the couple is found by multiplying its moment by the 
circulai meusuie of the angle turned tlnough 

Again if all points on the body are displaced the same 
amount, no woik will be done by the resultant couple Foi the 
work done by one foice of tho couple is equal to that done 
against the othei 

Now any motion of a ugid body m one plane is made up 
of a translation, m winch all points of tho body receive equal 
parallel displacements, and by which sonio one pomt of tho 
body is hi ought to its new position, togcthei with a rotation of 
the body as a whole about this now position 

For the position of the body will be known if we know the 
position of two points , suppose then that the tv o points A, B 




Fig 05. 

(Fig 65) come to the position A', B’, bo that MB’ is equal to 
AB Wo can bung AB to the position A'B’ in two steps 

First keep it parallel to itself and move A to A' Then 
AB will come in tho position A'B X parallel to AB Secondly 
turn A' By about A’ till B x comes to B', then AB has been 
brought to A'B'. 
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If a system of forces be impressed on the body the system 
is equivalent to a resultant R acting at A and a couple about 
A , let G be the moment of the couple 

Owing to the first displacement the couple does no work, 
the whole work done is the product of R into the component of 
the displacement AA' in the direction of R 

Owing to the second displacement since A' remains fixed 
the foice R does no work All the work done is done by the 
couple G and is equal to the product of G- and the angle 
B X A'B’ 

Thus, if c denote the angle between the direction of R and 
AA', and 9 the angle B X A'B', the whole work done is given by- 
IB . AA' cos e + (7 x 6 

In ordei then that no woih should he done %n any small 
displacement by which the body is brought from one position to 
another it is necessary and sufficient that both the resultant force 
and the resultant couple should vanish 

Now the general form of the condition of equilibrium is 
that both the resultant force and the resultant couple should 
be zero Thus m this case the condition of equilibrium 
expresses the fact that when a body is in equilibrium no 
expenditure of energy is needed to produce a small displace- 
ment 

Work is done by some forces and against others, if there 
be equilibrium these two amounts of work are equal, m 
Newton’s phrase the action is equal and opposite to the 
leaction 


30. Virtual Velocities. The principle which we have 
just pioved for the case of forces m one plane is often spoken 
of as the Principle of Virtual Velocities 

It may be enunciated thus 

Suppose each point of a rigid body to which a system of 
forces is applied to receive any small displacement consistent 
with Us geometrical relations 1 Multiply each force of the 

1 By this phrase we mean that the displacements of each point must 
be such as can take place without altering the form or size of the body 
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system by the component of the displacement of its point of 
application estimated m the dnection of the force , then form 
the sum of the products so obtained If the forces be m equi- 
librium this sum is zero, and conversely, if the sum be zero 
for all possible displacements, the system of forces is m eqai- 
libi mm 

We may state this otherwise thus 

Calculate the t-otal work done m any small possible dis- 
placement 

Then ( 1 ) if the forces are m equilibrium this work is zeio, 
(n) if the work is zero for all such displacements then the 
foices are in equilibrium 

The void Vntual is used in describing the Principle 
because the displacements considered are not actually made , 
they are hypothetical and the work is calculated on the suppo- 
sition that they are made The displacements are spoken of as 
velocities because it is usual to suppose them to take place in 
the same time The Principle is also called the Principle of 
Vntual Work 

A number of problems can most conveniently be solved by 
the direct application of this Principle Examples aie given in 
Section 33 For the present we are concerned with shewing 
that the conditions of equilibrium merely express the fact, that 
no expenditure of energy is required m order to displace slightly 
a body under a system of impi essed forces m eqmhbi nan 


31. Conditions of Equilibrium. It has been shewn 
that a system of forces impressed m one plane on a rigid body 
is equivalent to a single force and a couple, and that for 
equilibrium both the force and the couple must be zero It has 
also been pointed out that this condition expresses the fact 
that no expenditure of energy is needed to give the body a 
slight displacement 

Now these conditions can be put into various forms each of 
which may be useful in special cases We proceed then to 
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illustrate them by some pi older ns and to Rtato vnnous useful 
theorems 

In solving problems the two following rules will ex.pi ess 
tlio conditions of equilibrium in the most straightforward 
m mnei 

(1) Equate to zno the sum of the components of the forces 
in tu'o coniement diicctwns at tight angles 

(n) Equate to zero the sum of the moments of the foiccs 
about some convenient point 

In this way threo equations are obtained and the pioblom, 
if determinate, can bo soiled 


Examples. (1) A uniform ladder of Inown length I and weight IK 
rests on rough ground anainst a smooth tertical wall at a known angle a 
with the horizon J<md the reaction at the points of contact of the wall and 
the ground, assuming the weight of the ladder to be cgunalent to a single 
force ll'itcting at its middle point 


Thus 

Itot-olvmg vcttically, 
Resolving horizontally, 


11 rrpein 0 


11— P cos 0 


Let All (Iig GC) he the lmlder, JIG the wall Let 11 be the reaction at 
the wall Since the null is smooth, the directum 
of 11 is horizontal Let P be the reaction at tho 
ground and let it nuke an angle 0 with tho 
horizon. 

Since 11 acts horizontally and 11" vertically, 
the horizontal and vertical directions will ho two 
“convenient" directions at right angles m which 
to resolve 

The vertical components of the forces are ?r 
dow awards, and P ein 0 upvv .irds The hoi i/ontnl 
components arc It outwards from tho wall und 
PcosO to the wall 



( 1 ) 

( 2 ) 


For tlio third condition wo may take moments about any point, but 
since the direction of P passes through A, by taking thorn about A vve 
eliminate two of our unknowns, I’nnd 0 , it will clearly bo “convenient” 
to do tins 


Toko moments about A, 


B BC=ir. 


AG 




• ( 3 ) 
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But by geometry, 


UGs=AB sin a= l sin a, 
A C—AB cos a = 2 cos a 


Hence fiom (3), 

R=$W cot a 

From (1) and (2), 

P==IF 2 +jR 3 


and 



P=N'V(l+4cot a a), 


tan 0= 


W 

JR 


=2 tan 


a 


Henoo JR, P and 0 are determined 


We might have solved the problem by resolving m two other directions 
oi taking moments about some other point, but less conveniently For a 
different solution see page 78 


(2) A uniform rod AB of length l and weight W is hinged at A to a 
vertical wall, the end B is connected by a horizontal string to the wall, and 
the rod is inclined to the wall at an angle a, a weight W' is suspended 
from B Determine the tension m the string and the direction and magni- 
tude of the pressure on the hinge 

Let T bo the tension in the string, X and Y, in the directions indicated, 
the horizontal and vertical components of the force at 
the hinge 

Resolving veitically, 

r=jr+jr. 

Resolving horizontally, 

T=X. 

Take moments about A, 

T l cos a= Wlem a+ 

T=(IP+iTF)tana Fig 67. 

Thus the forces are all determined 



32. Problems on Forces in one plane. The con- 
ditions of equilibrium can be put into different forms Thus 
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PnoroMTios 27. To prove that a system of forces is in 
equilibrium if the sum of the moment* of the fences about each of 
three points not in the same straight hue is mno 

For lot. tlio sum o£ ilic moments about A bo zero, then 
the system is either m equilibrium or has a lesultant foice 
through A. 

T£ the sum of the moments about B is also /eio, this lesult- 
* ant must pass through Jl 1 1nis it must act in the line Ali 
J’ul similarly since the sum of the moments aliout C is also 
7oio the resultant acts along AC , and since .1, Jl, C aie not m 
a straight line this is impossible, hence the lesultant is 7.ero, 
and the system is m equilibrium 

In the ca«e in •which the forces acting on the hod)’ reduce 
to three, the following proposition is useful 
« 

PltorosiTIOX 28. When three forces in one plane maintain a 
body t7i equilibrium their lines of action meet m a point or are 
parallel 1 . 

(i) Let us suppose the directions of tw o of the forces meet 
in a point 0. 

Replace these turn by their resultant acting through 0 
Then the resultant and the third force maintain equilibrium, 
hence the line of notion of the third foice passes through 0. 

(it) Suppose that the directions of two of the forces are 
parallel, replace these by their resultant which will also be 
parallel to the two forces 

Then this resultant must balance the third foice Hence 
the three forces act m. parallel dncctions 

Corollaiy By combining (his with the triangle of forces 
we sec that, if three forces whose directions are not parallel 
maintain a body m equilibrium, they can be represented by the 
sides of a triangle drawn pat.illel to then lines of action respec- 
thclj’ 

1 It may bo sliovui that if three forces maintain a body in equilibrium 
their lines of action must be ui one plane. 
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In applying this proposition to problems it frequently happens that 
the lines of action of two of the forces are known By determining the 
point of intersection of these two lines of aotion, the direction of the 
third force can be found, and then by an application of the triangle of 
forces the values of the forces can be obtained We will apply this to the 
problem of the ladder already solved, and to some other cases 


Examples (1) A uniform ladder of known length l and weight IT 
rests on rough ground against a smooth vertical wall at a Lnmon angle a 
with the horizon Find the reaction at the points of contact of the wall and 
the ground, assuming the weight of the ladder to he equivalent to a single 
force W acting at its middle point 

Let G (Fig G8) be the middle point of the ladder The weight W 
acts vertically through 0, the pressure of the wall 
B, acts horizontally through B Let the lines 
of action of these two forces meet at 0, then the 
pressure of the ground must act along AO Let 
OG meet the ground in D, then the three forces 
W, It, and P are parallel respectively to OD, DA, 
and AO, and act at O, hence they are propoitional 
to these lines 

P_ 

OD~DA~AO‘ 

OD=:BG=lem a, 

AD=iAC=ilooaa, 


Thus 

And 


AO=V(AP 2 * * * +PO“} = t|sm-'a+ 4 


cos 8 a) - 


I 1 


i 

d n 

1 

7 

L 

/ 

JL 

'w 


A D 

Fig G8 


s=Zsma{l+Jcot 2 a}^. 

Hence P= TV { 1 + £ oot s a}^, 

R=isWoota, 

while if 6 is the angle the direction of P makes with the gronnd, 

tan 0=-^?= 2 tan a 
DA 


(2) Two equal weightless rods AC, CB are connected by a smooth 
joint at C, the rod AO is free to turn about a smooth point at A, and the 

end B of the rod OB is free to move along a smooth groove AB Forces P, 

Q m the plane ABG act at the middle points of and perpendicularly to the 

rods AC, CB respectively, both forces being directed towards the inside of 

the triangle ACB Find the position of equilibrium and shew that if 
F=2Q the triangle is equilateral 

Since GA = CB (Fig 69) the triangle CAB is isosceles. 

Let the angle CBA —0. 
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The forces on tlie rod CB arc the pressnre at B normal to AB, let 
this be R , the force P acting at 0 , the 
middle point of CB perpendicular to the 
rod, and the resistance of the hinge at C, 
lot this be S, and let the lines of action 
of R and P meet in M 

Then since there are three forces on 
the rod, their lines of action meet in a 
point Hence S acts along CM 

Moreover l GMB — QMC-O, 
for lGBM^M°-0, 

and G is the middle point of BC. 

Thus MG, the direction of P, bisects the angle GMB Hence the two 
forces R and S are equal, and resolving the forces at ilf along MG we have 
P=2S cos 0=271 cos 0 

Now the action of BC on CA ot the hinge must be equal and opposite 
to that of CA on BC Hence if MC be produced to N there is a force S 
acting on AO at C along ON 

Let If bo tho middlo pdint of AC and draw HN perpendicular to AO 
to meet CN in N The force Q acts along NH 

Thus the lines of action of two of tho forces on AG meet m N The 
third force acting on AC ir T, the pressure at tho hinge A This force 
must therefore net along AN, and for tho rod AC we have forces S, T and 
Q acting at N. 

Moreover AllNA= l HNG , 

and therefore S—T 

Thus resolving along NII, Q=2S cos IING. 

Again in the figure 

lABC=0 

Therefore, / BCM = L CBM =90-0, 

and z.dC«=18O-20 

Hence / 7ICA T =180 - (180 - 20) - (90 - 0) 

= 30-90 

Thus / JIA T C=90 - / IICW=180 - 30 

Therefore, Q=2S cos HNC=‘2S cos (180 - 30) 

= - 2 S cos 30. 

Hence we have 

P=2Scos0, Q=-2Scos30. 
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Therefore 6 is given by the equation 
<2_ cos 3 0 
P~~ cos 6 
=4 sm- 0-1. 

If the tnangle be equilateral 


=3-4 cos s 0 


Hence 


0=GO°, sin 6 = 
9 =3-1=2. 
Q=2P. 


Js 


-33 Virtual Velocities. A number of pioblems may 
readily be solved by the principle of woik 

In applying this punciple we have to suppose the system 
displaced and to calculate the work done in the displacement 
by each force We notice (i) that if any part of the system 
moves over a smooth surface no work is done by the pressure 
of the surface, for the displacement is at right angles to the 
direction of the force, (u) that if any pait of the system 
consists of two rods connected by a smooth joint, no work is 
done by the mutual forces acting on the rods at the joints, foi 
the displacement is the same for both rods at the joint, but the 
force which is impressed on the one lod is equal and opposite 
to that on the other, hence the woik done is veto The follow- 
ing examples illustrate the principle. 


Examples (1) A weight P is tied to each end of a string which hangs 
ouer two smooth pegs AB \n the same horizontal line At a point 0 tn the 
string midway between A and B a weight IF is suspended Find the angle 
which the string males with the vertical when there ts equilibrium 


Pf 


*P 


Let the angle be 6 

Let the weight W be displaced a email vortical distance x so that 0 
(Fig 70) may como to O', and in conse- 
quence let the weights P each nse a 
distance y bnngingjhem to P' 

Then the wort done by IF is JF.x, 
that done against each of the weights P 
is P y 

Hence IF x=2P y 

From 0 draw OL perpendicular to 
A O' Then since OO 1 is veiy small AL 
is equal to AO. 
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Non the length of the string from P to 0 m the same as that from 
P' to O'. 

Hence 

PF+FA+AO 

szP'A+AL+LO'. 

Therefore LO’=PF=y 

And in tho triangle LOO' the angle at L is a right augle, and the angle 

LO'O is 0 

Hence LO ' — 00' cos 0, 

or y—x cos 0 

Therefore cos ® • 

This result could of course have been more readily obtained by re- 
solving the forces atOinn vertical direction, this at once gnes 

ir=2Pcosfl 

(2) Apply Ihc principle of icorl to find the position of equilibrium for 
the rods m Lxamplc 2, p 78 

The reactions at A, B, C all disappear from the equation of work for 
the reasons given nboi c , the only forces which wo ha\c to consider are P 
and Q 

Suppose now that the rod A C is brought into the position A C by being 
turned through a small anglo about 
A, and in consequence let GB come 
to the position G'F. 

Let IT, G ' be the new positions of 
II and G 

And let IIB', which maj bo 
treated either as a small nrc of a 
circle about i or a short straight 
lino perpendicular to AC, be equal 
to x Then CC'—2x 

Draw CL and C'M perpendicular A 
on AB, and draw C'N parallel to BA Pig 71 

to meet CL m N. 

Now sinco G and G' are respecti\ oly the middlo points of BC and B'C, 
the component m anj direction of tho displacement GG' is half the sum 
of the components in tho same direction of the displacements CC' 
and Bll' 

Now i ACC is a right anglo and i AC Bin 180 - 20 Hence 
L C'CB—20 - 30°, 



a. s 
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and tho projection of GC' in the direction of P is GC' Bin C'GB which is 
equal to 2* cos 20 

Again the projection of BB' in the same direction ib, since P acts 
inward, —BB' sm ABG 

Moreovei AL=$AB, 

AM=\AB' 

Hence 4 » BB'=2LM=2G'N 

=2CC' sm G'GN 
—‘lx sm 0 „ 

Thus the projection of BB' on the lino of action of P is - Ax sin 1 0. 
Hence 

Projection of G G' on the lmo of action of P 
= i {2x cos 20 - 4x sin* 0} 

=*{l-4sm s 0} 

Thus the work done by Q is Qx, that done by P is 
P*{l-4sin s 0) 

Heuce Qx+Px {1~ 4 sm s 9}=0, 


or 


p=4sin 3 (7-l, 


as before 

(3) The opposite angular points A, C, B, D of a rhombus ABCD are 
connected respectively by two clastic strings When the whole is vt equi- 
librium the tension in AC is P, that in BB is Q, find the angle of the 
rhombus 

Let the diagonals intersect in O (Fig 72) Let tho rhombus bo displaced 
so that it becomes A'B'C'B', so that 
A moios a distance A A' along OA 
and B a distanco BB' along BO, 

Let OA=a, AA'^a, 

OB=b, BB'-§ 

Then a and /3 are small and the ~ < 
principle of work gives 

-P AA'+Q BB'=0 

Henee ^ = -. 

Q a 

Let c be the side of the rhombus, 
then AB=c=A'B’, 
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nnd 

a*+l — AlV—c*— a) s d (?>-/?}’ 

saii’+dua N 5 -) fc* - 2&/3 H AT- 
And if a and ft arc very small wc limy neglect a 3 nnd ft* 
Heme 2<i« -2bp— 0, 


or 


Hence 


ft_<* 

a“A* 

5 = ?=fu xRAC. 
Q * 


Thus the auglo between the eidc-s of tho rhombus is given m tonus of 
the tension. 


EXAMPLES. 


X, \ uniform rod of weight IF is supported from n point by two 
slnngt. Ono of them raakcR nn angle of t>0\ tho other nn angle of <50’ f 
with the rod. 1 ind the tensions m tlio strings 


2 Fortes P, Q, nnd R net nlong lines OA, OR, nnd OC which arc 
met by a line through O' in A, li, nnd G, Shew that if the resultant of 
the forces parses through O’, then 


P 


a A n O'R 

oa + q or 



3. A rod whoso length is 10 feet, nnd which is thicker nt one end 
than nl the other, bnlinccs about its centre when 10 lb ib linng from 
ono end nnd 20 from the other, while if 40 lb instead of 20 is hung 
from tho second end the fnlcrum is nt i feet from that end Find the 
weight of the rod, and tho position of its centro of gravity 

4. A heavy uniform plank 0 feet long can turn about a point 1 feel 
from ono end A man whom weight is double that of tho plnuk stands 
upon it, with ono of his feet midway between tho centro of the plimk and 
tno point of mipport, nnd the other foot 2 feet from tho end Find tho 
pressures which each of the man’s feet must exert on tho plank in order 
to prcFerro equilibrium 

5. A heavy rod equal in length to the radius lies in a smooth hemi- 
spherical cup, the centro of gmutv of tho rod being ono-tlnrd of its length 
from ono end Show that if 0 ho tlio angle mndo by the rod with the 
vertical tan 0 = 8 ./ 1 

0. AUG is tui equilateral triangle, and forces P, P and 2P act along 
HA, AG and CD reflectively Find tho magnitude of tho resultant anil 
tho point nl which it cuts tlio lino AG, produced if necessary 


6-2 
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7. A straight rod has its cuds moteable on the aio of a smooth fixed 
uined wire in a horizontal piano , if a string is fastened to the centre of 
the rod, find by a geometrical construction the dnection m whioh it can 
be pulled without moving the rod 

8 Two equal heavy rods AG, BC are jointed together at G, and have 
their other extremities A and B jointed to fixed pegs in the same vertical 
line Prove that the direction of the stress at G is lioiizontal, and 
determine, by geometrical construction, the stresses at A and B. 

9 If a ueight equal to the weight of either rod be attached to the 
centre of the lower rod, prove that if a is the inclination of each rod to 
the i ertioal, and 6 the inclination to the vertical of the stress at c, 

tan 0=3 tan a, 

and that this stress is to the weight of either rod m the ratio 

*Jl + 9 tan" a 4 

10. Two equal heavy umform beams AB, BG, each of Height IF, 
jointed at B so as to make an angle a with one another, rest m a vertical 
plane nith the ends A, C on a smooth horizontal plane, and AG is joined 
by an lnoxtensiblo string Dotermmo the tension of tbo stung 

11 AB is a uniform rod of weight IF attached by two light strings 
AG, BD to two points G, D in the same horizontal lino Assuming AG 
to he the sliortor string, shew that it is possible to choose a weight P and 
place it on the rod so as to maintain it m a horizontal position, when P 
is at a distance from the middle-point of the rod equal to 

IF+P sin (0- ft) AB 
P sin(g+ft) ~2~ > 

where 0 and ft aro tho acute angles mado with GD by AO and BD re- 
spectively 

12 A small bead P is free to move on a gnen smooth circular who 
and is acted on by two forces represented bj PA and PB, where A and B me 
fixed points in the plane of the ring Find the positions of equilibrium 

13. The sides of a triangular framework are 13, 20, and 21 inches 
the longest side rests on a horizontal smooth table and a weight of 63 lb 
is suspended from the opposite angle Find the tension in the side on the 
table 

14 A gate is hung m tho usual manner by two hinges on a gate-post 
Indicate the forces acting on tho gate when it hangs open and in equili 
brium, and shew that it may happen that the reaction of one of the 
lunges is wholly horizontal Gno a veibal explanation as well as a 
diagram 
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15. A curiam ring can 'lido along n horizontal pole, •which ib nt a 
height of 1 feet nhovo mj hand if a airing 10 ft ct long is attached to the 
nng, phew hj a diagram m wlrnt direction I must pull the t-lnng po ns to 
more the ring with most effect, and at what point of the string I must 
lake hold 

16. Two small henry nngs of weights IP and If" connected hj a 
light string slide on two wires in tho same aorticnl plane making oqnnl 
angles n with the liori/on If the string makes nil angle 0 with the 
hori/on shew that 

(If' f IP) tan />=(!! - H')roto 

17. A ladder tests against a smooth wall, the ground being also 
smooth Comnnie the hon.ontal forces which must he npplied to the 
bottom of the lnddu to preserve equilibrium, when a weirht equal to the 
wnght of the ladder is placed on the ltdder nt the top and bottom 
n spectnrlj 
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34. Centre of Mass. Consider two particles A, B, Fig 
73, of mass m, in' respectively, 
let them be connected by an m- 
exfcensible rod whose mass we 
may neglect, and suppose two 
parallel forces act on them, the 
force on each particle being pro- 
portional respectively to the mass 
of that particle Let the two 
forces then be ma and m’a, a 
being some constant These two 
forces have a resultant which acts at a point C m the line AB t 
dividing AB so that 



Fig 73 


or 


ma AG = m'a BG, 

AG _ ml 
BC~m‘ 


The point G is called the centre of mass of the two particles 
Whatevei be tho position of the lme AB the point G is fixed 
in that lme and the lesultanl force ma + m’a always acts 
tluough it. 
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Again if we have three masse 
74, and forces m^a, nua, mgi are 
impiessed on these, the centre 
of mass of m^ and will be a 
point G in such that 

m 1 CA 1 =m 2 GA 2 

We may consider the forces m^a 
and niM to be replaced by then 
resultant (m 3 + m 2 ) a impressed 
at C Then this force at 0 and 
m~n at A s will have a resultant 
acting always at G a point in A 3 1 


m u m 2t m 3 at A 1} A 2 , A s Fig 



such that 


(r % + iru) GG = m 3 GA 3 


This resultant will be (rn l + m 2 + m 3 ) a The point G is the 
- centre of mass of the three particles 


In general, since the resultant of any number of parallel 
forces impressed on a ngid body at various pomts is a force 
equal to the sum of the individual forces, whose hne of action 
always passes through a fixed point m the body, we see that if 
parallel forces mgi, m 2 a , be impressed respectively on each of 
the particles m,, m 2 , of a rigid body these forces will have a 
resultant equal to + . ) a whose hne of action passes 

through a fixed point of the body Tins point is called the 
centre of mass of the body 


Definition The Centre of Mass of a lody is the point 
of action of the resultant of a system, of parallel forces impressed 
on each of the particles of the body, each force being proportional 
to the mass of the pai licle on winch it is impressed Tins point 
is fixed in the body 

The position of the centre of mass does not depend on the 
direction of the parallel forces but only on then amounts and 
on the points at which they are impressed, thus if the body be 
turned in any waj r , the forces still remaining parallel, then 
resultant still acts through the same point in the body 
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A gnin there is only one centre of mass, for if there be two, 
2?i and turn the body if necessary until the line is at 
right angles to -the forces 

Then the resultant force acts in one line through and in 
a second parallel line through iZn, which is impossible Hence 
there is only one centre of mass 

35. Centre of Gravity. The weight of a body is the 
resultant of the weights of the particles of which the body is 
composed, the weight of each particle is proportional to its 
mass and, if the body is small compared to the Earth, the lines 
joining the particles to the centre of the Earth are all parallel, so 
that the weights of the particles form a system of parallel 
forces, each bemg proportional to the mass of the particle on 
which it is impressed 

The resultant of these forces passes through a fixed point 
m the body — the centre of mass — or as it is more often called 
when considered in connexion with the weight of the body 
the centre of giavity 

Definition The weights of the van tons particles of which 
a lody is composed form a system of parallel forces , these foi ces 
have a resultant equal to their sum. This resultant passes 
through a point which is faced m the body however it be placed 
This point is called the Centre of gravity of the body 

Thus we may treat the weight of a body of finite size as a 
smgle vertical force impressed on the body at a definite point , 
this point is its centre of gravity 

If we allow for the fact that the weights of the vanous 
particles are not strictly parallel forces, it does not follow that 
their resultant passes m all cases through a fixed point m the 
body The body has no centre of gravity though it has a 
centre of mass 

It is clear that if the only impressed force be the weight of 
the body and the centre of gravity be supported the body will 
'balance m any position m which it may be placed 
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We shall descnbe first an experimental method which can 
sometimes be applied in order to find the centre of gravity of 
a body, and then shew how to determine by calculation the 
position of the centre of gravity for each of certam bodies. 

The following proposition will be needed 

Proposition 29 To prove that, if a body is suspended 
freely from one point , the centre of gravity is either vertically 
above or vertically below the point of suspension 

Two foices only act on the body, vi/ its weight and the 
foice exerted at the pomt of support These two forces must 
be equal and their lines of action must coincide 

Now the weight acts vertically through the centie of 
giavity. Hence the point of support must be in the same 
vertical as the centre of gravity, and the direction of the force 
at the point of support must be vertical 

Two cases of this pioposition arise 

In the one, Fig 75, the centre of gravity G is vertically 
below the pomt of support 0 ; if the body m this position be 
slightly displaced it will tend to return to it , the equilibrium 
is said to be stable 



Fig 75. Fig 70. 


In the other case, Fig 7G, the centre of gravity G is verti- 
cally above the point of suppoi t, the body, if displaced, will not 
letum to its original position , the equilibrium is said to be un- 
stable. 
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36. Experiments on Centre of Gravity. 

Experiment 4 To find the ccnhc of giavity of a plane 
lamina 1 

Attach a string to any point A, Fig 77, of tho body and 
suspend it by the string 

Diaw, by the aid of a 
plumb line hanging from tho 
same suppoi t as the stung, on 
one face of the lamina avei tical 
line AG through A The centi e 
of gravity lies m this line, pio- 
vided the lamina be very thin 

Suspend the lamina by a 
stnng attached to another 
pomt B, and draw on the same 
face a vertical line BG through 
B, intersecting AG in G The 
centre of gravity lies in this 
vertical line Hence the cen- 
tre of gravity must be G, the 
point where these two lines 
intersect To verify this, sus- 
pend the lamina from a third 
pomt G, the vertical line through G will also be found to pass 
through G 

Determine m this way the position of the centre of giavity 
for a triangular lamina and for a square with a corner cut off, 
and shew that they agree with then theoretical positions. 
Sections 37, 39 

Experiment 5 To find the centre of gravity of a frame- 
work 

On one of the bars of the frame-work a light wire is fixed, 
this has a ring at one end Suspend the fiame-woik from any 

1 A lamina ib a thm flat sheet of any material, such as a sheet of 
papei or cardboard or of veiy thin metal, for the experiment a thm 
wooden board will serve The centre of gravity will be m the interior 
midway between the surfaces of the board. 
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point A, Fig 78, and bend the wire so that a vei fcical stnng 
through A passes through the nng Sus 
pend the framew 01 1c from a second point B, 
and keeping the stnng fiom A through the 
nng determine wheie the vertical thiough 
B cuts this stnng, this point will be the 
centre of gravity of the frame-work Bend 
the wire until the ring just conies into this 
position, so that when suspended from A 
oi B the veitical from the point of sus- 
pension passes through the ring It will 
lie found that when suspended fiom any 
other point the vertical through that 
point passes through the nng 

The centre of giavityof a solid body 
cannot he found in this manner, because 
of the impossibility of reaching the point 
m the intenor of the body winch is always 
veitically below the point of support 



37. Centre of Gravity found by Calculation. The 

position of the centre of gravity can be found m some cases 
from consideration of symmetry 

Proposition 30 To find the centre of gravity of a uniform 
straight rod 

The centre of gravity is clearly the middle point of the lod, 
for let AB , Fig 79, be the rod 
Bisect AB in G Let P and Q be 
two equal particles of the rod equi- 
distant from G Then the result- 
ant of the weights of these two 
particles passes through G. And the 
whole rod can he divided into a numbci of such pairs of equal 
particles, the centre of gravity of each pan is G, hence the 
centie of gravity of tlio rod is G 

Proposition 31 To find the centre of gravity of a lamina 
in the form of a parallelogram 

Let ABQD , Pig 80, he a parallelogram composed of some 
nuitenal of unifoini thickness and density. 


p 


4L 


Fig 79 
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Bisect the sides AB and CD in E and F and join EF , 
bisect BC and DA m II and K 
and join EK intersecting EF 
in G Then G shall be the cen- 
tre of gravity raquiied Divide 
the whole parallelogram into a 
senes of narrow strips by lines 
such as FQ parallel to AB Lot 
PQ meet EF m It Then since 
EF is paiallel to UC and bi- 
sects AB and CD it also bi- 
sects PQ Thus li is the middle point of PQ Now wo nmj 
considei the strip PQ .is a umfoim straight line, its centre of 
gravity therefore is at It The whole parallelogram may bo 
considered as made up of a senes of strips such as PQ, the 
centie of gravity of each of these is on the lino EF, thus tho 
centre of gravity of the whole is on the line EF 

In a similar way the parallelogram may be divided up into 
a series of narrow stups parallel to AD , the centre of gravity 
of each of these will be at its middle point, that is on the line 
HE Hence the centre of gravity of the whole is on the line H h 

Thus tho centre of gravity of the w hole parallelogram is G, 
the point of intersection of UK and EF 

Proposition’ 32 To find the centic of ejun ity of a umfoim 
triangnlai lamina 

Let ABC, Pig 81, be a umfonn tiiaugulai lamina 

Bisect the sides BC, CA, m D and E, and join AH 
and BE intersecting in G Then 
G shall be the centra of gravity 
lequned Divide the triangle into 
a senes of narrow stups, such as 
PQ, by lines drawn paiallel to BC. 

Let AD meet PQ in It 

Then since PQ and BC aie paral- 
lel, and me met by the tluee lines 
AB, AD and AG we have 
PM _BD 
QM~ CD~ L ' 
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Thus It is the middle point of PQ 

Hence R is the centie of gravity of the strip PQ 

Hence the centie of gravity of all strips such as PQ lies on 
AD. 

Thus the centie of gravity of the tuauglc is in AD 

Similarly, by dividing the triangle into strips parallel to CA, 
w e can prove that the centre of gravity of the triangle is in BE 

Therefore the centre of gravity of the tuangle must be G, 
the point where AD and BE intersect 

Again smce D and E are the middle points of GB and CA 
lespectnely, DE is parallel to BA and equal to \BA 

Moreovei, since DE and AB arc parallel and aie met by AD 
and BE, 

lADE= /.DAB, 
and l BED = l EBA 


Hence the tuaugles GDE and GAB ate similar. 


Thus 

Hence 

Similaily 


DG _ DE _ , 
AG ~ AB ~ 1 

DG = UG=$AD 
EG = \BE, 


and if CG be jomed it will when produced pass through F the 
middle point of AB and EG = \FG 

Thus the centre of gravity of a triangle is found by joining 
any angular point to the middle point of the opposite side, and 
taking a point on this line at a distance from the angle equal 
to fds of the whole length 


Proposition 33 To shew that the cent/re of gravity of a 
triangle is the same as that of three equal masses at its angular 
points 

It is clear that the point G thus found will be the centie of 
gravity of three equal masses placed at the angular points of 
the triangle For consider two equal mascs m at B and G, 
their centre of giavity is 2? midway between them, and we may 
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lepl.ioe them by 2m ill D Now smeo AO — 2 GD we h.ivo 
m AG — 2m GD 

Thus G, winch is tho centre of gravity of the ti langle, is also 
tlio ccntie of gx.mty of m at A and 2 m at D It is thoreforo 
the ccntie of giavity of tho three masses, in at A, B and G. 


PnorosiTiON' 34 To find the centre of gravity of thee 
uniform rods, BC, GA and AB foimmg a triangle 

Let a, h, c ho the lengths of tho rodB respectively, thoir 
masses aio proportional to a, b and c 

Bisect tlio rods in D, E, F, Fig 82, then tho points D, E, F 
are tho centres of gravity of tlio 
rods and wo have to find tho centi o » 

of gravity of masses a, b, c at tho 
points D, E, F respectively Let 
11 , a point m FE, bo the centre of 
gravity of masses b at E and c at 
F, K of masses c at F and a at D, 

L of masses a at D and b at E. 

FE b AO FD 

Then yrr T ~ -= 75 = • 

EE c AB ED 

Therefore DE bisects tho angle 
FDE and we have to find tho centre of giavity of b + c at E 
and a at D It is clearly a point m DE 

But by considering first c at F and a at D n e can shew 
similarly that tlio centre of gravity required is a point m Ell 

Hence tho centre of gianty of the tbiec lods is G, tho 
point m which DE and Ell coincide. 

This point is clearly tho ccnti 0 of tho circlo msciibcd in tho 
triangle DEF 



38. Formulae connected with Centre of Gravity. 

Formula) can bo found winch enable us in many cases to 
obtain by calculation the position of tho centio of gravity of a 
body 

Thus : 
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Proposition 35 To find the position of the cent? o of gravity 
of a number of pai tides in a straight line 

Let A x A it Fig 83, be the positions of the particles, mgn 2 
tlieir masses Take any 
point 0 in the lino and let 
x,, ai, be the distances of 
the particles from 0 

Let G be the centro of 
gravity 

Then G is the point of application of the resultant of a 
series of parallel forces ptoportional to »i 1} m 3 , etc , acting at 
A }) A s , etc, respcctn elj T 

And by Proposition 15 the moment of the resultant of these 
foices about 0 is equal to the sum of the moments of the forces 
Hence, talcing moments about 0, 

(nil + +■ .) OG — mfa + mjL? + .... 

Hence Qg ■ - 

m i + »lo + .. 

__ 2 (wa) 

2 (m) ’ 

whore ns bcfoie 2 (»u) stands for the sum of a series of 
quantities hke mx 

Proposition 36 'To find the ccnhe of gravity of a number 

of particles in a -plane 

Let Wj, mm be the mosses of the vanous pai tides placed at 
points A lt A s etc m a plane 

Let 0, Fig 84, be any fixed point in the plane, and Ox, Oy 
two lines at right angles meeting m 0 

Let A X M U AJJf 2 , etc., bo perpendicular on Ox, and A t L u 
A 2 L , ,, etc , perpendicular on Oy 

A x L x =x j, A 2 L 3 = ax,, etc. 

AJIf 2 =y 2 , etc. 
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Let G be the centre of gravity and let GL, perpendiculai 
on Oy, = a, and GM, perpen- 
dicular on Ox, = y 

We require to find the 
point of application of the le- 
sultant of forces proportional 
to mu etc , impressed on 
particles at A v A, etc 

The point of application 
of the resultant is the same 
whatever be the direction of 
the forces so long only as they 
all remamparallel Let us sup- 
pose then that they act per- Fig 84 

pendicularly to the plane of 

the paper They are then at right angles to Ox and Oy and 
by Prop 15 the moment of the resultant about Ox and Oy is 
equal to the sum of the moments of the forces about these 
lines Hence, taking moments about Oy, 

\m 1 + m< t + m 3 + } GL = m, A,L, + m s A_L 2 + 

Du. s-m-22 

mj + m 3 + ... -S(m) * 

•while, takmg moments about Ox, 

(»«! + ?»2 + ) GM = m, A,M t + rtu A S M„ + ... 

x-CM ” hyi * m&s + s (”»y) 

J + m s + . 2 (m) * 

By these two equations the position of G is detei mined 

A similar method can he applied to a senes of particles m space In 
this case we shall have to consider three axes at right angles and obtain 
the formula Vfa will illustrate the results by some examples 

Examples (1) Find the centre of gravity of masses of 10, 20, 30, 40, 
and 50 grammes arranged in a straight line at intervals of 10 cm apart 

Let O be the position of the 10 gramme mass The distances of the 
vanous masses from 0 are therefore 0, 10, 20, 30 and 40 cm respectively. 

Let G be the centie of gravity, 
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then, taking moments about O, 

Off (10 + 20 + 30 -r 10 + 50) 

=10 0 + 20 10-J-30 20+ 10 30+ 50 40, 

oe =w= 2l '- c " 


(2) Matte* oj 10, 20, 30 and 40 gramme* are placed at the four angles 
of a square each ride of which is 20 cm in length, and a mass of 50 grammes 
at the centre, find the centre of grai tty of the whole 


Let ABCD (Fig 85) bo the square, E the centre, and the masses be 
placed as shewn in the figure 


(i) By application of the formula 

Draw hues Ex, Ey through L parallel to 
the sides of the square 

Lot ff he the centre of gravity, x and y its 
distances from Ey and .Ex respectively, x being 
measured to the right, and y upwards The 
distances of the angles of the square from Ex 
and Ey are each 10 cm , but in faking mo- 
ments about Ex it must be noted that the 
moments of tuc 30 and 40 grammes are of 
opposite sign to those of the 10 and 20 
grammes And similarly, when taking mo- 
ments round Ey, the moments of the 10 and 40 grammes are negative, 
those of the 20 and 30 grammes positive 



Hence, taking moments about Ey, 

2(10 + 20 + 30 + 40+50) 

=50 0J-40 10+30 10 + 20 10-10 10 
=500-500=0. 


Hence x=0 and ff lies in Ey 

This result is obvious from the symmetry. 

Taking moments about Ex, 

f7 (10 -i- 20 + 30 + 40 + 50) 

= 50.0+40 10+30 10-20 10-10 10 
=400 

Therefore J7=^2=2icm. 

lw 

Thus the centre of gravity is on Ey at a distance of 2 \ cm above E. 
G.S 7 
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( 11 ) By geometrical construction 

Divide DA (Fig 86) into 6 paitB and let H be the first division from D 
so that 


DU X 
AU~l 

H is then the centre of gravity of 40 grammes 
at D and 10 giammes at A, and it is at a distance 
of 4 cm from D 

Similarly, if IT be a point on CB at a distance 
of 8 cm from (7, then K is the centre of gravity 
of 80 grammes at 0 and 20 at B 

We have now to find the centre of gravity of 
50 grammes at 3, 60 grammes at K and 50 
grammes at E 


40 


'10 



L 

G 


E 

50 

c 


30 

c 


20 


Fig. 86 


Join UK, cutting in L a line EF through E parallel to the side DA 
Let EF meet DG m F 


Then HL—LK, and L is the centre of gravity of 50 grammes at each 
of the points H and K 

Also, since DH=4 cm and GK—B cm , FL— Gem, and therefore 
EL— 4 cm 

Wo have now to find the oentre of giavity of 50 grammes at E and 
100 grammes at L 

This will bo a point G m EL such that 

EG—1GL^=^EL—^ 4=2* cm 

This is of oourse the same point as was found by the previous method 


(3) Where must a mass of 100 grammes be placed m order that the 
centre of gravity of the system and the 5 masses described in the previous 
question may be at the centre of the square ? 

The centre of gravity of the four particles at the angles of the squaro 
has been shewn to be at L (Fig 86) in the line EF at a distance of 4 cm 
from E Produce LE to L' making L'E=EL=‘t cm , and place a mass 
of 100 grammes at L’ The centre of gravity of 100 grammes at L and 
100 grammes at L' is at E half way between them , the 50 grammes is 
already at E Hence in order that the centre of gravity of the whole may 
be at E, the 100 grammes must be placed at L' 

(4) A uniform wire ABG is bent at B so that the angle ABG is 60”, and 
suspended from the point A The part AB is a cm long Find the length 
of BO m order that when the whole is in equilibrium BO may be lion - 
sontal. 


Let 


BO— a, cm. 
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Let H and K (Fig 87) be the middle points of AB and BG. Draw AD 
vei tical and HL horizontal 


(l 

Then AB=a, hence BD = ^, 
and HL=|, 

also BK=% , hence DK = | ^ . 

Now E is the centre of gravity of 
AB, and the mass of AB is pro. 
poitional to its length a Again K is 
the centre of gravity of BG, and the 
length x 



mass of BG is proportional to its 


Thus, taking moments abont A, 

a.HL=-x DK . 


Hence 


-=ix(x-a) 


Thus 


since x must he positive 


2x J - 2 ax - rt 2 =0, 
x=a±aA/(l+2) 
( 1 + 


(5) Five piece* of uniform chain at e hung at equidistant points on a 
uniform horizontal rod without locight The shortest piece of chain is at 
the same distance from 0, the end of the rod, as the interval between any 
two chains, and the lower ends of the chains lie on a straight line which 
passes through 0, find the centre of gravity of the system 

Let a be the distance between the ohams, b the length of the shoitest 
chain, then the lengths of the other ohams are 26, 36, 46, 5b, and the dis- 
tances from the chains are a, 2a, 5a 

Let » be the distance from 0 of the centre of gravity measured along 
tho rod. Then, taking moments about O, we have 

x (6 + 26 ,66)=a6 + 2re 26+ 5a, 5b, 

__fl(l + 2 s + 5 s ) 55a 

X 1 + 2 + .6 “ 15 
_lla 
~ 3 ’ 

The length of the rod is 5a. 


7—2 
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Thus the distance measured parallel to tlio rod of the centre of gravity 
of the chains from 0 is I A of the length of the rod 

The centre of gravity of each chain is clearly at its middle point, and 
the middle points of all the chains ho on a straight line through O 

Hence the centre of gravity required is the point m which the vertical 
from a point Q of the length of the lod from 0 cuts the line through 0 
which bisects all the chaws 


39. Properties of the Centre of Gravity. 

Proposition 37 A body can be divided into two portions, 
the centre of gravity of each of which is known, to Jmd the 
centre of gravity of the whole 

Let 7F„ TF„ be the weights of the two portions, G„ G s their 
centres of gravity 


Join G 1 G 2 , Pig 88, and divide it in G so that 


IF, GG t = IF. GG„ 

Then G is the centre of 
gravity of weights TP,, TP", at G, 
and G«, thus it is the point re- 
quired 

Moreover by adding IF, GG S 
to both sides we get 

WfGG, + GG S )=(JF 1+ W S )GG S 



Fig 88 


Hence 


GG 8 = 


TP, Gfi 2 
W r i - 


J 


and 


GG 1 = 


TF a Gfr a 
If, + w. 


Pno position 38 Having given the centre of giauty of a 
body and of a poi lion of the body, to find that of the other poi lion 

Let IF be the weight of the whole body and G, Pig 88, its 
centre of gravity, let IF, be the weight of one portion, G 1 its 
centre of gravity J oin GfG and in GjG produced take a point 
G a such that 

TF G a G= IF, . G a G lt 
then G„ is the point lequued. 
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For subtract from each side of the equation the value 

n r , G&, 

then ( IF- JQ G/J - 11", (G.G, - GG) 

= ir, g & 

Ilonce G is the centie of gravity of IF, at G x and (TJ r - JJ r j) 
at G s . 

But TF- JJ r , is the weight of the second poition of the 
bod} and hence (f a is its centie of gnu it} 


Examples (1) A lamina ha * the form of a square tri th an iw*rrfe 
triannle attached to one side The iirf« of the square us a, the height of 
the tnnwjtc n lx, find the position of the centre of or ax xty of the future , and 
determine the t nine of h if it he tn the base of the triangle 

Let ABCD (Tig 81) be tlie equate, ABU the triangle, G, the centre of 
grant} of tho square, G, of tho 
triangle The line G,Gj passes 
through U and bisects * AB at 
right angles 

Let it cut AB m K, and let 
G ho the centre of grant} of the 
figure 

The mn«s of the square is 
proportional to «* that of the 
triangle to {ah 

Tlius the whole ma e s is pro 
portional to a- + ) ah 

The distance KG 1 = *a, 

and A'G 2 = j/i 

Hence GjG 9 =ia + yi 

The moment about an} point of the whole weight at G is cqnnl to tho 
snra of the moments about tho same point of a- at Gj and {ah at G s 

Tahe moments about K 


o A 



I'm 89 


Then (a n - } {ah) KG =« 5 A'G, - \ahKG„ 

« 5 nlr 

= 2 "i — 

Thns 


r .„_ 3 n*-h? 

A (jr = — ; — t 

3 (2<h h) 

which determines the position of tho point required 
If G is in the line A B then A G = 0 


Hence 

and 


h‘=3a\ 

h~uf3 
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(2) A portion of a square lamina i s removed Inj a line which passes 
through the middle points of two adjacent sides j find the centre of gravity 
of the remainder 

Let ABCD be the square, G its centre of gravity, J2 and F the middle 
points of AB and AD <?, the centre of gravity 
of the part AFE 

Then GG X passes through A and bisects 
FE at right angles Let K be the point of 
intersection. Let GA=a so that 2 <7 is the 
diagonal of the square 

Then EG - KE = K A = KF = “ . 

KGy—\KA =g 

Henco GQ x —la 

Also the area of the equate is 2a 9 , and the 

area of the triangle is —■ 

4 

Thus the area left when the triangle is removed is 
2a 3 - j, or |a 9 

Also its centre of gravity is on G X Q produced, let it be G„ 

Then, taking moments about G, 



GG X 



Hence 


GG„ = I GGy ~if x a 


(3) From a square, whose side is n, an isosceles triangle of altitude li 
is removed, the side of the square being the base of the triangle; find the 
centre of gravity of the remainder 

Let AEB (Fig 91) bo the triangle, ABCD the squnie, G the centre of 
gravity of the square, G x of the triangle 

EGGyK is a straight line biseoting AB in K, A K B 

and the centre of gravity of the figure formed 
by removing the tuangle lies in Gf) pioduced, 
let it be <? a 

Area of the square =a-. 

Area of the triangle =Ja7i 

Aiea of figure formed by removing the 
tnangle 

s=a--^ali=ha (2a -h) 

KG=ia, KGi^ih 



0 C 

Fig 91 
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__ , , , 8a-2?i 

Hence GG)~l(t — ^li — • — — — . 


Take moments round G 


Then 

Thus 


^ah GQ 1 =^a(2a-li) GG a , 


GG«= 


h 

2 a - h 


GGj = 


li (8a - 2/i) 

0 (2a — //) * 


Time the position of G« m found 

The results of these last three examples maj bo \ ended by experiment 
bj cutting out in stiff card or sheet metal lamina of tbo shape indicated, 
and determining the positions of their centres of gravity by the method 
indicated in Expenment 1 


40. Equilibrium of a body resting on a horizon- 
tal surface. When a heavy body rests on a Hat hoi iron tal 
surface it is in equilibrium under its weight, which acts verti- 
cally downwards through its centre of giavity, and the upwntd 
presstues at the points of contact with the suifacc 

These upward pressures have a vcilieal lesullanf, and this 
resultant must balance the weight, it must thcieforo act 
vertically upw aids in a line winch passes llnough the centre of 
grnv ity of the body. If the form and position of the body is 
such that tins is impossible the body cannot be in equilibrium 

Tims suppose the body is a vei lic.il lamina, a sheet of caul or 
metal having the shape shewn in Fig 92, and that it is in contact 
with the table at two points A 
and B The pressures of the 
table at A and B arc both up- 
ward vertical forces The line 
of action of their lcsultant must 
be between A and B Hence 
foi equilibrium the position of 
the centre of giavity must be 
such that a vertical drawn 
tluough it must fall between A 
and B If the centre of gravity 
be in a position such as G, Fig 
92, the lamina can remain m equilibrium, if it linvo a position 
such as G m Fig 93 equilibrium is impossible 



Fig 92 
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In the same way if the body rest on three points, like the 
legs of a three-legged table, the 
resultant of the upwaid pres- 
sures balances the weight If 
a tnangle be formed by joining 
the points in which the three 
legs rest on the floor, the result- 
ant upward pressure must act 
within tins tnangle, tlieiefoie 
the vertical through the centre 
of giavity must fall within the 
triangle 

Or suppose again that the body rests in contact with the 
table at more points than three Imagine a string drawn 
tightly round the body so as to include all these points of con- 
tact, thus forming a closed polygon whose sides are either 
straight or convex outwards The pressures at the various 
pomts of support all act vertically upwards at points within 
the area thus defined, the resultant pressuie therefore acts 
vertically upwards at some point within this area, and this 
lesultant pressuie, smee it balances the weight, must pass 
through the centre of gravity 

Thus if equilibrium is possible the vertical through the 
centre of gravity must fall within the area thus defined This 
area is sometimes spoken of as the hose of the body, and the 
proposition is expressed m the statement that, in ordei that a 
body, resting on a plane under gravity, may be in equilibrium, 
it is necessary that the vertical through the centre of gravity 
should fall within the convex polygon formed by joining the 
extreme points of contact of the body and the plane 



Tins polygon must have no leentrant angles Thus if ABODE (Fig 94) 
he points of contact having a reentrant 
angle at D, the boundary of the base is 
ABCEA A string stretched round the 
pomts of support would pass from G to 
E The resultant pressure must he 
within this polygon, though it might quite 
well lie without the polygon ABODE 

E xam ples (1) A right-angled tn- 
anqle ABO having angles at B and G of 
30° and 60° respectively , rests m a vertical 
plane on a horizontal table, the side AG 
being vertical and A being the right angle. 



Fig 94 
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The point C is joined to a jmnlD m AB and the triangle BAG is removed 
Find the largest triangle which can thus be remoi ed without disturbing the 
equilibrium of the rat 


Bisect BG (Fig 95) m L and join DI 
tmnglo CBJ) lies in DL If tlie angle 
BJ)L is acute, a vertical from tlie centre 
of gravity must fall within the “base" 
BD, if it be obtuse tho icrhcnl must fall 
outside the “base,” the hunting position 
of I) then will ho found bv drawing LD 
\ertical, and in this case L7) is pnrnllel 
to CA. Thus since L is the middle 
point of BG, J> is the middle point of 
B-t lienee the area of tho triangle 
D/JCs=tho area of the triangle DAO 
area of the triaugle ABC, and half 
tho original triangle maj bo lcmoicd 
without disturbing tho equilibrium 


The centre of giu\ lty of the 



(2) A brie/ 8 x 1 x -1 inches m size rests with its smallest face on an 
inclined plane, the Vuieh side let no horizontal, the Inch is prevented by 
the friction from slipping down Find the greatest angle to which the 
plane can be nttteil without caunna the Inch to fall oicr. 


Let ABCD (Fig %) lie a section of the hnch by a vertical plane, AB 
being the inclined plane Let G ho tho 
centre of gravity of the lincl. 

Then so long as the icrticnl through 
G fallR between A and B, equilibrium is 
possible In tbc limiting position G 4 is 
vertical Thus tlie angle GAD is equal 
to tlie auglo of tlio plane 

Now A G passes tlirongh C 

CD 

Tims tun GAl)=inn CAD=~ 

AJJ 

= < = £ 

Thus tho piano can be raised until it makes with the hoi iron an angle 
whoso tangent is b 



(3) A circular table rests on three legs attached to tin ec points in the 
circumference at equal distances apart A weight is placed on the table, 
determine in what position the weight is most Ulelij to upset the table, and 
find the least value of the weight which when placed in that position will 
upset the table 

If tho table is upset by placing a weight on it, it will at firRt turn 
round an axis passing through tho lower ends of two of the legs A gi\cn 
'weight therefore will bo most cflfectivo m turning the table ovei when its 
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moment round such an axis ib greatest This ■will he the case when the 
weight is as close to the edge of the table as posBiblo, and nt a point D 
midway between two of the legs A and B 

Again let ABC (Pig 97) represent the top of the table and G its centre 
of gravity, A, B, C being the points at wlnoli 
the legs are attached, and D the middle point 
of the arc AB Join GD cutting the line AB 
w K Then if TF be the weight of the table, 

J!" that of the weight which is placed on it, 
the table will not upset so long as the mo 
ment of 11” about AB is not greater than that 
of IP Hence m the limiting condition we 
must have TF' DK= IF GK 

But since the angle AGB is 120° and DA 
is equal to DB, the triangles DGA, DGB me 
equilateral and the figure DA GB is a rhombus, 
thus DG is bisected in K 

Hence DK—KQ. Fig. 97. 

Thus the table will not upset so long as 
the weight supported at D is less than that of the table. 

41. Stability of Equilibrium. Consider any body 
supported at one point, such as a lamina, winch can turn tound 
a horizontal axis through a point 0, Fig 98. We have seen 
that the condition for equilibrium is 
that the centre of gravity should be 
m the veitical through 0 Thiee 
eases however may occur, the centre 
of gravity may be below 0, oi above 
0, or it may coincide with 0 

Consider the first case and sup- 
pose the body to be slightly displaced 
so that the centre of gravity G is 
brought to O' Then the weight of 
the body TF acting through G' has a 
moment about 0 which tends to 
bung the body back to its original 
position, in this case the equilibrium Pig 98 

is said to be stable 

If however G be above 0 as m Pig 99, and the body be 
displaced so that G may come to G' the moment of the weight 
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about 0 tends still further to m- 
cicase tho displacement, the equi- 
librium is unstable 

And thirdly if 0 and G coin- 
cide the body w ill balnnco m any 
position however it maybe turned 
about 0, the equilibrium is said 
to be nnilral The above lllustia 
lion .iflbidsan example of vrlmt is 
meant by tho terms stable, un- 
stable and neutral, which are 
applicable geneially to bodies m 
a position of equilibrium 

Di fivitiox Consider a hod y which has been slightly dis- 
placed fiom a position of cquilibiium Jf the body lends to 
return to that position, its equilibrium is stable 

Tlius a weight suspended by a stung from a fixed point is 
in stable equilibrium, so is an ecg resting with its slim test 
diameter veitical, or a splicie which has been loaded at one 
point and tests on the table with tho loaded part dowmvaidb 

Dfumtion A body at rest which, aftei ice riving a small 
displacement, tends to move further away fiom its cqudxln turn 
position is in unstable cquilibiium 

Thus it is possible to make an egg rest on its point, or to 
balance a stack on its lower end, but the iciy slightest distuib- 
ancc upsets the equilibrium , again a loaded sphere may lest 
with the loud uppermost, but if over so little displaced it w ill 
turn until the load comes to the bottom These are all cases 
of unstable equilibrium A wheel winch has aloud attached 
at one point can rest with this load either below' oi above the 
axle In the second position the equilibrium is unstable, if the 
wheel be disturbed the load will move until it settles itself m 
tho lowest position 

Dkmmtios A body is in nnihal equilibrium it hen after 
receiving a small displacement it will lest in its new position 

A truly balanced wheel or a umfoun spheic or cylinder 
resting oil a Hat suifuuo aie all m ncutial cqUihhinun 




108 


STATICS 


[CH. V 


Now in these various cases, in which the weight of the body 
is the only impressed force in addition to the reaction of the 
supports, we notice, that foi equilibrium the centre' of 
gravity is either as high as possible or as low as possible The 
potential energy of the body depends on the position of its 
centre of gravity, in the first case the potential energy has a 
maximum value, in the second case it has a minimum value 


In either case, if the body he very slightly displaced, the height of the 
centre of gravity, and therefore the value of the potential energy, is at 
first altered by a quantity which is itself very small compared with the 
change m the position of the body 

Thus let the body be turned through a very Bmall angle 0, so that OG 
(Fig 100} becomes OG', and l GOG’—O Draw G'K 
perpendicular to OG, then the centre of gravity is 
raised a distance GK 

Now if l GOG’ is very small, then OG’G is very 
nearly a right angle Hence the triangles KGG‘ 
and G'GO are similar 


Thus 


Hence 


KG 

GG' 

KG = 


GG ' 
GO * 
GG' 3 
GO * 


And if GG' is small GG^fGO is very small indeed 
Compared with its horizontal displacement, the change 
in height of the centre of gravity is very small 



This proposition is found always to be true, in an cquili- 
bnum position the potential energy has always a Tna xinrmn or 
a minimum value, the change m potential eneigy consequent on 
a small displacement is very small when compaxed with the 
displacement, it depends on the square of the displacement 

Again, in all the cases of unstable equilibrium, the centie of 
giavity is as high as possible, the potential energy has a maxi- 
mum value, the change produced by a small displacement is 
very small but, such as it is, it tends to reduce the potential 
energy of the body, the energy tends to take the kinetic form, 
the potential energy tends to decrease 

When the equilibrium is stable the centre of gravity is ns 
low as possible, the potential energy has, m the equilibrium 
position, a minimum a alue, the change due to the displacement, 
though veiy small, is an inciease, to pioduce it, work must be 
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done against the impressed forces, the body must gain cneigy , 
this cannot take placo without a supply of oncigy fioni with- 
out, hence a position of iesl in which the potential enei gy is a 
minimum is a stable position, for to displaco the body w 01 k 
must be done on it fiom without. 

In the unstable position some of the potential cncigy can 
he transfouned into kinetic, and this is a change winch will go 
on of itself if once started by a small displacement, the position 
therefore is unstable, the body can do v> ork on external bodies 
if properly connected with them and when once started will do 
that work. 

If the body in the unstable position be quite ficc from all 
impressed force except its w eight, and the (fuctionless) reaction 
at the point of support, it acquires kinetic cncigy in falling as 
fast as it loses potential cneigj, it therefore passes tlnough the 
position of stable equilibrium with an amount of kinetic 
energy equal to the potential enei gy it has lost, and this, if 
llicie were no friction and no an resistance, would cany it up 
on the other side to the former unstable position , m piaclioc, 
however, some of the enei gy is dissipated as heat and in othci 
wnjs , the bod> does not rise to the unstable position but conies 
instantaneously to re'-t before 1 caching it It then falls back 
through the stable position and continues to oscillate about 
this until the kinetic energy it has acquit ed m the fall is all 
dissipated, when it conies finally to rest in this position w llh a 
minimum of potential energy 

Thus a position of minimum polenti.il energy is one of 
stable equilibrium because work must bo done to displaco the 
body from this position, and to do this woik needs a supply of 
energy from without. 

A position of maximum potential cneigy is one of unstable 
equilibrium because it is possible for some of tlio potential 
energy to bo transformed into kinetic energy without an 
external supply, and this is a chnngo which in nntuio can take 
placo of itself. 

We do not know wdiy tlioro is this tendency for tho trans- 
formation of energy or by what pioccss it goes on, all that wo 
observe is that motion which can take place without gam of 
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energy to the system, and which meioly involves transforma- 
tion of eneigy will occui, while motion which involves a gam 
of eneigy wifi not occui unless energy be communicated from 
without. 


EXAMPLES. 

1, A cylinder, 50 ft long, balances on a log pnt under it at 30 ft 
from'one end, and it also balances on the log put under its centre, when 
a weight of 501b is placed at one end and 1201b at the other, find 
the weight of the cylinder 

2 Find by a diagram the centre of gravity of 3 cylindrical rods, of 
unequal lengths but small uniform thickness, so placed as to form a 
triangular figure Where is the centre of gravity, m this case, geometri- 
cally situated? 

3 A circular table weighing 20 lb is supported by vertical legs 
attached to 4 points of the rim forming a square, find fiom what parts 
of the rim a hundredweight can be hung without overturning tho table 

4 Find the centro of gravity of n lamina formed by a square having 
a part cut off by means of two cuts reaching from the centre to the two 
adjacent comers 

5 Twelve equal heavy particles are placed round tho oiroumferenco 
of a circle at equal distances from each other Two of the partiolos 
which have three particles between them nre now removed, find tho 
centre of gravity of the remaining ten particles 

6 If from a uniform lamina in tho form of an equilateral triangle 
of side a the triangular portion formed by joining the middle points of 
two of its sides is cut away , find the distance of the centre of gravity 
of the lcmaining piece from the centre of gravity of the whole triangle 

7 From a body whose centre of gravity is known a portion whoso 
contre of gravity is known is cut away Find the centre of gravity of 
the remaining piece 

If the body is a uniform lamina in the form of a rectangle, and the 
triangle formed hy joining its centre of gravity G to the ends of one of 
tho sides is cut aw’ay , find the distance of the contre of gravity of the 
remaining part from the point G, where a is the length of the adjacent 
side 


8. A parallelogram ABCD weighs 3 lb and is divided by its diagonal 
BD into two parts, one of which, viz the tnangle BCD, is twice as heavy 
as the othei If a weight of 1 lb is placed at the cornei A of the paral- 
lclogiam, find tho centro of gravity of tho systom. 
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0 A regular hexagon ib inscribed in a circle, and weights of 1 lb 
each mo placed at 5 of tlic angular points of tho hexagon, and 8 lb at 
the contra of tlio circle Find tlio centra of gravity of tlio system 

10. If tbreo equal triangles arc cut off a triangle b) lines respectively 
parallel to tlie tbreo sides, shew that tlio centre of mass of tbo remaining 
figure coincides witli tliat of tbo original t wangle 

11. From a square piece of paper AliOD a portion is out out in tlio 
form of an isosceles triangle whore base ib AD and altitude equal to ono 
third of AD Find tbo centre of gravity of tbo remaining portion 

12 A tablo with n heavy square top A BCD rests upon four equal 
and heavy legs, placed at A, It, F and F, where F and F mo the middle 
points of DC mul CD Shew that the tablo will be up«ct by’ n weight 
upon it at C, just greater than the weight of tlio whole tablo, nnd find 
tbo greatest weight which may ho placed at D without upsetting tbo 
table 

13. A circlo of rndms r touches internally at a fixed point, a fixed 
circle of radius D ; find the centra of gravity of the area botween them, 
and its ultimate position when r increases nnd becomes ultimately equal 
to If. 

14. The middle points of two adjacent sides of a uniform l oct- 
angular lamina arc joined nnd the Imntnn is cut m two along tlio joining 
line I uni the centra of gravity of the larger portion 

15. From a body, weight It , a picco of weight ir is cut and moved 
a distance x, shew that the centra of gravity of the whole moves a 
distance xtc— IF in the same direction 

ADCD ib a trnpenurn, the angles at D and C being right angles 
Shew that tlio diRtaucc of its centre of gravity from DC ib 

AD-+AD CD+CD' 1 
S[AU + CD) 

16 A triangle in cut off from a uniform square plato by a section 
along a line joining the middle points of two adjacent sides Will it bo 
jw-ublc to balance tlio remainder in a vertical position with ono of tlio 
buloB that luvs been cut m contact with a liomontnl plane? 

17 ADC ib a triangle; forces represented by .'!/! B and 4 1(7 act 
along the sides AD and AC Prove that their resultant cuts DC at a 
point G, such that DQ = iDC 

18. A rod whose length is 10 foot, mid which is thicker nt one end 
than nl tlio other, balances about its centra when 10 lb is hung from 
one ond nnd 20 from the oilier, while if 40 lb instead of 20 is hung 
from tlio second end tlio fulcrum is nl i feet from that ond Find tlio 
weight of tbo rod nnd the position of its contra of gravity'. 

19. A uniform rod of weight IF is supported from ft point by two 
strings One of those mnkon an angle of 60°, the otlior an anglo of 30° 
with the rod Find the tenuous in tbo strings, 
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20. A tlun squaio board whoso weight is 1 lb has one quaitor of 
one edge resting on the end of a horizontal table, and is kept from falling 
over by a string attached to an npper corner of the board and to a point 
on the tabic m the same vertical plane as the board If the length of 
the string be doublo that of tho edge of the board, find its tension 

21 A beam 12 feet long rests on two supports, distant 2 feet from 
each end The beam weighs 1 cwt Find the greatest weight which can 
be supported from one end without overbalancing the beam Find also 
the pressure on each support when this weight is suspended 

22. A circular hole 1 foot in radius is cut out of a circular disc 
3 feet in radius If the centre of the hole be 18 inches from that of the 
disc, find the centre of gravity of the remainder 

23 Where must a circular hole of 1 ft radius be punched out of a 
circular disc of 3 ft radius, so that the centre of gravity of the remainder 
may be 2 inches from the centre of tho disc ? 

24 Two isosceles triangles are on the same base bnt on opposite 
sides of it, and the altitude of one is 6 mokes and of tho other 2 inches 
Find the distance from the common base of tho ccntro of gravity of the 
whole figure 

25 A cylinder of wood 12 inches long is 4 inches m diamotcr for 
8 inches of its length, and 3 inches m diameter for tho remaining 4 inches 
Dctormino the position of its centre of gravity 

26 ABC is a triangle, whose sides AB, BG, CA are 6, 10 and 8 
inches long at A, B and G respectively, are weights of 7, 8 and 9 lb 
Shew that the centre of gravity of the weights coincides with that of the 
perimeter of the triangle 

27 The middle points of two adjacent sides of a uniform tn- 
sngular lamina are joined and the lamina is cut m two along the joining 
line Find the centre of gravity of the larger portion. 

28 How, practically, may the centre of gravity of a heavy beam bo 
found of which one end is heavier than tho other? If it bo mado up of 
two uniform cylinders whoso lengths are as 3 5, and weights as 6 1, 
where is the centre of gravity ? 

29. A uniform bar 4 yards long weighing 12 lb has three rings 
each weighing G lb upon it at distances 1 foot, 5 feet and 7 feot from 
one end At what point will it balance ? 

30 One comer of a square is cut off by a straight line passing 
through the middle points of two adjacent sides Find the position of 
the centre of gravity of the remainder 

31 A uniform triangular plate hangs from one angle with tho base 
horizontal , shew that the tnanglc is isosceles 
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42. Simple Machines. Thctenro various contrivances 
by v Inch the amount or the direction of a force impiessed on a 
body can be modified By impressing a small force at one 
point of a body we may* be able to give uso to a laigo force 
acting, it may be, in a different direction at some other point , 
or rice versa, some small force may bo produced through the 
action of a larger force impressed elsewhere 

A contmanco for eithoi of theso purposes is called a 
machine. 

X)i nsmOK An appai alui for mahinq a fo) ce impressed 
on a body at a given point and m a given direction aia liable at 
some other point or in some other dvcction is called a Machine 

Wo should notice at the outset that tlnough the action of 
a machine the force exerted may bo gi cater than that apphed, 
yet it follows from the prmciplo of energy, that no more work 
is done by tlve machine than is done on it Energy supplied 
to the machine at ono point is transmitted by it to some other 
point, tbo amount of such energy, except for frictional loss, 
remains unchanged 

The words “except for frictional loss" me of courBO important, foi in 
nature there ib very considerable loss m an} machine More work raufit 
he done on tho machine than it can do 

Now any machine such us a pump, a steam-engine or a 
crane, consists of a number of simple parts, these we shall find 
it desirable to classify and deal with separately* 

Each of these parts is spoken of as a Simple Machine. 

as 8 
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We shall suppose further that the machine is m equilibrium, 
and that a single force impressed at one point just balances 
another force impressed in general at some other pomt 

We look upon the first force as exerted by some other body 
on the machine, it is often called the Power, though the 
name is not a good one, for power means rate of doing work 
The second force we consider as a foice which the machine 
exeits on some other body, this is oidinanly described as the 
Weight. In addition to these we have the icactions at the 
points of support of the machine 

The names Power and Weight come from the fact that the simplest 
machines ■were no doubt originally devices to enable men to raise weights 
By means of certain contrivances a man is able, though he can exert but 
little force, to raise a heavy weight, the force he can exeifc measures the 
power, the weight he raises is the weight 

The simple machines consist m all cases of bodies which are 
constrained so as to be capable of motion m some definite 
manner, two forces applied to such a body balance and the 
problem is to find the relation between them 

Now we suppose the machines to be frictionless, and the 
fundamental principle which will apply to all is that if the 
machine be supposed to receive any veiy sbght possible dis- 
placement, the work done by the one force just balances that 
done against the other 

If then we measure the distance which the point of appli- 
cation of each foi ce is displaced in the direction of the force, 
and multiply that displacement by the coi responding force, the 
two products will be numerically equal Work is done by one 
force and against the other, the amount of work m each case 
being the same If one force be large and the other small, they 
may balance, but in this case the displacement of the point of 
application of the first is small, that of the second is large 

Work is meusuied by the pioduct of two factois, Force 
and Displacement In many cases it is convenient to change 
it from the foim of a small force multiplied by a large displace- 
ment into the form of a large force multiplied by a small 
displacement A machine enables this to be done. 
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If P t Q arc the twoforccs which balanco on a machine, p, q 
(lie corresponding displacements of (lie points at which the 
forces are impressed measured parallel to the lines of action of 
P and Q, then 

P.p-Q q. 

it P Q 

Hence q 7 >' 

01 the displacements .no inversely as the coiiesponding forces 

Tin's result is sometimes evpicssed by the statement 
that “wliat is gained m Powei is lost m Speed” If tho 
“Power” P be small and the “Weight” Q huge, then p is 
Hige and g is small, so that, m ordci to iaiso a large “Weight” 
by the aid of a small “Power,” the point at which the “Power” 
is applied must move through a huge distance compared with 
that travel sed by the weight 

In most machines the relation between the “Power” and 
th<} “Weight” can bo found most simply by making use of this 
pmiciple, the problems which occut will however be solved in 
this w ay and also by the direct application of the conditions of 
equilibrium of a system of foiccs We shall thus obtain aci ifi- 
cations of the principle foi the simple machines 

"Di HMHOS IlTrca Uto forces, n “ Powci ” and a “ Weight,” 
tmp> cssed on a machine maintain it in cquihbi mm, the laho of 
the weight to the power is called the Mechanical Advantage 
of the Machine. 

TIic reason for tho nnmo is dear, the object of most machines is to 
bnlnnco a largo “■Weight" with a small "Power ” When this can be 
done mechanical ndiantnge is gained by tho nsc of the machine 

The Simple ^Machines may bo classified us 

(I) The Lever, including tho Wheel and Axle 

(II) Tho Pulley. 

(m) The Inclined Plane, including the Wedge 
(iv) TheSciew. 


43. The Lever. The Lever is a iod 01 bai winch may 
lie eilhei straight 01 cuived and which can move only about a 
fixed point 
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This point is called the fulcrum, and is denoted by C in the 
figures 

A foice P applied at one point A balances anothci force 
JF applied at a second point JJ , we wnsli to find tho relation 
between the two The lines of action of the two forces and of 
the reaction at the fulcrum must lie in one piano and meet in 
a point or be parallel , we will take this plane as the plane of 
the paper 

The conditions of equilibrium are obtained from the name 
punciplo in all cases The resultant of the forces P and Q 
impressed at A and B, Fig 101, must pass through C Hence 
the moment of P round G must be 
equal to that of Q about G Thus 
if CL, CM be perpendicular from 
G on the lines of action of the 
forces P GL-Q CM 

We mil now consider a little 
more in detail the various cases 
which anse, and m the first place 
we will deal with a straight lever 
and suppose tho forces P and Q to lie parallel and at right 
angles to the length of the lever 



Proposition 39 To find the mechanical adi antagc of the 
stiaiqht level 


Lovers of this kind are usually divided into three classes 


Class I The points A and B 
Weight are applied, Fig 102 (o), 
lever and the fulcrum G is be- 
tween them Level's of this 
class are a ci owbar as ordinarily 
employed to raise a weight, the 
beam of a balance, a pair of 
scissors, or the handle of an ordi- 
nary pump 


at w Inch the Pow er and tho 
aro at opposite ends of the 



Fig 102 («) 


Foi the conditions of equilibrium we have if R be the 
pleasure on the fulcium and a, b the lengths of the aims CM, 
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A = /* + r, 

P GA = W . CP. 
TT_ GA a 
P~ ciri' 


Thus the mechanical nd\ milage nmv bo greatci 01 less than 
unity accoi cling as tlio Power acts at the end of the longer or 
the shorter arm 


Cj.ass II The Pow or and the Weight act on the same side 
of the fulcrum G but m opposite directions, the Power being 
applied at a greater distnneo ftom the fulcrum than the Weight 


Among level's of this class aic nn oar and a pan* of nut- 
crackers In the ease of the o.ir, the poition of tlio blado in 
tlio watci is the fulcrum, the power is applied by the oarsman, 
the pic^suio of the iow lock coiiesponds to tlio weight, the 
fulei utii is of course not absolutely fixed 

Foi this class then we liavo Fig. 102 (6) 

Ji=W-P, 


p ca^w.cb 

„ W GA « 
Hence p - ajj ~ g- 


And since a is greater than 6 
the mechanical adiantago is al- 
ways gieatei than unity 


r* 


AR 


B 


Fig. 102 ( b ) 


A° 


Class HI. The Power and the Weight act m opposite 
dnections as in Class II , but the Power is ucuior tlio fulei um 
than the Weight 

As examples wo have some forms of the treadle of a lathe 
or sewing machine, or a pair of spung shears, the blades of 
which are held open by a spring and are closed by the pressure 
of the hand applied at a point between the spring and the 
blade 

Another important example is the bone of the foicarm, the 
fulcrum is the elbow joint, the power is applied by a muscle 
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attacked to tko aim not far fiom the joint, the weight bomg 
held m the hand 


In tliib case we have, Fig 102 (o), 

ji=p-n r , 

P GA = W GJi 

Thcicfoie c 

W_CA_a 
P Gl}~ 6 ’ 

and since a is less than b the 


£ 


w 


Fig 102(c) 


v 

R 


mechanical ad’iantago is less than unity, a small woight is 
laised by a huge pcn\ cr, but the point of application of the 
powei moves ovei a small dislauco while the weight is con- 
sidciably displ.iccd 


44. Bent Levers If the level bo not straight, or the 
foiccs P and JF be not painllel, wo still lind then latio by 
taking moments lound the fulcrum 


Again let the directions 
of Pand IF, Fig 103, meet 
at 0, then It is the lesult- 
ant of P and IT at 0 and 
it passes thiough G, thus 
if y be the angle between 
OA and OB, 11 acts along 
OG m hilo its value is given 

7iP = I w + lF 3 + 2P1Fcoby 


o 



Fig 103 


We may obtain an equation to find tbo direction of 17 thus, supposing 
AGB to bo straight 

Let OAB=a, OBA=p, and lot OCBzsO 

Then 17 acts along OC, B and TF along OA and OB iespocti\cly 

Kesolvc the forces perpendicular to AB 

R sin 8siP sin a+ IFsin p (1) 

Eesolve parallel to AB 

17 cos cos a- IF cos/3 . (2) 
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Squaring and adding A\e have 

H2=I»+ 7F a - 2PH'cos («+/3). 

Dividing (1) by (2) 

t „ Psma + TFsinjS 

tanff “Pcosa-IFcoB/3* 

In ilie above equations we have not taken into account 
the weight of the level , this can if necessary be done 
Assuming the forces all to be vertical, we have to add the 
weight of the lever to the pressuie on the fulcrum and include 
the moment of the weight applied at the centre of gravity in 
the equation of moments 

45. Application of the Principle of Work. We can 

readily obtain the relation between the power and the weight 
foi the lever by an application of the principle of work 

This has already been done in the general case m Section 
22, for it was proved there that when a body can turn about an 
axis the work done by any foice is found by multiplying the 
moment of the force by the circular measuie of the small angle 
turned through 

Hence if the work done is zero the sum of the moments of 
the forces is zero and this applied to two forces gives us the 
principle of the Lever The ratio of the two forces is equal to 
the inverse ratio of the arms at which they act We will 
however apply the punciple of work to the case of a straight 
lever on which two paiallel foices aie impressed at right angles 
to the arms 

Let AG Jit Fig 104, be the level, AGB being a stiaighthne, 
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lei P, IF bo the forces impressed at the points A and B re- 
spectively m directions perpendicular to the level. 

Let GA = a, CB = b 

Let the lever be turned about C through a small angle 6 
into the position A'GB' Draw A'A U B'B 2 , perpendicular to 
the directions of P and IF lespectively, and A'M, B'JT peipen- 
dicular on A GB 

Then A,A=AM, 

and B l B = B’N 


Woik done by P= P AA^P. A'M. 

Work done against IF 

» IF BB X = TF. B'N. 

Hence, since these two amounts of work are equal, we have 
P.A'M= IF B'N. 

mi P B'N _ A'G 

W^TTf-MC' 

for the tuangles A' CM, B'GN are similar. 

Also A'G = AG =a, 

B’G = BG = b. 


Hence 


W_a 

P 


■which is the result requiied 


We may also obtam tins result by dnect experiment The 
bar employed has already been described, Section 18, and is 
shewn m Eiguie 105 


Experiment 6 To find by experiment the relation between 
the Power and the Weight m a lever and to verify the law that 
the work done by the Power is equal to that done on the Weight 

You are given a straight graduated bar AGB, Eig 105, 
moveable about G as a fulcrum This point is very approxi- 
mately comcident with the centre of gravity of the bar, which 
will therefore balance about C The weight of the bar is thus 
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directly supported by presume at the fulcrum and need not 
be further considered. Kings A and B slide on the bai and 



Fig 105. 


from these rings respectively weights which we will call P and 
IF are supported Place A with its weight P m any con- 
venient position on the bar and adjust either the weight IF or 
the position of the ling B until the bar rests m equilibrium 
in a horizontal position Mcasute the distances AG and BC 
Then it will be found that P x AG — TF x BC Again, measure 
the heights of A and B above the floor or some other con- 
venient horizontal plane Then lowei the end A and fix the 
bar in an inclined position A'GB' Measure the heights of A' 
and j B' and hence deteimme the distances a and b say, through 
which the Power has been lowered and the Weight raised It 
will be found that P x a — IF x 6, or the work done by the 
power is equal to that done on the weight 

Various forms of balances exemplify in their action the principle of 
the lever These will be dealt with in a separate section (See § 59 ) 

Examples (1) Weights of 10 and 15 Ui are suspended from the ends 
of a lever 12 feet m length , find the point at which they balance 

Let AB (Fig 106) be the lever. G the fulcrum, the upward pressure at 
0 is 25 lb 


Let the 10 lb weight be at A, 
Tate moments about A 
25 AG =15 12, 


AC= 


15 12 
25 




Fig 106 



122 


STA'IICS 


[cii vi 


(2) A straight tod is loaded so that its centre of giavity is £ of its 
length font one end When weights of 5 and 10 lb arc suppoi ted fiom the 
ends , the rod balances about its middle point , find the weight of the rod 

Let the length of the rod he l feet and let it weigh IFlb 

Tlio contre of gravity is H fiom the centre and the 51b ■weight clearly 
hangs on tlic samo side of the centre as the contrc of gravity 

Honce, taking moments about the middle point, 

5 1 + ”' r“ I- 

Thus 1F= 15 lb 

(3) Two weights P and Q are suspended from points A and B in a 
straight rod of weight W The rod can move about a fulcnmC IfA,C,B 
and the centre of gravity G be in a straight line and the rod be in equi- 
librium when inclined at an angle 0 to the horizon , shew that it will be ill 
equilibrium in any other position 

Let the dnection of P, IF and Q meet a horizontal line through G in 
M, L and N (Pig 107) respectively 



Take moments about G . 

Then P GM=W GL + Q CN 

Now GLszGG cos 0, GM= CA cob 0, Ctf= GB cos 0. 

Hence P GA cos 0= W GG cos 0+Q GB cos 0 

Thus dividing out by cos 0 we have 

P CA = W GG+Q GB 

Since this relation does not involve the angle 0 it will be true for all 
values of 0 

It should be noticed however that cos 6 mnst not be zero, if it were we 
should not be justified in dividing out by it Thus in the initial position 
the rod must not be vertical, clearly if it were vertical it would bo in 
equilibrium whatever the weights might be 
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46. The Wheel and Axle. The apparatus is shewn 
m Fig 10S It consists of a wheel or (hum of considerable 



diameter round which a rope can be coiled and which can turn 
about an axis through its centre A string coiled on tins 
wheel carries the power P A diuni of smaller dianietei — tho 
axle — is mounted on the same axis Round this a lope is 
coiled m the opposite direction to the first and carries the 
weight TI r Thus when P is lowered the rope round the wheel 
is uncoiled, that lound the a\le is coiled up and TT is raised 

Pltorosi'liON 40 To find the mcdiamcal ndiantage oj the 
Wheel and Axle 

Fig 109 represents a plan of 
the wheel and axle, petpundicul.ir 
to the axis i ound w Inch it can ro- 
tate It is cleai th.it the machine 
acts like a lever G the centi c is 
the fulcrum, GA, CB radii of the 
wheel and axle respectn cly arc the 
aims 

Let GA — a , GB = h 

Then for the conditions of equi 
librium we have either 



Fig 109 
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(j) By taking moments about G, 


Thus 


P CA=W GB 

W_ GA a 
P~ CB~b* 


01 


(u) By the principle of work 

Let the appaiatus be turned through a small angle 0 so 
that the lino A'GB' may become horizontal Then clearly the 
power P drops a vertical distance A A', an amount AA! of 
rope is uncoiled, while If is raised a distance BB' An amount 
of lope BB’ is coiled up 


Hence 

Therefore 


If BB' = P AA!. 
W _ AT 
P ~ BB ' * 


and since AGB and A'GB' are straight lines 

AC _ a 
BB' ~ BG ~ b 

Hence as before 

If a 

p~ y 


In the above we have treated the rope as though it u ere a mathematical 
line of no thickness In experiments it may quite well happen that the 
thickness of the rope is comparable with the radius of the axle, if this is 
so we may suppose the power and the weight to act respectively at tho 
centre of the rope, and we have then to add to the radii, both of the wheel 
and of the axle, half the thickness of the rope 

Since the mechanical advantage of the wheel and axle is given by tho 
ratio ajb, we could, by making a large and b small, raise by means of a 
small power a very large weight, were it not for the faot that if b be too 
small the axle will not be sufficiently strong to carry the weight Wo 
cannot reduce b beyond a certain limit without endangering the machine 
ThiB difficulty is avoided m the differential wheel and axle See Section 
55 

The mechanical advantage of the wheel and axle can be determined 
by experiment by finding the weight which a given power can support 
Friction will however probably prevent any very dose agreement between 
experiment and theory. 
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47. The Pulley. The Pulley is a small cucular disc or 
wheel with a groove cut m its outer edge round which a string 
can pass The wheel can. turn on an axis thiough its centre, 
the ends of this axis aie earned by the block within which the 
pulley turns 

"When the block is fixed as m Pig 110, the pulley is said 
to be fixed, in other cases it is move- 
able The weight is attached to one 
end of a strmg which passes over the 
groove of the pulley, the power in 
the case of a fixed pulley can be 
apphed at the other end of the string 
If, as we shall suppose, the suppoits of 
the pulley are smooth the tension at 
all points of the strmg must be the 
same throughout, and the power will 
then be equal to the weight 

Por consider the two points A, B, wheie the stnng leaves 
the pulley, and let 0 be the centie, P the power applied at A, 
IF the weight suspended from B Then, taking moments 
about G, we have 

P.GA=W CB. 



But GA = GB 

Hence P= JF 

The fixed pulley is useful only in changing the direction 
of a force 

48. The single moveable pulley. In this instru- 
ment the weight IF is suspended from the pulley block , the 
stnng passes round the pulley, one end of the string is secured 
as at 0 to a fixed support, the power P is apphed upwards as 
at A 

In this case as m others the strings may either be parallel or 
inclined to each other 
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Proposition 41 To find the relation "between the Powrn 
and the Weight tn a single moveable pulley 

( 1 ) When the strings at e pat allel 

The forces acting are the tensions of the two parallel strings 
AD and BG, Fig 111, and the weight, the 
weight acts vertically, hence the two 
strings are vertical Moreover the tensions 
are equal and each is equal to P Thus 
we have 2 P upwaids balancing IF, which 
acts downwaids 


Hence 2P= IF. 

Thus 


Z_ 2 

p - 2 , 



or a given power can raise twice its own weight 


(n) When the strings are not parallel 

Since the tensions in the two strings are equal and aio 
balanced by the weight, their resultant is equal and opposite 
to the weight, but the resultant of two equal forces bisects the 
angle between the forces Thus the two strings are equally 
inclined to the vertical, let 6, Fig 112, be the angle between 
either string and the vertical The 
tension m each string is equal to P, 
hence resolving vertically 

2P cos 6 = IF 

Thus ^ = 2 cos 6 

If the weight of the pulley be w 
and it be sufficient to bo considered 
then the downward vei tieal force is 
W+w, and the last equation be- 
comes 



TF+io 


= 2 cos 0 


P 
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If tho “"Weight” be not veitical 
other direction by means of a string 
or rope attached to tho pulley block, 
then its direction still bisects the 
angle between the strings as m Pig 
113, and a similar equation holds 

Proposition 42 To apply the 
Principle of Wort to a smqle move- 
able pulley with parallel strings 
Suppose the pulley raised a dis- 
tance x, ko that its centre may move 
from 0 to O'. 


but be applied in some 



The simplest way of doing this, Pig 114, is to suppose both 
ends of the string to be raised an equal dis- 
tance x from C and D to G" and D' respec- 
tively, the nork done, since the tension in D ‘'; 
each siring is P, is 2 Px : 


How suppose that C' is lowcicd to 0 
again, the pulley being kept fixed, D' will 
rise an equal distance x to D ', but no woilc 
will be done by this, for the work done at, 
one end of the string ]ust balances that done 
m the other. Thus the end D at which the 
powei P is applied is raised 2x and the 
total work done is as above equal to 2 P.x 

Hence P . 2r = Jf r x 



If the stungs aie not pai allcl we have two 
equal foices at a point balanced by a tluid 
and the problem is the same as that solved 
in Section 33 



49. Systems of Pulleys. "Various combinations of 
Pulleys are m common use Some of these will be described 

Proposition 43 To find the mechanical advantage of the 
first system of pulleys. 
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The first system of pulleys consists of a number of pulleys, 
each of which is suspended by a separate string. One end of 
each string is attached to a fixed support, the other end of the 
string after passing round a pulley is fastened as shewn in 
Pig 115 , to the block of the next pulley The weight is hung 



Fig 115 


from the lowest pulley, the string from the highest moveable 
pulley passes over a fixed pulley and to it the power is applied 

Thus each pulley after the lowest is acted on downwards by 
its weight and by the tension of the string which connects it 
to the pulley next below, and upwards by the two tensions m 
the parts of the string by which it is suppoited Thus the 
tension in the string round any pulley is half the sum of the 
weight of that pulley and the tension of the string below it 

Thus let w l3 w ai to 9 be the weights of the moveable pulleys 
A lt A s , etc , t J} t, j, t 3 , the tensions of the strings round A ly 
A 2 , etc , and suppose there aie n moveable pulleys, then 
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f lS =l (»'+*««) 

(t L + «’s) = 4 ( TF + w i) + 7} ™s 

< 1 =\ {<1 + ™>) = i(N r + W») + \ 

and so on 

Jdoieoi cr t, ,-P- 

Hence 

i> = f n = 4( Tr+7W »)+2^ ? "2+ 2^2^+ \ W n> 

or multiplying up by 2", 

2 n P — TI r + to, + 2 w s + Wwa + 2 n-1 w„ 

If the ii eights of the pulleys be neglected the expicssions 
liecome simpler though the principle is just the same 

Thus, if there be four moveable pulleys, the tension m the 

ir IT Il r 

first string is — , in the next ^ > and m the fourth . 

Hence ~ = P. 

Therefore ^=2* = 16. 

Thus with this system n given “Pouei ” P could suppoit 
a “Weight” of 2" P wheic n is the number of moi cable 
pullej s 

Proposition 44 To apply the Pi maple of U r or7c to the 
fust system of pulleys 

Let the weight and the first pulley use a distance a: The 
end of the stung round this pulley uses 2a;; thus the second 
pulley nses 2ac, the next pulley uses twice this or 2 5 i Thus 
if there be n pulleys as befoie the “Power” P moves a distance 
2"a; 


a. S. 


9 
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Hence 

P 2 n x= ( IF+ tOj) x + io s 2 x + w a 2-x + w n .2 n - 1 x. 

Therefore 

2 n P= (W+uh) + 2jtf a + 2"io 3 + 2 n ~hv n , 
which is the same result as previously obtained. 

Pboposition 45 To find the mechanical advantage of the 
second system of pulleys 

In the second system there are two sheaves of pulleys m 
separate blocks The string is attached to one of the blocks, 
Pig 116, — m the figure it is the upper — and passes round the 
pulleys in turn first under one in the lower block, then over one 



Fig 110 
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in the upper and so on The pulleys are sometimes arranged 
•with a common axis, sometimes the various pulleys m a block 
are placed ono below the other ns in the figuro 

In either cose the tension of the string is equal to the 
power, let thcro be n strings at the lover block The upwaid 
force will be found by multiplying the tension by n, the down- 
ward force is the weight supported W, togethei with tho 
iv eight of the lower block io t 

lienee nP — ir + 

We can applj the principle of work thus If the lower block be rained 
a height x, n length x of each hiring will be left slack. Hence the end of 
the string can move a distance nx 

Thus, 1* ttx=(ll +tc t )x, 

or nPssir+tr t 


Proposition 4G To find thr mechanical adianfaqc of flic 
(tin d sustem of pid/cif* 

In this sj stem, Fig 117, one end of each string is attached 



Fig 117. 

to a bar which entries the weight The uppermost pulley is 
fixed , a string passes over it and supports the next pulley, 
anothei stung passes ovei this aud supports the third, and 
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so on, the last string passes over the last moveable pulley and 
to it the Power is applied 

Now if t lf U t„ be the tension m the strings beginning 
from that over the topmost pulley, w lt w 2 the weights of the 
pulleys 

Tlien t n = P, 

<„_1 = 2<„ + w n = 2P + w n , 

^n -2 = 2f n -l + 7<? n-l ~ l PP + + ^n-u 

<, = 2" -1 P + 2 "~~W n + ... + to. 

Also IF= ty + i s + ... 1 n 

= P(l+2 + 2 * + ... + 2“-i) 

+ w n ( 1 + 2 + 2 8 2'-=) 

+ w n-l (1 + 2 + 2 n ~ 3 ) 

+ io £ 

Now we know that 

1 + 2 + 2 2 + +2 r_1 = 2 r — 1.* 

TJius 

ir= P (2 n - 1) + w n (2 n-1 - 1) + (2 n ~ a - 1) + + m, 

If the weights of the pulleys be neglected the expression is 
simplified, for the tension in each string, beginning from the 
power, is clear]} twice that m the string before 

Thus ^ = P, L- 2P... 

l n = 2 M P. 
in t+ t n 
= 7 > {l + 2 + 2 -+ 2 n - 1 } 

= P{2»- 1} 

We may apply tlio Principle of Work tlins Let the weight and the 
bar carrying it nsc a distance x 

If all the pnlleis retained their positions fixed there would be a length 
x slack m each string 
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In con? 1 qucnccof tin*! nlonc each pulh'j nfb’r the first could bo lowered 
a distance z, the tint pulley js fixed, hrnt.ii the r ccond pulley drops a 
distance r, in con«cqnence of this drop tlio third pulley will be lowered 
through t\ ico this du-la.ico or 2x, to tins mirt be ndded the direct drop 
j- due to tho rise of the wcipht, which would liase taken place even if tho 
rccorul pulley hid been fixed 

Thus tho actual drop of the third pulley is 'lr+x, qr 3x. and wo may 

tmlc this (2 3 -l)jr 

In i'oti*c«iianee of this the fourth pulhy drops twice as far or 
11 (2* — 1} jt, and to tlii° vre rau!>t add the tall x for tho direct mo of the 
urtpht 

Ihiw tin. drop o r the fourth pulley is 

2 (2 s - 1) jt Hr, 
or x(25-2-tl), 

o- r(2 3 -l) 

'flic law is now cle ir, tho nth pullrv drops x {2 n " 1 - 1), and tho Power 

x{2 n -l). 

Thur the njintion of work ritcs 

If x~I’s (2*- 1) ( «vc ('2 1, ~ 1 - 1) + . 

+ + irjT (2 s - 1) J ir_r, 

Thmfoie 

I) }-ir |t (2"-'-I) + ... 

J- tr t (2- - 1 ) 4 tr» 

SO. Experiments with Pulleys. Tl is not possible 
to verify by direct experiment these results In any system 
of pulleys (lie friction is considerable, a smaller power than 
tint given by the equations is stifhctenl to support a given 
weight, ahirg.'i powu than is given is neecssaty just to miso 
tho weight 

We ean however verify' by direct measurement Ilia result 
that when a pulley rises a distance x, and one end of tho blung 
lound it is held fixed, then the otliei end uses a distance 2x 

Thus consider the first system of pulleys Support a 
Weight W from tho lowest pulley, and let the Power P bo 
another weight supported in a suitable scale-pan Adjust two 
■vertical scales as shewn in Fig 115 above, by the side of the 
power and tho weight respectively. Displace the system by 
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laismg the w eight V r a measured distance a on its scale, and 
observe the distance through which P descends, it will be found 
to be equal to 2 n P whcie n is the number of moveable pulleys 
Similar observations can be made for the othei systems of 
pullej's 

In the thud sj stem of pulleys the bar to which the weight is attached 
will not remain horizontal unless the point of attachment of the weight 
is the point of action of the resultant of the tensions Thus if K be the 
point of attachment, A the end of the bar to which the string carrying 
the weight is attached, and 2 a the distance between the strings, that is 
the diameter of eaoh pulley, then taking moments about K 
W AK=t x 0 + tj 2 a+t 3 4a+ .. 

By substituting the values of tj, f 3 , etc., found in Section 49, the posi- 
tion of K can be found 

51. The Inclined Plane. Consider a plane inclined 
to the horizon at an angle a A weight could be raised to the 
top of such a plane — if we neglect friction or take means to 
make it small — with the application of a smaller force by 
causing it to slide up the plane, than by lifting it directly 
Hence the inclined plane is one of the mechanical powers 

The solution of the problem depends in part on the direc- 
tion in which the force is impressed 

Proposition 47 To find the mechanical advantage of an 
inclined jilane when the Power acts parallel to the plane 

Let PAG, Fig 1 18, be an inclined plane, AG being hon- 
zontal and BG vertical Let the 
angle BAG be equal to a, and con- 
sider a body of weight W at rest on 
the plane, which is supposed to be 
smooth Let AB, the length of the 
plane be equal to l, and let the height 
BG be h 

The forces acting are the weight 
W veitical, the power P parallel to 
the plane, and the resistance R at 
right angles to the plane The rela- 
tion between these quantities can he found in various ways 
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(1) By the resolution of forces 

The direction along the plane, in "which P acts, and a line 
at nght angles to this, along which R acts, "\\ ill cleat ly be “ con- 
venient” directions m which to resolve the forces 

The angle between the normal to the plane — the direction 
of R — and the direction of IT is clearly a Hence the com- 
ponent of IF, perpendicular to the plane, is TF cos a, and along 
the plane it is IF sin a. 

Hence resolving along the plane 
P — IF sin a, 

and perpendicular to the plane 

R= TF cos a 

Thus P and R ate found in terms of IF and a. 


Moreover, 


Therefore 


or 


BG h 
Bina " AB~ V 

P h 

jjr — a — y > 

P l = TF h 


(u) By an application of the pi maple of tuork 

The work done by Pm moving the body a small distance 
s along the plane is P s, if at the same time the body nse a 
height z, the work done against z is IF z 


Ho work is done by the resistance R, since the motion is 
everywhere at nght angles to the direction of R 


Hence 


or 


P s= TF z, 
TF_ s _ h 
P~z~V 


from the figure 

Hence TF h — P . I, as before 

We can obtain the result directly by considering the 
work done in moving from A to B 
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(in) Jly the ti iavyl? pJJqicw 

&mce (he foices 1\ If' and Jl, maintain (he body m cqutli- 
htiuin, they must he proportional to the aide-, of airy triangle 
chaw it pniallol to them Lot (/, Fig 11^, Ik* tlio particle. 
Lot GK, a ei t leal, moot AC m K, mid GL at right angles (o tlio 
plane meet A C in L Draw KM 
parallol to tho piano to moot GL in 
M Then P, Jl nnd irnro resper- 
tncly parallel to KM, MG ami GK. 

„ p n tr 

Hence J{]f - ][(J - f , J{ 

Again tho Iniingltn CPA, VKG 
aio mmilar 



C 



/ 

V 


' V/ 

P\M 

A 

K L C 


Tig 119. 


Hence 


- Mila, 


KM no 
llK ~ Alt 
MG AO 
GK "Z\ir co ’ w * 


Tims 


P KM 
11' ' GK 
Jl MG 
ir' GK 


no 

AJS 

AG 

A'P, 


h 

j 'MU a, 


COS a. 


Pnorosi riov IS To Jnid tin virdiamml ndtantoye of an 

rnchnrd jdanc u hm l If jwarr art * ftonzoulally 

Lot All, Fig 1-0, Ik* tho plane, JIG being % pitied nnd 
AC hoiiront il 

3a*t /’Iki tlio power acting hoii- 
/ontally, and lot a bo the angle 
of tho plane Let JlC--h ami 
A 11 = l 

Let W ho tho weight nnd II 
tho l CMslanco of tho piano. A 

Wc enn find the mechanical Tig 120 

advantage m vmious ways ns 
follows 
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( 1 ) By the i e solution of forces 

Resolve horizontally and vertically The components of R 
aie 11 cos a veitical, and R sin a horizontal P is horizontal 
and IF vertical. 

Hence, resolving vertically, 

W=R cos a 
Resolving horizontally 

P = R sm a. 


Thus 


P _ R sm a 
W~ R cos a. 


= tan o. 


(n) By the pi mciple of work 

In moving the body from A to B, since the displacement 
m the direction of P is AG, while that opposite to the direc- 
tion of IF is GB, the work done by P is P AG, and that done 
against IF is IF. BG. 

Thus P.AG^JV BG. 


Hence 


P Ptf 
1V~ AC 


= tan a. 


(w) By the h i<mgle of forces 

Let G, Rig 121, be the body, and let GK vertical meet AG 
in K, and GL normal to the plane 
meet it m L 

Then P, R and IF are parallel 
lespectively to KL, LG and GK 

m, P P IF 

Thus KL ^ LG ~ GK 

But the triangles LEG and 
BGA are similar 

P KL BG . 

IF ~ GK~ AO ~ tan °'’ 

R LG AB 
TF~ GK~ AG~ SQQa ’ 



Hence 
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If the force be inclined as shewn in Pig 
it is usually simplest to resolve parallel 
and perpendicular to the plane 

Since three forces which maintain a 
body in equilibrium are in one plane and 
E and IF lie in a vertical plane through 
the particle, the direction of P must also 
be on this vertical plane 

Besolving paiallel to the plane we have 
Pcose= JFsmet 

Besolving perpendicular to the plane 
we have 

U+Psm£= IFcoso 


122 at an angle e to the plane, 



Some of these results can be vended by experiment. 


Experiment 7 To prove that on an inclined plane, when 
the Power acts parallel to the plane, the ratio of the Poioei to the 
Weight is equal to that of the height of the plane to its length , 
and to veufy the Principle of Wmk 


The plane is a -wooden board shewn at AB, Pig 123, to 
which a sheet of glass is attached The board is hinged at A 
to a second board, which can be clamped to the table At B, 
which is at some convenient distance (say 10 inches from .4), 



Fig 123 
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there is a thumb-sciow By means of this there can be clamped 
to the plane a vei tical rod •with a slot pai allel to its length The 
rod is graduated m such a way that the height of B above the 
lowest point A can be read off directly 


Thus the height h can be measured, and the length l is a 
known constant A pulley is fixed at the top of the plane The 
“Weight” IT consists of a heavy brass roller mounted m a frame 
so as to turn with very little friction, a string attached to the 
frame passes over the pulley and supports a scale-pan, into which 
various weights can be placed The “ Powei ” P is the weight 
of this scale-pan and weights 

The frame and pulley are arianged so that the string 
between them when tight is parallel to the plane Thus the 
Power P acts on the Weight IF parallel to the plane 

Set the plane so that h may have some convement value, 
say 5 inches Observe the value of P required to support IF for 
this value of h To do this accurately find the value, Pi, which 
will just drag IF up the plane and the value, P s , which will 
only just let it roll down The proper value of P, that is, the 
value which it would have if there were no friction, is the 
mean of P, and P a When the observations are made it will 
be found that IF h = P l, or that P IF -h l Again, if a is 
the angle which the plane makes with the horizon hjl = Bin a 
Hence P = IF sin a. In our case since the length l is 10 inches 
we have to divide the height by 10 to get sm a, thus if h = 5 
inches, sm a = 5 = and a = 30° Again, suppose the weight 
is allowed to move down the plane, it will have fallen a vertical 
height of h inches Thus the work done by the weight will bo 
IF h units of work; and clearly the power P, since it is 
attached to IF by the string, must have been raised l inches 
and the work done on it will be PI umts , but by what we 
have seen P l = IF h, which proves the principle of work for 
the inclined plane in this case Take a senes of values of P for 
various values of h and thus shew that in all cases P 1= IF h 


52 . The Wedge. This is a sort of double inclined 
plane or pnsm, Big 124, made of iron or steel or some such 
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hard material and used for splitting wood or for other like 
purposes 

Thus if BAG, Fig 125, be a wedge of angle a driven into a 
piece of wood by a weight W applied downwards, and we 



Fig 124. Fig 125 

suppose R, E, the piessures which tho two faces of the wedge 
exert on the obstacle, to act normally to its faces AB and AG, 
and further that these two faces are equally inclined to the 

vertical, at angles therefore of wo can find the relation 

between R, E and IF, thus, supposing the wedge to be smooth 

The vertical components of R and E balance 7F, the hon- 
zontal components of R and E are in equilibrium 

Hence resolving vertically 

JF=(ie + tf)sm£, 

A i 

B cos | = E cos ^ . 

Hence R = E, 

W = 2 R sin ^ . 

A 


and 
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In realitj the friction involved in the nse of the wedge is enormous 

We ought to consider two other forces F, F acting parallel to the 
faces of the wedge 

If we suppose the machine to he symmetrical with regard to the ver- 
tical line bisecting the angle a, we have 

17=21? sin ^ + 2 F cos ^ , 

and unless we know the relation between I? and F we cannot cany the 
solution any further. 


53. The Screw. Consider a sheet of paper cut into 
the form of a right-angled triangle BAG, Fig 126 (a), and 
wrap it round a cylinder so that the base AG of the triangle 


w 



Fig 126 (t>) 


may he at right angles to the axis of the cylinder The 
hypotenuse AS will form a spiral curve round the cylinder, 
Fig 126 (b) How imagine a projecting tluead to be fixed to 
the outside of this cylinder so as to coincide with the spual 
curve thus drawn , the cylinder then becomes a " sciew ” Sup- 
pose now that the paper is wound inside a hollow cylinder of 
the same radius as the solid cylinder just described and that a 
hollow groove is cut in the surface of this hollow cylinder, the 
groove being of such a form that the projecting thread just 
fits it The hollow cylinder constitutes a “ nut” in which the 
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screw can turn, Fig 127 Let the nut bo held fixed and the 
end of the screw inserted m it Turn the 
screw round its axis by means of a lever , ns it 
is turned its end moves outwards through the 
nut parallel to the axis If the axis be verli- 
cal, a w eight W can be raised by the applica- 
tion of a power P to the end of the lover. 

In any case if the nut be held fixed, forco 
can he exerted bj the end of the screw 



The angle a which the thread of the screw- 
malces with a plane at right angles to the 
axis is called the angle of the screw 



Tip 127 


The distance measured paiallel to the 
axis between two consecutive turns of the tlncad is called the 
pitch and depends on the angle and on the radius of the 
cylinder on which the screw is cut 


For let K, Fig 12G (a), be a point on the paper triangle 
which when it is rolled on to the cylmdci comes directly over 
the point A Draw JiL perpendicular to the base AC, parallel 
that is to the axis, when the papei is rolled on the cylinder, L 
wall coincide with A, and KL is the distance between two 
th tends 


Hence KL = h. 

Again AL is clearly the encumferencc of the cvbnder so 
that if b be its indius we have 

AL — circumference of a circle of radius b = 2-t. 

Jy 

But = tan KA L - tan a. 

AL 

Thus KL — AL tan a, 

or h =.2-& tan a 

We notice fui Lher that when the screw makes one complete 
revolution, a point such as K is brought into the position 
previously occupied by A, tlie end of the sciew advances a 
distance h puiallel to the axis 
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It is impossible to obtain a screw m which there is no friction We 
must therefore suppose that at ench point of the thread there is acting a 
normal force at right angles to the thread, and a tangential force parallel 
to it Suppose those forces to bo uniformly distributed, and let IZ and F 
be their values for each unit of length of the screw Let Z be the whole 
length of the screw IZ may bo resolved into a forco JZ cos a parallel to 
the axis, and IZ sin a at right angles to it , and F has for its components 
Psma parallel to the axis, Fcosa at right angles to it The forces at 
right angles to the axis have moments round the axis, the others have not 

Let us suppose also that wo are trying to raise the weight, then the 
frictional force helps the action of the weight and opposes that of P. 

Suppose further that P acts at the end of an aim a in a dnection at 
right angles to the avis 

Then resolving -vertically 

ir=l?Zcosa+PZsm«. 


Tailing moments about the axis 

Pa=IZZ sin a Zf+PZcoBa b 

If IP and P are known these equations will give us R and F, wo can 
not use them to find the mechanical advantage unless we have some 
relation between F and R 

If wo suppose F is rero, which m practice is never the case, then 

fP=JZZeoB a, 

Pa=Rlsma.b . 


Hence 


IT a . 
p = -cota 


Proposition 49 To find the mechanical ad\ antaqe of the 
Screw 


We can obtain the lesult most easily by the Principle of 
Work For while IF is being raised a distance h, the point of 
application of P moves once round a circle of radius a, hence 
its displacement is 2va ; moreover the direction of P is tan- 
gential to this circle Thus the work done is P 2 ira 

Hence P 2va — Wh = IF. 2 irb tan a 


Thus 


7F 2 ira a 

T> = 2irb tan a = h °°^ ° 


54. Combinations of Simple Machines. A com- 
plex machine is usually made up of a number of Simple 
Machines, In these the “Weight” of the first becomes the 



144 


STATICS 


[CH VI 


“ Power ” of the next and so on In such a case the mechani- 
cal advantage of the whole is found by multiplying together 
those of all the simple machines 

Poi let 1\, P 2 , P a , etc , be the powers, IF,, TF 2 , 1F S , etc , 
the weights, n^, nh m n the mechanical advantages. 


Then 

Hence 


TF, = A, w t =A l! r „_ 1 =P„. 

IF, P» 

»h- p- Pi > 


m s 


™ n -i 


_ IK 
~ A 

_ K-i 

~A-> 


A 

IV 



TO n = 


]K 

A 


Tims multiplying all together 


IK 


m l m 3 m a m n 


= = mechanical advantage of lhc whole 

■* i 

Some special forms of machines aie descnbed below. 


55. The Differential Wheel and Axle. In this 
apparatus shewn m Fig 128, the axle consists of two drums 
or cylinders of different radii, 


h and c A rope, the ends 
of which are coiled in opposite 
directions round these two 
drums, passes under a single 
moveable pulley from winch the 
weight IF is suppoi ted As the 
axle is turned the rope is coiled 
up on one dium and uncoiled 
fioin the other, the motion of 
the weight depends on the diflei - 
ence of these two eflects The 
power P is usually applied at 
the cucumfeience of a wheel of 
radius a 
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In Fig 129, let AGOB lepiesent the machine as viewed 
from a point on the axis Sup- 
pose it to be turned through a 
small angle 9 so that A'C'OB' 
may become horizontal 

The power falls a distance a$, 
the end G of the string round the 
pulley falls a distance c9, while 
B rises a distance b9, hence the 
loop of'stnng carrying the pulley 
is shortened by (I b — c) 9 , and 
therefore the pulley ana weight 
rise £ (5 — c) 0 

Thus the Principle of Woik 
gives 

r.a9~W \{b-c)9, 

W 2 a 

or *= , — . 

P b-c 

Hence by making b and c 
nearly equal, W can be made Pig 129 

very large compared with P, with- 
out unduly reducing the strength of the machine 

Foi a given motion of the Power the distance travel sed by 
the Weight can be made very small, hence the ratio of the 
“Weight” to the “Powei ” can be made very large 

We can solve the problem without us mg the Principle of 
Work thus 

Let T be the tension in the string cairying the pulley, 
then talcing moments about 0, 

Pa+Tc=Tb 



Hence Pa -T (b-c) 

But from the equilibrium of the pulley 2T — W. 


Thus 


P = 


T(b-c) IF (b-c) 


a 


2a 


G. S. 


10 
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56 The Differential Screw. This machine consists 
of two screws of slightly different pitch h and l The axes of 
the two screws coincide, the second screw woiks inside the 
cylinder on which the first is cut Thus if I/, Fig 130, be the 
outer screw, and K the inner 


screw, then on gmng the 
outer sci ew one complete turn 
its point will move down- 
wards tlnough a distance li, 
and if the inner screw did not 
turn m the outer, it too 
would be displaced this same 
distance, but the inner screw 
does turn relatively to the 
outer, its point is m conse- 
quence raised relatively to 
the outer screw a distance k , 
thus the point of the inner 
screw actually descends a dis- 
tance (h - k) Hence if P bo 
the “Power” impressed at 
one end of an arm a, we have 



Thus 


W(h-k) = P.2na 
W 2 ira 
’P = lT~k 


57. Cogwheels. A tram of cog wheels is virtually a 
combination of Wheels and Axles Consider two such wheels, 
Fig 131 Let A and B be their centres and let them be in 
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contact at C in the hue AB Lot li be the foico between the 
wheels at G , and let AC = a, BG = b Draw AL, BM peipen- 
dicular on the duection of E 

Let the “Power” be a foice P acting at an arm p, the 
“Weight” a force Q acting at an aim q 

Then foi the equilibrium of A, 

P .p = E AL. 

Foi the equilibrium of B, 

Q q = li BM 

Also the tuangles AGL, BGM ai e similar. 


Thus 

Henco 


P p _ AL _ AC _ a 

~Q7q~BM~BC~b' 

Q = P b 
P a q 


Now — is the mechanical advantage of the wheel A con- 

CO 

sideied as a bent lover , wlulo - is that of the other wheel 

Q 

We have thus found the mechanical advantage of the whole, 
and see that it is the product of those of the two paits 


58. The Spanish Barton. This foi ms a useful com- 
bination of Pulleys shewn in Pig 132 A 
and B are two moveable pulleys which are 
suspended by a string over a fixed pulley 
G . the “Weight” IF is attached to A A 
string passes from a fixed point D under 
A and over B, and the “ Powei ” P is 
attached to this 

Let w l} w 3 be the weights of the 
pulleys A and B 

Suppose the weight and the Pulley A 
raised a distance x In consequence of 
this, if the pulley B were fixed, a length 
2x of the stnng would bo left slack Thus 
P would fall a distance 2x , but since A 
and B aie connected by a string, when A 

10—2 
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is laised a distance %, B falls the same distance In con- 
sequence of this the “Pott ei ” falls a further distance 2x 
thus on the whole the “Power” falls da; Hence W and A each 
use x, P falls ix and B falls x 

Tlicrcfoi o (IF + 10 1 ) x = wm + P . 4 c, 

W=W 3 — M>j + 47* 

In piacticc w t and m> would usually be equal Hence the 
mechanical advantage ( WjP ) is 4 

We can also find the tension of the s lungs and solve the 
pioblem thus. 

Ijet T be the tension m the string over the fixed pulley, 
that m the string lound the moveable pullojs is P. 

Hence for the equilibrium of A 

1F + w l = 2P+T, 

and fox that of B , 

2'= 2P + io s 

Thciefoie 1F + w l = 4/ J + m,. 

59. The Balance. The balance, Fig 133, in its sim- 
plest fonn consists of a lever which can turn about a fulcrum 
it is used for computing the masses of two bodies, oi lather for 



Tig 133 



MACHINES 


149 


5S-59] 


defei mining in terms of tho standard mass llio mass of any 
othei body This is done In comparing the weights of tho 
Invites from the nuns of the lever two eqiml and sinulm 
se.de pans an 1 suspended, the standard mass is plnecd m one 
of these, the bod} whose miss is required m the other, and, if 
tho balance be in adjustment, tbo two masses me equal when 
the arms aro horizontal 

To determine when this is the case with accuracy, a 
vciticat point* t is attached to the beam near the fulcium, the 
loivei end of this pointer mm es over a horizontal scale, being 
adjusted so as to lost at the centio of the sc.de when tho beam 
is horizontal The arms of the beam ought, as wo shall see, to 
be equal and similar if the balance is to be acunate 

The requisites of a good balance me 

( 1 ) Truth (n) Sensitiveness (in) Stability. 

A balance is said to lie Tru* if the beam he lioii/ontal 
whenever equal masses me placed in the stale pans 

A bilnnce is Sen$t(ue when (he beam deviates npprcciablj' 
fiom its horizontal position foi a \ei) small ditleicnce P— Q, 
in the two masses P and Q 

A lulancc is Stable when the beam if distuibed fioin its 
equibbiuun position rculd} comes back to it 

"We shall consider how to seem e these conditions separately 
1 he points from which the scale-pans arc suspended aie .1 and 
/!, Kig 131, lhe«e m a good balmco are steel knife edges, 
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seruied to the beam in such a way that their edges me at 
nght angles to the length of the beam The stale-pans aie 
at tat bed to small Hat plates of steel, oi betlei of agate, which 
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rest on these knife-edges when the beam is in use and hang 
with then centies of giavity below* the respective knife-edges 
The weights thus act vci tic.illy tlnough A and JJ 

The fulcrum C is also a similai knife-edge lestmg on a 
steel or agate plate In good balances there is an airangement 
by which the plates aie lifted off the knife-edges when the 
balance is not m use 

It is desnable 1 m a balance that the fulcrum 0 and the 
points of suppoit of the scale-pans A and S should be in one 
stiaight line, and we shall assume this condition satisfied y 

"When the balance is loaded, the forces acting are the 
weight of the beam, let this be TF, the weights of the scale- 
pans S, S respectively and the weights JP, Q of the masses 
in the scale-pans The weight IF acts at the centre of gravity 
of the beam, if the beam remains horizontal when the scale- 
pans are removed, this pomt must be vertically below the 
fulcium, let it be G, then CG is at right angles to AGS 

Let CG = h, AC=a, SC = b 

Proposition 50 To find the condition that a balance may 
be ti ue. 

The balance is true provided the beam be horizontal what- 
ever equal masses are placed in the scale-pans , if the beam bo 
horizontal the centie of gravity G is vertically below the 
fulcrum, thus the weight of the beam IF has m this case no 
moment about the fulcrum 

Suppose now the scale-pans are empty, and the beam hori- 
zontal , the only forces winch have a moment about the fulci um 
aie the weights S, S’ of the scale-pans, these act vertically 
through A and B lcspectively Hence taking moments about 
the fulcium, 

S a = S > b 

1 It can bo shewn that if this condition be not trne the sensitiveness 
of the balance will vary with the load, the condition cannot be always 
accurately satisfied, for as the load increases the beam bends and the 
points A and B are brought down below the fulcrum 
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Suppose nov. that tw o equal masses P, P are placed one in 
either scale-pan if the balance be true the beam v ill still be 
horizontal, thus tailing moments again 

(P + S)a=(P + S')b, 

01 P,(i + Sci==Pb+S.b 

But S . a — S' b 

Hence subti acting P a-P b 

Thus a=b, 

and since S a^S' b, wc must have also 

S = S' 

Thcicfoie if a balance is to bo tiue the arms must be equal 
m length and the scale-pans equal in weight 

PitOPOSiTiON 51 To find tlic condition that a balance may 
be sensitive 

In finding this condition we assume that the balance is tiue 
The condition required is that, when the weights P and Q diffei 
slightly, the beam should be sensibly inclined to the horizon 

Let the centre of gravity of the Deam be at G, a distance h 
below the fulcrum Then if the beam is displaced, its weight 
W will have a moment about the fulcrum tending to restoie it,\ 
in ordei that the displacement for a small difference ( P--Q ) ' 
may be considerable the moment of the weight about G must 
be small , this moment will depend on the value of W h, and 
can be made small by making ll r small or h small oi both, 
thus for sensibility the beam must bo light and its centre of 
giavity rieai the fulcrum 

But the displacement will also be gieal if tho moment 
due to the differonco of the weights is laigc 

This moment, since the balance is true, is (P — Q ) a, and 
foi a given difference P—Q can be made largo by making a 
largo Thus the sensitiveness is increased by lengthening the 
arms The sensitiveness therefoic may be made consideiablo 
eithei by (a) increasing the length of the arms, oi ((3) i educing 
the weight of the beam, or (y) bunging the centio of giavity 
of the beam neai the fulcrum 
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In order to secure tins last condition there is usually, in good balances, 
a short vertical wire attaohed to the beam above the fulcrum. This has a 
screw thread out on it and a metal sphere can be screwed up or down on 
this wire, by raising the sphere the centre of gravity of the beam is 
raised and the sensitiveness increased 

We may put the results just obtained more briefly thus 

Let the beam be displaced through an angle 6 and let a horizontal line 
through C meet in L, M and K, Fig 134, the ^rtieals through A, B and 
C, which are the lines of action of P+S, Q + S and IF respectively 

Then the angles ACL and COK are both equal to 8 

And CM = CL=CA cos 6=a cos 8, 

CK = CG sin 8= h sin 8. 


Thus talnng moments about C, 


Hence 


thus 


(P+S) CL=(Q + S) CM+ IF CK. 

(P-Q) a cos 8 — Wlyin 8, 
tan 8 ~ a 

P~^Q~W h 


Now tan 8j(P - Q) is a measure of the sensitiveness The balance is 
sensitive if this fraction be large when P-Q is small Thus for sensi 
vtiveness a/TFh is large 


Hence a, must be laige or fVh small, or both these conditions must 
hold '' 


Proposition 52 To find the condition that a balance may 
be stable 

For this it is necessary than, when the pans aie equally 
loaded, the beam after displacement should return rapidly to 
its position of equilibtium Now if the pans be equally loaded 
and the balance be displaced the moments of the loads about 
the fulcrum balance, and the only moment tending to restore 
equilibrium is that of the weight of the beam This depends 
on the product W h , hence for stability tins moment must 
tend to bring the beam back, 1 ! th us G m ust-be. below— the 
fulcium, and foi rapid action the"product W h must be con- 
siderable 

It will not howevei be sufficient to make JFIaige, foi if this 
only is done the mass to be moved is increased as well as the 
impiessed force and the acceleration is not changed For gieat 
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stability then h must be considerable, the centre of gravity 
must be veil below the fulcrum 

It w ill bo noticed that this condition is antagonistic to one 
of those obtained foi sensitiveness, fair sensitiveness and 
reasonable stability can bo secured by making h not very small 
and giving the balance long arms 

The relative importance of the two conditions depends on 
the pui poses for which the balance is requued. 

Stability and rapid action would be the mam desideratum in 
a balance employed for weighing coals, a man conducting a 
chemical or physical reseal cli would attach gi eater importance 
to sensitiveness, though in this case also lapid action is linpoi- 
tant A complete discussion of the question would take us 
beyond the limits of tills book 


60 . Use of a Balance. It is important to be able to 
test a balance for accuiacy and to deteimine any enois which 
it may possess How m using a balance we have always to bnng 
the beam back to the horizontal position This may be done 
by placing weights in one or other of the pans until the pomtei 
comes back to zero at the middle of the scale , instead of wait- 
ing however till the pointei is actually at the middle of the 
scale, we may notice the distance it moves on either side of the 
zero maik, and adjust the weights until these osoillations aie 
equal, we then know that when the beam is at lest the pomtei 
will be at zeio 1 

We now proceed to describe some experiments with a 
balance 

Experiment 8 To deteimine the latio of the aims of a 
balance , a/nd to weigh a body coi i ectly m a balance with unequal 
an ms 

Let the balance come to rest with its pans unloaded, let S 
and S' be the weights of the scale-pans, a and b the lengths of 
the aims 


1 A more exact method of “ w eiglnng by oscillation ” is given in Glaze- 
brook and Shaw’s Practical Physics, Section 12, p 107. 
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If the pointer does not come to zero, it may be because the 
pans are unequal in mass, or the aims m length, or it may be 
that the balance case is not level so that the stem which 
carries the beam is not vertical Test for this by a spmt level, 
assuming the maker has set the stem at right angles to the 
bottom of the case so that the knife-edges and the plate on 
which the fulcrum rests will be hoiizontal when the bottom of 
the case is 

If the pomtei does not come to zero 1 , load one of the scale- 
pans with some shot or bits of lead foil until it does 

Then, smce the beam is horizontal, we have if S and S’ 
now denote the Weights of the scale-pans and loads used to 
bring the beam horizontal, 

Sa=S'b 

Let IF be the weight of the body whose accurate weight is 
required 

Place it in the left-hand scale-pan and place weights P in 
the ught-hand scale-pan until the beam is agam horizontal 

Then (lV+S)a = (P+S')b 

Hence Wa = Pb 

Now interchange IF and P if the beam remain horizontal 
the arms are equal, if not, let Q be the weights m the left-hand 
scale-pan which are required to balance IF when m the right 
hand scale-pan 

Then (Q + S) a~ (IF +5') 6 

But Sa^S'b 

Hence Qa W IPS (i) 

And we have already seen/that 

IIV= Pb . (li) 

1 It is not important that the pomter should lead zero exactly, pro- 
vided its position with the balance unloaded is noted, and that it is always 
brought back to this position when a body is being weighed To secure 
this it is usually simplest to adjust the balance so that the unloaded 
reading may be at the middle of the scale or very close to it 
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Hence QWa^-PWb-, 



a 2 

P 



l-~ 

Q‘ 


Thcieforo 

a 


• • • ••♦ (ci) 

Also dividing 

(i) hy (u) 




Q 

IF 



W~ 

P‘ 


Hence 

TJ 72 = 

rQ, 



n r = 

s/PQ 


Thus P and Q 

1 aie known weights 

hence the intio of the 


aims and the true value of IF is found 


Expeiiiment 9 To determine the difference between the 
weights of the scale-pans 

Level the balance as m Experiment 8, and note the position 
of the pointer on the scale Interchange the scale-pans so 
that S may now hang from the mm b, S' from the arm a 
If the pointer remains m the same position, the pans S and S' 
are equal in w eight If not, we can find their diffeience thus 

Lot S be suspended from the arm a, and suppose that a small weight 
w must be added to S to make the beam horizontal 

Then {S+io)a=S'& 

Interchange S and S' and suppose now that vf in the pan S is required 
for equilibrium 

S'a = (S+w') b 

Thus 

8 -\ w=S'-, 
a 7 

S' =(S +?»>') - 

Hence 

S — S’ +w= (S' — S) — - u>' 

' 7 a cl 
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Tins 

Therefore 


(S'-S )( 1 + ^)= > r +l0 ^ 


S'-S= 


w+w'- 

a 



Hence if bja is known we can find S' - S 

If ip and w' be both very small and b/a very nearly unity, we shall not 
alter the value of this quantity much by putting bja equal to 1, and then 


S'-S'=i(»p+ip') 

If b be accurately equal to a then clearly id is equal to id', but by pro 
ceeding as above and interchanging the pans we take into account the 
only important part of the effect dne to a difference between b and a 


61. The common or Roman Steelyard. Tins 

balance consists of a lever AJJ t Fig 135, suppoited on a knife* 



Fig 135. 


edge at C A hook at A cames the pan in which the object 
to be weighed is suppoited The arm JSC lias a number of 
divisions marked on it, and from these a standaid weight P of 
constant magnitude can be suspended The weight Q is 
detei mined by finding the division at winch B must be sus- 
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pended m ordei that tho beam may ho lioiizontal Piactically 
then the steelyard is a balance such that the length of ono 
arm can be adjusted wo weigh by adjusting this length, not by 
altering the weight If the con tie of giavity of the steelyard 
itself coincided with G tho fulcrum, tho weight W would be 
duectly proportional to tho distance from G of the point fiom 
which P is suspended, the beam could be graduated by dividing 
it into equal parts from G, each of these parts being equal to 
GA In practice this is not tho case v e have always to take 
into account tho weight of tho steelyard This is done in the 
following way 

Suppose G is tho centre of giavity and IF" the weight of tho 
stcelyaid 

Let the scale-pan be unloaded and adjust P until tho beam 
is horizontal Let tho position of P so found be 0 The point 
G is usually between G and A , while 0 is between C and B 
Then if a weight P weio always kept at 0 it would just 
balance W at G. If then a weight Q bo put into tho scale- 
pan and another weight equal to P suppoited at some point 
along AG, the weight Q will be measured by the distance of 
tins point from G But tho effect of the t\\ o weights P is the 
same as that of a single weight P placed at a distance beyond 
the second weight equal to GO The weight Q is then 
measured by the distance of this weight fiom 0, m othei woids 
the steelyard is graduated from 0, not fiom C 

This may be put moie hi icily using symbols thus 

Let P suspended at B balance Q at A 

Then P , OB *= IK GG + Q GA 

Now TF. GG = P GO by expenment 

Hcnco P GB = P CO + Q GA 

Thus Q GA -P (i OB -CO ) 

= P OB 


Q=P 


OB 

GA 


Hence 
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Hence if we take points 1, 2 etc , along AG sucli that 
their distances fiom 0 aie AG, 2 AC respectively, tlie weight 
Q is equal to P, 2P, 3 P, etc , accoidmg as P is at 1, 2, 3, etc 

Thus the steelyard is graduated from 0 

62. The Danish Steelyard. This consists of a bar 
AS, Fig 136, terminating m a ball at B, the weight of which 



constitutes the power, the bar is graduated and the fulcrum is 
moveable The body to be weighed is suspended from A, and 
wie fulcrum 0 as shifted until the steelyard is horizontal 
Then if P be the weight of the bar and 0 its centre of gravity, 
the moment about C of P acting at G is equal to that of IF 


Thus to graduate the bar we have 

IF AC=P CG=P {AG- AC) 
Thus ( P+W)AC=P AG, 


or 


AC= 


P AG 
i>+ IF 


Thus by making TF equal successively to P, 2 P, 3 P, eta 
the successive giaduations can be found 


63. The Letter Balance. (Bobcrval’s Balance ) A 
common form of letter balance is shewn m Fig 1 37. 

The beam AGP turns about a fulcrum at C The scale- 
pans are supported above the beam on knife-edges at A and B. 

ec l ua S P r t lcal rods AD > BE are attached below the 
scale-pans, and the lower ends D, B of these lods ai e connected 
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by joints to a horizontal bai DE parallel and equal to the 



beam Tins bar can turn alxmt its middle point F> -which is 
vertical!}' below the fulcrum 

By this arrangement, as the balance swings, the rods AD, 
BE always remain vertical and the scale-pans horizontal 

Moreover it follows readily from the principle of w oik that 
if the arms of the beam are equal the w eights may be placed 
anywhere on the scale-pans 

For if the beam be slightly displaced, every point of the 
one scale-pan rises the same vertical height h, say, while every 
point of the other falls an equal distance h Hence if P and Q 
be the weights at any point of either scale-pan respectively, 
and there be equilibrium with the beam horizontal, we must 
ha-ve P- Q. 

In an ordinary balance, if the weights be put on at any 
point of the scale-pan, the pan swings about its point of 
support until the centre of gravity of the weights is vertically 
under this point The w eights therefore always act vertically 
through the ends of the beam If the pan be not free so to 
swing, then m general the arm at -which the weights act, the 
horizontal distance that is between the fulcrum and the 
vertical line through their centre of gravity, -will depend on the 
position of the weights m the scales and the balance if not 
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actually useless would bo very troublesome to use In the 
balance just described this difficulty is avoided by securing 
that each point of the pan rises 01 falls an equal amount. 


EXAMPLES. 

1 A balance has unequal arms A piece of lead placed in the left 
pan -weighs apparently 680 grams , when it is plaoed in the right pan its 
weight is apparently 660 grams Calculate the ratio of the lengths of the 
arms of the balance 

2 A weightless rod ABCD moveable about a fulcrum and twenty 
feet in length has weights P, 2 P, 3P and 4 P attached to the rod at A, B, 
C and JD whioh are at equal distances apart If the rod bo m equilibrium 
find the distance of the fulcrum fiom A 

3 In a given Boman steelyard where must the fulcrum be if the 
smallest weight that can be measured is half the moveable weight, as- 
suming that the beam weighs 4 times the moveable weight? 

4 Discuss the effect of an mciease m the value of the acceleration of 
gravity (1) upon the sensitiveness, (2) upon the stability, of a balance 

5 Describe a balance and explain the conditions upon which the 
sensitiveness of a balance depends 

6 Why is it that the sensitiveness of a balance depends upon the 
sharpness of its knife edges ? 

7. Describe and explain the various precautions which are necessary 
for the accurate determination of the mass of a body by moons of a 
balance 

8 What is meant by stable, neutral, and unstable equilibrium? 
Give examples of each of these 

9. A false balance rests with the beam horizontal when unloaded, but 
the arms are not of equal lengths, a weight TP', when hung at the end of 
the shorter arm b, appears to balance a weight P, and when hung at the 
end of the longer arm a it appears to balance a third weight Q, shew that 

TP= ffPQ 

Can you suggest another way of ascertaining correotly the weight of 
TP? 

10. How would you compare the “stability” and the “sensibility” 
of two balances ? 

11. How may an Inspeotoi with ono standard pound te6t a trades- 
man’s scales and weights ? 
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12 An object is placed m ono scale-pan of an ordinary balance and 
it is balanced by 20 lb The object is then put into the other scale pan, 
and now it takes 21 lb to balance it "When both scale-pans are empty 
the scales balance What is the matter with the balance, and what is 
the true weight of the object ? 

13 The arms of a false balance are in the ratio of 20 to 21 What 
will be the loss to a tradesman who places articles to be weighed at the 
end of the shorter arm if he is asked for 4 lb of goods priced at 3s 
per lb? 

14, The arms of a balance are 2 ft long One of the scale-pans is a 
circular disc, whose diameter is G inches, and winch is fixed to the end of 
an arm of the balance bj a rod passing through the centre of the pan 
and rigidly attached to the pan at right angles to its plane Shew that a 
1 lb mass placed m such a pan may balance anj mass between 18 and 
14 ounces m the other pan 

15 A weight 77 is supported on a smooth inclined plane at an angle 
of 30° to the horizon, by a string attached to a point in the plane, find 
the tension of the string 

If in the preceding case the pressure on the plane is Jf, and in the case 
in which the string is inclined at an angle of 60° to the horizon [the in- 
clination of tnc plane remaining the samo] the pressure is JR’, prove that 

2i?=3B' 

16 Find the horizontal force that would support a weight 17 on a 
bmootli plane inclined at an angle of 60° to the horizon 

If on the same inclined plane the weight 17 is supported by two equal 
foices ono acting horizontally and the other acting along the plane 
upwards, and the pressure on the plane is JR, proie that It =17 

17 The height of an inclined plane is 4 feet and it requires a power 
P acting along the plane to support a weight 77 If the height is altered, 
the length of tho plane remaining the same, and 3P, acting along the 
plane, is now necessary to support the weight 77, find the new height 

18 A weight 77 is supported on a smooth plane inclined at an angle 
a to the horizon by means of a force inclined at an angle 8 to the plane 
Find the magnitude of tho force, and the pressure on the plane 

If there ia no pressure on the plane, in what direction does the force 
act? 

19 A body of weight 77 is supported on a smooth plane inclined at 
an angle a to the honzon by means of a force inclined at an angle a+B 
to the horizon Find the magnitude of this force 

If the force is vertical find the pressure on the plane 

20 A weight rests on a smooth inclined plane Shew that the 
smallest force which will keep it in equilibrium must act along the 
plane 

If the weight be the weight of a ton, and the inclination of the plane 
be 45°, what is the power ? 

G S 


11 



162 STATICS [CH VI 

21. Two inclined planes of equal heiglits arc so placed that they 
have a common vertex, a weight lies on each of the pianos, and the 
weights are connected by a string which passes oicr the common vertex, 
m this position there is equilibrium, the lengths of the planes nre 
respective!} 6 and 3 feet, the weight which rests on the shorter plane is 
10 lb Find the other weight in one of the following wajs, neglecting 
all friction 

(1) b} moans of the “ tnnngle of forces," 

(2) by means of the “ principle of work." 


22. Find tlio ratio of the power to tho weight on a smooth inclined 
plane when the former aots horizontally 

If the weight be the weight of a ton, and the inclination of the plane 
be 30°, wliat is the power? 

23 A weight IF is supported on a smooth plane inclined at an ancle 
30° to the horizon, b} a string inclined at G0° to the horizon , find the 
tension of the stung 

24 Find the horizontal forco that would snpport a weight IF on n 
smooth plane inclined at an angle of 45° to the horizon 

If on tho snmo inclined plane tho weight I r ib supported by two equal 
forces, one acting honzontall} and tho other acting nlong the plane 
upwards, find tho pressure on tho plane 

25 Find the ratio of the power to the weight when a body is kept in 
equilibrium on a smooth plane, inclined at an angle of 30° to the honzon, 
by a horizontal force 

A given force is applied to support a weight on an inclined plane 
Will tho greater weight be supported, when tho forco acts honzontallv, 
and the plane is inclined at an angle of 30° to tho horizon , or when the 
force acts parallel to the plane, and the plane is inclined to tho horizon 
at an angle of 60°? 

26 An inclined plane 14 fcot long has one end 8 feet mid the other 
end 10 feet above the le\el of tho floor If 294 ft -lb of work arc done 
m dragging a mass of 1 cwt up the plane, find the friction 

27 Describe tho s} stem of pullc } f m which each string is attached 
to a bar from which the weight is suspended, and find an expression for 
its mechanical advantage, the weights of the pulleys being neglected 

If there are 3 strings attached to the bar, what powor will support a 
weight of 35 lb ? 
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28. De*cnbo the svetcm of pulleys m winch ouch pulley bangs in the 
loop of a separate string, nnd lind nn expression for its niecbnnient nd- 
vnntngc, tin weights of the pullcjs being neglected 

If there ore four moveable pulleys, what power will 8upi>ort n weight 
of.'Olb? 


29 Determine the relation of the powci to Uio weight in ft pjstem of 
*1 moveable pullej s, of which the weight nmj bo neglected, ono end of 
each siring being fixed to n beam bind also how far the weight is 
raised when the power motes through 12 ft 

30. find the mechanical advantage of the svstem of weightless 
pulleys in which each pullej hangs m the loop of n separate string, ono 
end of which is fastened to n fixed beam; all tlio strings being parallel 

If there nre 7 pulleys and tho weight is 8 cwt find the power m lb w t 

31. Find the ratio of the power to tho weight in tho sjslcm of pullojs 
ip which nil tho strings arc parallel nnd are attached to tho weight 

If there nro G pullers and tho weight is 0 cwt find "the power m lb wt. 

32. In n certain bjnfom of pullers it ib found that the power descends 
I ft , while the weight rises 1 inch W hat power will bo required to raise 
a weight of 1 cwt 7 

33. Describe tho sjstoin of pullej s in which each string is attached 
to n bar from which the weight is suspended, nnd find an expression for 
its mechanical advantage, the weights of tho pullcjs being supposed equal 

If there nre three strings nt Inched to the liar, nnd the weight of each 
pullej is 1J lh , what power will support n weight of 12^' lb 7 

34 Describe tlio sjstom of pullcjs m which each pullej hangs m tlio 
loop of a separate string, nnd find nn oxpiesBion for its mechanical ad- 
Mintago, tho weights of the pullcjs being supposed equal 

If there arc 4 moveable pullcjs, each weighing 5 of a lh , what powor 
will support a weight of «>6g lb 7 


35 In the sjslem of threo equal pullcjs, ono fixed and two move iblc, 
in winch each string is attached to n bar supporting tho weight IF, prove 
that, neglecting the weights of the pullcjs nnd tho bar, if I* is tho powor, 
7Ps=)F, and find tho point on the bar from which IF must bo suspended 
If, when lliero is equilibrium, one third of the weight falls oil, pro\o 
that the acceleration of the rcmnindci of the weight will then bo one 
twentj -third of the acceleration duo to gravity 


3G. Ihnd tliemtioof the powci to the weight in that sj«.tem of pullcjs 
in which thcro is onlj ono string 

In such a sjstom a power P supports a weight JJ r , if P and W ate in- 
terchanged prove that the weight to bo added toP to produce cquihbiium 

is ' — ^ — . 


11—2 
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37 Draw carefully a system of pulleys m wlncli each pulley hangs 
by a separate string and the latio of tho powoi to tho weight is 1 to 32 

38 Find tho conditions of equilibrium in tho wheel and axle 

Shew that if the axle rest on rough bearings, the least power (acting 
downwaids) that will raise a weight TFis 

b (1+sni X) jy. 
a-b sinX ’ 

whero a, b arc the radii of tho wheel and axle and X tho angle of friction, 

39. If in ordei to raise a weight of 141 lb tlirougli an inch by means 
of 'a wheel and axle’ I must more my hand through a distanco of ono 
foot, what power must I exert? 

40. A balance is apparently in adjustment when no weights aro in 
the scale-pans A certain mass is put into tho right pan and requires 
weights of 45 63 grams in the left to maintain equilibinini, on putting 
tho mass into tho left pan it is found that 45'81 grams arc needed m tho 
right Find tho mass and ratio of the arms 

41. In a wheel and axle tho radius of tho wheel is 3 feet The axle 
is of square section, tho side of the square boing 6 inches long Find 
(i) the greatost, (u) the least \ ertical power that must bo cxeitod to 
slowly lift a weight of 2521b m tho usual manner 

42 A straight uniform Icier AD, 12 feet long, balances about a point 
m it 5 feet from B, when weights 9 lb and 13 lb arc suspended nt A 
and B Find the weight of tho lever. 

43 A straight uniform lover whose weight is 16 lb balances about a 
point one foot from its middle point when weights 6 lb and 10 lb. aro 
suspended from its onds Fmd the length of the lever 

44. Find tho power required to support a weight IF m a sjstom of 4 
pulleys m which caoh string is attached to the weight and the pulleys nic 
supposed weightless. 

If tho weights of the pulleys arc taken into account and each woiglis 
1 lb , find what power will support a weight of 78J lb 

45 Find tho power required to support a weight T V m n system of 4 
pulleys in which each pulley is supported by a separato string, ono end 
of which is fastened to a fixed beam, and the pulleys are supposed 
weightless 

If the weights of the pulleys arc taken into account and each wxighs 
lib , find what power will suppoit a woight of 05 lb. 
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4G Find tho condition of equilibrium in the «\stem of pullojs in 
illicit (lie s unc stung goes lound nil the ptillejs. 

If a weight of (• Hi jui t supports a wughi of 28 lb, and « weight of 
81b just supports a weight of 12 lb , find tlio number of pullejs, anil 
tho weight of the lower block. 

47 Find tho condition of equilibrium m tho system of pulleys m 
which c.ich string is attached to the weight 

If there are 5 moieable pnllo\s each \ i iglung half a pound, and tho 
weight is 35 lb , w hat is the power? 
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64. Friction. The term “friction” lias been used 
occasionally in the last chapter we have seen that in many 
cases when a body rests on a surface the force between them 
is not wholly at right angles to the Burface, but has a 
component along the surface The surface is then said to 
be rough and the component of the force along the suiface 
is called friction 

It remains now to consider the nature of friction a little 
more fully 

Definition When a body is in contact with a rough surface 
and the imjn essed force has a component along the sm face a force 
is called into play tending to balance this component and prevent 
motion This foice is called Friction. 

The Direction of friction is opposite to the component 
of the other forces resolved parallel to the surface, opposite 
that is to the direction m which motion would take place 
if there were no friction 

The Amount of friction up to a certain limit is always 
just sufficient to prevent motion, but only a limiting amount of 
friction can be called into play 

Thus if a body rest on a horizontal table the pressure 
of the table balances the weight, these foices are both 
vertical, there is no component m the direction of the suiface 
and no friction is called into play Apply a small foice 
paiallel to the surface, the body does not move, sufficient 
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friction is exerted just to stop the motion , incienso tlio force 
still further, until the foice parallel to tho surface reaches a 
cei tain limit depending on the noi mal pressui e and on i ho nature 
of the surface, tho body docs not movo when liowev er this limit 
is exceeded, motion takes place 

Thus consider a ladder resting as In Examplo (1), p 75, 
against a smooth wall on rough ground , when the foot of the 
ladder is near the wall the fuction needed to maintain it in 
position is small , as the foot is withdrawn from the wall and 
the slope increases more friction is tequired and is called into 
play, until at last there comes a position m which the ladder 
begins to slip, tho friction which needs to be exerted is gi eater 
than the ground can exert, the limiting position has been 
passed 

Wc may put tins in symbols thus 

Let It bo the normal picssuro of tho smooth wall, TT tho weight of tho 
ladder acting vertically at its centre of gravitv, Y the \eihcnl stresB 
nt the foot and A tho horizontal component of the notion— the fi action 
Then, ns in Example (1), p 75, 

Resolving vertically 1 = Jr. 

Resolving horizontally X=It 

Tnhing moments nhout the lower end 

HI smasJJT / cos a 

Donee A'=ATf r cot a 

Now an the angle a decreases this increases when it becomes greator 
tlian tho mnxminm friction which the ground can exert tho ladder will 
slip Lot us call F this maximum friction, then A' must bo not greater 
than F 

Hence JTPcola is not greater than F, nnd cot a must not bo greatei 
than 2F/1V. 

Many othor observations shew us that tliero ib a limit to the maximum 
amount of friction which can bo called into play, Tho following ox- 
pci iments will help to uliew on what the limiting amount depends 

Exim him kmt 10 To inreslu/alc the Laws of Ltmtimq 
Fi ichon 

Thus take a well-planed bonid of liatd wood and a small 
piece of wood, say six inches by nine m size , mb one suiface 
of tins Binall piece of w’ood as smooth as possible with sand- 
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paper and then cut the wood m two so as to have two pieces, 
one of about twice the size of the other, with surfaces as nearly 
alike as possible Fix a screw eye into one end of each of 
these pieces of wood and attach a string to each Fix a pulley 
at one end of the horizontal board over which the string 
may pass and support a scale-pan and weights Secure some 
pieces of lead to the smaller piece of wood and thus make the 
weight of the two the same 

Place the larger piece of wood on the board and put a 
considerable weight, 5 or 6 kilos, on it Pass the string from 
the wood over the pulley and suspend the scale-pan as in 
Fig 138 Load the scale-pan until the wood just begins to 



slip on the board The weight required for this can bo found 
fairly closely by gently tapping the board 

Note the total weight suspended , this measures the maxi- 
mum friction which can be exerted between the board and the 
wood 

Note also the total weight supported by the board, in- 
cluding in this the weight of the wood itself 1 Tins measures 
the normal stress between the two Place more weights on the 
wood so as to increase the force between it and the board , 
it will be necessaiy to place more weights m the scale-pan m 
ordei to start the motion, the limiting fnction is increased 
Deteimme m this way the hunting friction for a number 
of loads and form a table m which the first column is the 
Limiting Friction, the second column the Normal Foice be- 
tween the surfaces 

1 It is convenient to make this up to some fraction of a kilogram 
such as J or J by securing some pieces of lead to its upper side 
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Divide the numbcis in the first column b} the coi respond- 
ing numbers m the second, it mil bo found that the quotients 
are the same 

Thus when the surfaces in contact remain the same the 
ratio of the limiting friction to the normal force is a 
constant 

Now repeat the cxpenment, using the second or smallci 
piece of wood, it will be found that foi the same normal 
stresses as previously the limiting friction is also practical)}' 
the same. The are.is of the sui faces in contact have been 
altered but not the nature of those surfaces or the state of 
their polish , the ratio of the limiting friction to the normal 
stress is unchanged 

Replace the wooden slide-piece by another of different 
material , the law, that the ratio of the bmitmg friction to the 
normal force is constant, still holds, but the value of this 
constant ratio diflcrs from that found in the pievious ex- 
penment 


65. Laws of Limiting Friction. We nro thus led 
to the following law s of limiting friction 

( I ) The ratio of the limiting friction to the normal force 
between any ino given surfaces xs a constant 

( II ) This constant ratio depends on the material of the 
surfaces in contact and the state of their jioli&h, but not on then 
at ea or shape 

These two laws of limiting friction together with the 
definition and statements given in Section 64 arc sometimes 
enunciated together as the Laws of Fi iction 

These laws, though they express fanly well the result of 
experiments, are piobably not ngoiously true, they are how- 
ever usually employed m consideung pioblems involving 
fi iction 

It is customary to give another law which liowo\ei does 
not concct a us m Statics 

When sliding motion tales place the ? at to of the fi iction to 
the noi mal Joi ce is still found to be constant foi any two given 
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surfaces and independent of the velocity , this constant however 
is slightly less than the constant latio of the limiting friction to 
the noi mal force 

Thus it requires rather greater force to start a body 
moving on a rough surface against friction than to maintain it 
in motion with uniform speed when once started 

66. Coefficient of Friction. The constant ratio of 
the lim i tin g fiiction to the normal stress for two surfaces of 
given material in a definite state of polish is called the 
Coefficient of Friction 

Thus if F is the limiting faction, TTtlie normal foice and 
p the coefficient of faction, we have 

F 

R =/l 

or F = p.R 

The expeaments descabed in Expeament 10 give one 
method of determining p The following method is generally 
moie convement 

Consider a body lying on a rough horizontal surface under 
its weight and the reaction of the surface, the body is in 
equilibaum and there is no friction Tilt the hoazontal 
surface, the weight will have a component down the surface 
Faction is called into play to balance this component Con- 
tinue to tilt the surface until the body just begins to slide 
down , when this is the case the limiting amount of faction has 
been reached, and this limiting amount of faction is just equal 
to the component of the weight down the surface when tilted 
at the angle at which sliding just begins 

The following Experiment will enable us to verify the laws 
of friction and to find the coefficient of friction by this 
method 

Exeeriment 1 1 To prove that on a rough surface the limiting 
amount of fiction is proportional to the normal force , and 
to find the coefficient of friction 

The apparatus consists of a mahogany board, Fig 139, 
some 12 oi 15 inches long and 3 or 4 inches m width This is 
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lunged at one end to another similar board which can be 
clamped to the table At the end of the second boaid lemote 



Fig 139 


from the hinge a vertical support is fixed and the hinged 
board can be laised and secured in any position by means of a 
stnng passing through a small screw eye at the top of this 
support A graduated vertical rod is also screwed as shewn 
at EG to the base board and the height of the plane at B can 
be easily measured on this rod The point G is at some 
convenient distance (say 10 inches) from the lunge A by 
dividing the height m inches by 10 we get at once the tangent 
of the inclination of the plane Let the angle BAG be a. 

One or more small boards of various sizes and materials can 
be placed on the inclined plane and weights can be placed 
on these small boards to vary the force between them and the 
inclined plane In the apparatus shewn each small boaid lias 
one or more thin brass rods sciewed to it, the weights used in 
the other experiments can be piled on it so that each weight 
when the plane is tilted is prevented from slipping by the rod 
which passes thiough its centie 
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Place one of the small hoards with some convenient weight 
on it on the plane Raise the plane, gently tapping it from 
time to tune, until the small board begins to slide down 
When this takes place note the height BC and thus find 
the tangent of the inclination of the plane to the horizon 

How when the board just begins to slide the maximum 
friction has been reached and tins just balances the component 
of the weight down the board Thus if R be thenonnal foice, 
F the fuction in any position and IF the weight, 
we have lesolnng along the plane, 

F — IFsma, 

and resolving perpendicular to the plane 

R - IF cos a. 

Hence 

F IF sin a 

R ~ IF cos a ~ “* 


How experiment shews that, so long as the material and 
state of pohsli of the surfaces remain thr same, the slipping 
just begins at the same angle Thus replace the weights 
by others and repeat the experiment, the slipping takes place 
at the same angle as before Replace the small board by 
another of the same material and polish but of different area; 
it will just begin to slip at the same angle as previously. 

Hence if F now stand for the m axim um amount of friction 
and a for the angle at which slipping hikes place we see 
by the experiment that a is constant so long ns the material 
and polish remain the same 

Hence since the ratio FjU is equal to tana we see that 
FjR is constant under these same conditions 

This ratio is defined to be yx tbe coefficient of faction 


Hence 




F 

il 


tana. 


Thus the coefficient of friction is found by reading BG 
the height of the plane and dividing it by AC the base 
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67. Angle of Friction. 

Definition The angle a whose tangent gives the coefficient 
of friction is called the Angle of Friction 

We can give a more general meaning to tins angle thus 
Consider any body resting on a rough surface. Let the 
friction he F and the normal force B The resultant of these 
two will be a foice F, which combined with the other forces 
must maintain equilibrium N ow let P act at an angle 6 with the 
normal foice B Then lesolvmg P along and peipendiculai to 
it’, wo have 

P cos 9 — It, 

P bin 6~F. 

Henco 

F 

tan 9 as — . 

J t 

Thus in any case the ratio FJR measuies the tangent of the 
angle which the resultant force between the surface and the 
body makes with the normal to the surface 

Thus, when F reaches its limiting value, 9 reaches its 
greatest value and becomes a the angle of f nction Hence the 
angle of friction is the angle which the resultant force makes 
with the normal when the friction has reached its greatest 
value, or in other words it is the greatest angle which the 
resultant force can make with the normal 

So long then as the resultant force is inclined to the 
normal at an angle less than the angle of friction, equihbnum 
is possible, when this angle becomes greatei than the angle 
of friction motion must take place 

In the case of a body on an inclined plane the resultant 
force due to the plane must be always vertical, for the only 
other force is the weight , and the resultant of the normal force 
and the friction must just balance the weight Again, the angle 
which the normal to the plane makes with the vertical is 
the angle of the plane Thus the angle between the direction 
of the resultant force and the normal to the plane is the angle 
of the plane , so long as the angle of the plane is less than the 
angle of friction equihbnum is possible, when the angle of the 
plane is just greater than the angle of fnction shppmg begins. 
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The following is a table of appioximate values for the 
coefficient of fnction 


Wood upon wood 


lubricated 


Wood upon polished metal 


lubricated 


Metal upon metal 


lubucated . . 


5 

2 

6 

12 

18 

•12 


EXAMPLES. 

FBICTION. 

1. Explain what is meant by the coefficient of friction A cubical 
block rests on a rough plane, one end of which is gradually raised Find 
the greatest value of the coefficient of friction which will just permit the 
block to slide down the plane before falling over 

2. State the laws of friction , and assuming that the friction is tho 
same when a body is moving as when it is at rest, find the time taken by 
a body to fall down a rough inclined plane from rest 

3. A bnck whose dimensions are 8x4x3 inches rests on a rough 
plane in such a way that it cannot slip, and the plane is gradually tilted 
about a line parallel to one edge of the bnok, shew that the angle 
through which the plane can be raised without upsetting the bnck 
depends on which face of the bnok is on the plane, find also tho gieatest 
and least angles for whioh the bnok will just not upset 

4 "What ib meant by the angle of friction 9 The lower half of an 
inclined plane is rough, the upper half being smooth A partiole is 
allowed to slide from the top and is brought to rest by fnction just as it 
reaches the bottom Find the ratio of the friction to the weight of the 
particle, assuming it to be independent of the velocity 

5. A block TFj rests on an inclined plane and is supported partly by 
friction and paitly by tho tension of a cord wluoh passes over a pulley 
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at the top of the piano anil carries a weight 7T S Show how to find 
(graphically or otherwise) the values of ir 3 which will (1) just prevent IF, 
from slipping down, and (2) jnst make T! j begin to eh]) up, when tlio oo 
efficient of friction and the inclination of tlio plane nro known 


6 A block of iron weighing 10 lb rests on a level sarfaco pinto A 
string attached to tho block passes over n pulley so placed abovo tlio sur- 
face plate that tlio string makes an nnglo of 45° with the vortical. After 
passing over tlio pulley tho string supports a weight Find the least laluo 
of tins weight which will make tho block slip, tho coefhoiont of friction 
being Jth 

' 7 . A heavy body is to Iks drawn up a rongli inclined piano If the 
force is the least po c< »iblc prove that its inclination to the piano must 
equal tho angle of fnotion 


8. Dc'cribo an cxpQiimcntal method for finding tho coefhciont of 
fnction between two substances 


A semicircular diso rests in a vertical plane, with ono part of its 
curved Mitface touching the ground and another touching a vertical wall 
Shew that it will rest in any position in which its straight edge makes an 
nnglo with the vortical greater than 

. 3t p+/i‘ 
cos-1 

4 1 +/i- 


whoro m is tho coefficient of friction between tbo diso nnd the ground 
and between tlio disc nnd tlio wall [The centre of ginutj of n semi- 
circular disc is at a distance from the centre equal to (4/3ir) tunes the 
radius] 


9. A heavy body rests on a rough plane inclined at the nnglo 30° to 

2 

the horizontal, the coefficient of friction being -^= 

A horizontal forco along tho plane is applied to tho body, and is 
gradually increased until tho body begins to move, find tlio direction in 
which the body begins to move, and tlio mngnitudo of the horizontal 
forco 


10. A uniform rod AB of length 2a rests with tho end J5 in contact 
with a rough verticnl wall, and is supported by n smooth peg fixed at a 
distance b from tho wall, and tho end B is on the point of slipping up- 
wards Shew that the inclination of the rod to the verticnl is then given 

by the equation sm 5 0 (sin 0 - n cos 0 ) , ft being the coefficient of friction 

between tho rod nnd the wall. 

11. How would you place a liriek whoso length is double its breadth, 
and breadth doublo its thickness, on a rough inclined plane, so as to be 
least bkcly to tumble over? Would it bo less likely to slido down with 
ono face in contact than another? Give reasons for your answers. 
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12, A weight IP rests in equilibrium on a rough inclined plane, being 
just on the point of slipping down On applying a force W parallel to 
the plane, the weight is just on the point of moving np Find the angle 
of the plane and the coefficient of friction 

13 Wliat is the coefficient of friction when a body weighing 50 lb 
just rests on a plane inclined at 80° to the horizon? If the plane wero 
horizontal wliat horizontal forco would bo required to move the body? 

14. Find whnt horizontal forco will be required to support a weight 
of 3 cw t upon a smooth inclined plane, whose height is i of its length 

15 A force F acting np an molined plane suppoi ts a weight W on it. 
If Jl be the reaction of the plane, prove that 

P W S height of plane length • base 

16. A mass of 1 cwt rests on a rough molined plane of angle 30° 
If the coefficient of friction be 1 /*/3 find the greatest and least forces 
which, acting parallel to the plane in both cases, can just maintain the 
mass m equilibrium. 
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STATES OF MATTER. 

1. Solids and Fluids. 

In Dynamics and Statics we havo dealt v ith some pai ts 
of the Mechanics of Solids. A Solid Body such as a 
lump of iron or a lump of wood has a definite Volume. It 
also has a definite Shape. If force be applied to it, both the 
shape nnd the volume are generally changed, though the 
change in man} cases is very small The force requned to 
produce a given change of shape or size differs for chflercnt 
substances 

Great force must bo applied to a lump of non to produce 
an appreciable alteration m shape 01 volume, a solid india- 
rubber ball can be squeezed from its spherical foim by a much 
smaller force than is necessary m order to change to an equal 
evtent the shape of a similar sphere of iron 

Again, if the force applied be not too latge, both the iron 
nnd tho india-rubber will legain their ouginal shape and 
volume when it is lemovcd lion and india-rubber aie both 
Elastic Substances. 

Dkfinition An Elastic Substance is one which has a 
definite shape and volume token free fom the action of 
external forces , when such forces are applied, the shape , 01 the 
volume, or both are changed, when the forces aie removed — 
provided they have not been loo great — (he substance tecovers its 
shape mul its volume 
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If the forces are too great the body may be strained 
beyond recovery, the limits of its elasticity may be passed, 
■when the forces are removed the body does not regain its 
former shape and volume 

A solid body then can offer resistance (c) to forces tending 
to change its volume, (b) to forces tending to change its shape 
In consequence of the former it is said to have Volume 
Elasticity , in consequence of the latter it is said to have 
Elasticity of Form or, as it is called. Rigidity. 

A perfectly rigid body is one in which no change of shape 
is produced by the action of a finite force _ no known body is 
perfectly rigid, though the rigidity of most sohds is so great 
that for many purposes we may treat it as perfect. 

Sohds possess these two kinds of elasticity in very different 
degrees Thus the shape of a piece of mdia-rubber is easily 
altered : experiment however shews that it requires consider- 
able force to change its volume A piece of cork can by the 
application of moderate force be squeezed into a much smaller 
volume ; its shape however is not necessarily greatly changed 
in the process In comparison with its volume elasticity the 
rigidity of cork is considerable 

Any body winch has Elasticity of Form or Rigidity 
is coded a Solid. In consequence of iis rigidity the body 
preserves its shape 

It is a matter of everyday experience that there are 
numbers of bodies which exhibit little or no tendency to 
retain their shape Ice is a solid, on melting it becomes 
water, the particles of the water slide freely over each other 
and the shape assumed depends on that of the vessel in which 
mis contained, TTater, alcohol and numerous other substances 
can be poured from one vessel to another. Such substances 
have practically no rigidity; they offer practically no resistance 
to forces tending to produce sliding motion of their particles 
and thus to change their shape. They are called Fluids. Vie 
distinguish then between Solids and Fluids thus. 

Defixxtioxs. A Solid is a body which can offer perma- 
nent resistance to forces tending to change its shape 
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A Fluid is a body which can offer no permanent resistance 
to forces tending to change its shape 

In other words, a Solid has rigidity, a Fluid 1 has no 
rigidity 


2. Fluids. Water and alcohol have been instanced as 
examples of fluid bodies, w o can readily poui them from one 
vessel to another, and these fluids adapt themselves almost 
instantaneously to the shape of tho v essel into which they are 
poured , they ofier practically no resistance to forces tending 
to change their shape ; morcov er the change of shape follows 
v cry rapidly on the application of tho slightest force 

There are other substances, how ever, m the case of vv Inch, 
time is necessary, before a change of slupc will occur under the 
action of a force Honey or tieaclo can be poured from one 
vessel to another, but the} pour slowlj We can make a heap 
of treacle in the middle of a dish or plate, but on leaving it, 
the heap is gradually flattened out and the plate covered Tho 
treacle has no permanent ngiditj, it can ofier no resistance to 
a small force, such as its weight, if that force acts for a 
sufficient time, treacle like water is a fluid, but it has the 
pioperty of Viscosity and in consequence yields slowly to 
forces tending to chango its shape A Perfect Fluid is one 
which yields instantaneously to such forces Ho fluid m 
nature is perfect, water and alcohol lmvo some slight v iscosity, 
but the amount is so slight that they may be tieated as perfect 
in compauson with fluids such as treacle, honey or glycenne, 
which are called Viscous Fluids. 

It is sometimes difficult to draw the line between a solid and a fluid 
or between a viscous fluid and one which is practically perfect 

Thus consider a stiff jelly made by melting gelatine m water and 
allowing it to solidity ; the jelly retains its shape when cold andrecovers it 
again after being slight!} squeezed, it is a solid — on mixing it with moro 
■water wo obtain a sticky, viscous liquid, if tho quoutity of water be con- 
siderably increased tho viscosity can be mado very small indeed and tho 
fluid is practically perfect 

1 It will not however be sufficient to give this last statement ns a 
definition of a fluid unless at tho same time a definition of rigidity ho 
given. 


1—2 
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Again, a piece of pitch or of cobblers’ wax lias a definite shape, but it 
can onlj retain it for a shoit time, if placed on a fiat ourfacs it will 
gradually flow over the whole, pitch then must be classed ns a fluid, but 
as a very viscous one We may shew this by placing some pitch m a 
wide-necked funnel and leaving it in a fairly warm place, the pitoh will 
gradually flow throngh the funnel The same fact is illustrated by 
supporting a rod of seoling-wav at two points near its endB respectively, 
m time the rod is seen to bend, sinking m the middle, a small force 
produces change of shape bnt time is necessary in order that the effect 
may take place 

We must also distinguish between viscous fluids and plastic solids 
Beeswax and paraffin wax are both solids, they have a definite shape 
and will retain it indefinitely, the application of qmte a small force 
however is sufficient to mould a piece of beeswax mto a new form, tbe 
rigidity of such a substance is extremely small, tbe limits within which 
it will recover its form are very narrow , it is said to he Plastic If a 
paiaffin candle be substituted for tbe sealing-wax in the experiment just 
described, it will not sag as the wax did, it can support its weight without 
continuous yielding and does not gradually change m shape under so 
small a force The paraffin is a soft solid 

We thus see the importance of the word jja manent in the 
abox e definition, of a fluid In the experiments to be described 
it will generally be assumed that the fluids employed are not 
viscous, though we shall find that in dealing with the equi- 
librium of fluids — Hydrostatics — we need not consider 
viscosity. See Section 15 

3. Liquids and Gases 

Fluids then differ from Solids m that they have no 
Rigidity, they have however Volume Elasticity A 
fluid, like a solid, will resist a force tending to reduce its 
volume, and will xecovei that volume when the force is with- 
drawn 

But Fluids can be divided into two mam classes possessing 
this property in very different degrees 

Water and air are both fluids , very great foice is needed to 
produce even a small change m the volume of a mass of water, 
that of a mass of air (Section 79) can be changed easdy 

Some fluids are practically Incompressible, the change 
of volume produced by tbe application of even a veiy large 
force is extremely small Such fluids are called Liquids. 
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"Water, Oil, Alcohol, Vinegar aie liquids Other fluids are 
very easily compressible; these aie called Gases. Such are 
Air, Oxygen, Hydrogen, Carbonic Acid 

DEFIXITIOJ.S A Liquid «* a substance which can offer no 
permanent resistance to forces tending to change its shape, but 
which offers iciygicat resistance to foi ccs tending to dimmish 
its lolume 

A Gas is a substance which can offer no permanent re- 
sistance to forces tending to change its shape, and which of ns 
only a small resistance to forces tending to diminish its volume 

To illustrate the difference between a Liquid and a Gas let 
us imagine a cylinder closed with a tightly-fitting piston and 
suppose the ai ca of tho piston to be 100 square centimelies 
Let there be a litre (1000c cm ) of water in the cylinder, then 
the depth of the water will bo 10 cm 

Now suppose a weight of 100 kilogrammes is placed on the 
piston so that each square centimetre of the piston has to 
carry an additional w eight of 1 kilogramme, then it has been 
shewn that — supposing the piston to move w ithout friction — it 
would sink by about one two-thousandth (— xrtnr) a centi- 
metre, the change of volume of the whole litic produced by this 
pressure would be -}$ of a cubic centimetre, the change m each 
cubic centimetre therefore would bo of a cubic centi- 

metre 

Thus the volume of a given mass of a liquid is very nearly 
constant and is only clinnged veij slightly by the application 
of considerable forces We may treat a liquid as a fluid of 
mvaiiablc density See Section T> 

Now let us suppose that the water is removed from the 
cylinder and replaced by an equal volume of air at atmosphenc 
pressure 1 . Then, on repeating tho experiment, it would be 
found that the piston — if it weie perfectly fuctionless — would 
smk about five centimetres, the volume of the air would be 
about halved Each cubic centimetre would now occupy half 
a cubic centimetre Air .it atmospheric pressure is about 
10,000 times as eompiessible as water 

1 See Section 67 
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The density of the air is hereby doubled Gases then are 
fluids the density of which depends on the pressure to which 
they are subjected 

The experiment; could not he corned out in this simple form because 
of the friction of the piston against the sides of the cylinder, but this 
difficulty can be avoided by means of a suitable modification of the 
apparatus See Section 79 

4. Free Surface of Liquids. 

There is moreover another distinction between a liquid and 
a gas Imagine that the walls of the cylinder just described 
aie continued some distance above the piston, on raising the 
piston the level of the upper surface of the water still remains 
at about 10 centimetres from the bottom, above it there will 
be an almost empty space containing a little watei vapour } the 
water will have a free suiface separating it fiom the empty 
space above 

If, however, the cylinder contain a gas this will no longer 
be the case, the gas will expand as the piston uses, the whole 
space below the piston will be occupied by the gas, its density 
and the pressure it exerts on the sides of the cylinder will 
dimmish, there will be no free suiface 

Thus we may say that an incompressible fluid — a Liquid — * 
is a substance which can offer no permanent resistance to forces 
tending to change its shape, but which has a definite density , 
it will therefore not increase indefinitely in volume if the foice 
on its surface be diminished , when placed m any vessel it will 
occupy the lower portion of the vessel completely and mil haie 
a fiee surface 

A Gas is a substance which can offer no permanent resist- 
ance to forces tending to change its shape , its density however 
depends on the forces impressed on its surface, it will increase 
indefinitely m volume if these forces be sufficiently diminished, 
and, if placed in an empty closed vessel of any size, will fill it 
completely and have no free surface 

For the purposes of this book we may treat liquids as 
incompressible 
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5. Density. Equal volumes of different substances 
differ in mass and therefore also m weight We have already 
( Dynamics , Section 12) given a definition of the term Density 
which has been used m the last Section, and deduced some 
results from it 


The definition is as follows 


Definition' The Density of any homogeneous substance 
is the mass of unit volume of that substance 

It follows from this definition that to determine the density 
of a body we must find the number of units of mass m the 
unit of volume, we require therefore to know the unit of mass 
and the umt of volume , if these be the gramme and the cubic 
centimetre respectively we may say that the density is so 
many grammes per cubic centimetre Thus in these units 
the density of water is 1 gramme per c cm , that of iron 7 76 
grammes per c cm In any other units the numerical measures 
of the densities of these substances would generally be different 
Thus a cubic foot of water contains 998 8 oz or 62 321 lbs ; 
hence the density of water is 998 8 oz per cubic foot or 
62 321 lbs per cubic foot, non is 7 76 times as dense as 
water, hence its density is 7 76 x 62 321 lbs per cubic foot 

From the above definition of density we can find a relation 
between the Mass, Yolume, and Density of a body 

Proposition 1 To sheio that if the mass of a homogeneous 
body be M giammes, its density p grammes pel cubic centimetie 
and its volume V cubic centimetres, then M=Yp 

For by the definition, 

the mass of 1 c cm = p grammes, 
therefore the mass of 2 c cm = 2p grammes, 
the mass of 3 c cm = 3 p gra mm es, 
hence the mass of V c cm = Pp grammes. 

Therefore M=Yp 

We may write this as 

M 
P~ y t 
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and thus we have the lesult that the density of a homogeneous 
substance is the ratio of its mass to its volume 

A result similar to the above holds for any other consistent 
system of units 

To determine then the density of a piece of homogeneous 
matetial we require to know its mass, which is obtained m 
terms of a standard mass by weighing (Statics, Sections 59, 
60), and its "volume, which may be found m some cases by 
dnect measurement, in others by the displacement method 
(Dynamics, Experiment 4), in others again by one or other 
of the methods described in the following pages, Experiments 
15 etc In any case we should notice that the measure 
of the density will depend on the units adopted for the 
measuiement of the mass and the volume, these units must 
be known in older to deteimme the density completely 

6. Specific Gravity. In many cases, howevei, we are 
only concerned with the lelative masses or the relative weights 
of equal volumes of two substances, it may be sufficient for us 
to know that a lump of iron is 7 76 times as heavy as an equal 
volume of water, or that the weight of a piece of pme wood is 
about 56 of that of an equal volume of water 

Definition The Specific Gravity of a substance is a 
number which expresses the iaho between the weight of the 
substance and that of an equal volume of some standaid sub- 
stance, usually water 

Thus, if TV be the weight of this substance, W the weight 
of an equal volume of some standaid substance, and o- the 
specific gravity, then we have 

W 
a ~ W 

We notice in the fiist place that the specific gravity of a 
body, being the ratio of two weights, is a number and does not 
depend on the units m which the weights are expiessed, so 
long of course as those units are the same for the two The 
specific gravity merely expi esses the number of times which the 
weight of a certain volume of some standard is contained in 
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the weight o£ an equal volume of the substance. A cubic inch 
of non is 7 76 times as heavy as a cubic inch of water whether 
it he measured in giammes weight 3 in pounds weight or m any 
other units 

"We can also find a relation between the weight, the volume 
and the specific gravity of a substance thus 

Proposition 2 To shevj that if the weight of a homo- 
geneous hocly he IF, its volume F, and its specific gi avity or, then 
Fcreo, where to neprcsents the weight of unit of volume of 
the standai d substance 

Let IF' he the weight of an equal -volume F of the standard 
substance, then, since to is the weight of each unit of volume 
of the standard, the weight of V units of volume is Fto 


Hence IF' is equal to Fto 
But tr = 


JT _ JV 
IF ~ Fto 


Theiefoie TF=F<rw 


Thus if we know the volume of a body, its specific gravity 
referred to some standard substance, and the w eight of unit of 
volume of that standard, we can calculate the weight of the body 

The calculation is simplified if we take water as the 
standard substance, the volume of 1 cubic centimetre as the 
unit of volume and the weight of 1 giamme as the unit of 
weight, for, since the weight of 1 cubic centimetie of water is 
1 gramme weight, we have m this case the weight of the unit 
of volume as the unit of weight , thus 

to is unity and TF= Ftr. 

Hence, The weight of a body in grammes weight is found 
by multiplying its specific gravity by its volume m cubic 
centimeti es 

This same simple relation does not m general hold for 
other systems of units , thus if the weight of a pound be the 
unit of weight and one cubic foot the unit of volume, since a 
cubic foot of water has 62 321 pounds weight, the value of to 
is 62 321 pounds weight, so that m ordei to find the weight of 
a body m pounds weight we multiply its specific gravity by 
its volume m cubic feet and by 62 321 
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7. Definitions of Specific Gravity. 

We can put the definition of specific gravity mto various 
other foims which may be useful 

Thus, let IT be the w eight of a body, M its mass, V its 
\ olu me and p its density 

Let <r be its specific gravity refeired to some standard 
substance, consider an equal volume V of this standaid, let 
IT' be its weight, M' its mass and p its density 

Then v, e ha% e IF = Mg = pYg, 

W = M'g = p Yg 

W Mq M 

Hence <r ~ ]F ~ M'g " M‘ 

Thus, The specific gravity of a body is the ratio of the 
mass of the body to the mass of an equal volume of some 
standard substance 


Again, since 
we have 


M=pF, M'zrp'V, 

~K-K- pV -P 

<r ~ W ~ M' ~ p'V p" 

Thus, The specific gravity of a body is the ratio of its 
density to the density of the standard substance 


Specific gravity is therefore sometimes spoken of as relative density 
Again, since o- = pjp\ we have p = crp 

Thus, We can find the density of a body by multiplying its 
specific gravity by the density of the standaid substance 

How, on the cgs system, the density of water is 
1 gramme per cubic centimetre, the value of p then is 
1 gramme per cubic centimetre, and 


p = a grammes per cubic centimetre 

Thus, On the c 6 s system the numbers expressing the density 
and the specific gravity of a body ai e the same 

It does not, of course, follow that the density and the 
specific gravity are the same, and the distinction between 
them must be caiefully borne in mind 



STATES OF MATTER 


11 


7—9] 


8. The Standard Substance. 

When determining the specific gravities of solids and 
liquids water is usually adopted as the standard It is 
suitable for the purpose for it can readily be obtained m a 
state of punty 

The density of water like that of other substances depends 
on the tempeiature, thus the mass of a given volume of 
water is not always the same Water above 4° C expands as 
the tempeiature is raised , thus a volume of 1 cubic centi- 
metre will weigh less when waim than it does when cold In 
Older to be quite accurate it is necessary to specify the 
temperatuie of the standaid substance, for water this 
temperature is taken at 4° C , for at this tempeiature it is 
found (see Glazebrook, Heat, §§ 88 — 90) that water is denser 
than at any other A given volume will weigh more at 4° C 
than at any other temperatuie 

The vaiwtion of density, however, due to change of 
temperature is xeiy small and foi the purposes of this book 
need not be taken into account , we shall assume therefore as 
the weight of 1 cubic centimetre of water 1 gramme weight 
and as the weight of 1 cubic foot of water 62 321 pounds 
m eight at any temperature 

The densities of gases are excessively small when com- 
pared with those of most solids and liquids Thus the density 
of hydrogen at 0° C and 760 mm of pressure is 0000896 
grammes per c cm., that of oxygen is sixteen times as great, 
lienee, if water weie taken as the standard substance m 
experiments on gases, the values of the specific gravities 
would all be small fractions , to avoid this it is usual to adopt 
hydrogen at a standaid piessuie and tempeiature as the 
standard substance 

9. Measurement of Specific Gravity. 

To determine the specific gravity of a body we need to 
find its weight and the weight of an equal volume of some 
standard substance — water In borne cases this can be done 
directly, some experiments illustrating this are given below, 
in most cases, howevei, the methods described in Chapter vi 
must be followed 
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Experiment 1 To determine directly the specific gravities 
of various substances 

Mal-p a number of cubes of the various substances 
■wood, lead, iron, brass, copper, etc, all of the same size 
Make a cubical box of some material such as brass into 
•which the cubes •will exactly fit Weigh each of the cubes 
carefully and let the weights be W lt TT S , etc , weigh the box 
empty, then fill it with water and weigh again, the difference 
gives the weight of water filling the box, let it be IF', the 
volume of this weight of water is equal to that of each of the 
cubes Divide the weights TPi, W«, etc by IF, the respective 
quotients will give the specific gravities required 

The numbers thus found will also give the densities of the 
cubes m giammes per cubic centimetre These however may 
be determined dnectly thus 

Experiment 2 To determine the density of a cubical block 

Deteimme by the balance the mass of the block m 
grammes Measure with the calipers or the screw gauge 
(j Dynamics, Section 7) the length of an edge and by cubing 
this find the volume m cubic centimetres 

Divide the mass m grammes by the volume m cubic 
centimeties, the quotient is the density in grammes per c cm 
Since the block may not be quite cubical it is best, m order 
to determine the volume, to measure the length of each of the 
three edges which meet at one angular point and multiply 
these three together 

Experiment 3 To verify that the mass of 1 cubic centi- 
metre of water is 1 giamme 

Obtain a hollow vessel the volume of which can be 
found by measurement, for this purpose a hollow cylindrical 
vessel is convenient Measure with the caliper-compasses 
or otherwise the interior diameter of the cylinder m centi- 
metres, and, dividing this by 2, find the radius, r centimetres 
Measure also the depth, d centimetres, of the cylinder -Then 
the area of the bottom is ur 3 squaie centimetres and the 
volume of the cylinder is irrd cubic centimetres Weigh the 
cylinder empty, fill it with water and weigh again and thus ob- 
tain the mass of watei filling the cylinder , let it be W grammes 
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Then it will bo found that 

irr=^<f 

Hence the ma^s in grammes is numerically equal to the 
volume m cubic centimetres, thus the mass of 1 cubic centi- 
metre of water is 1 gi amine 

Instead of neighing tho cylindrical vessel and its contents 
it may be more convenient to neigh tho natcr m a small 
flask oi bottle. Pour fiom the flask sufficient water to fill 
the cyhndoi and then neigh again, the difference nill give tho 
mass of natcr requited to fill tho cylinder 

EvrriUMKCT 4. To dctci mine the specific gravity of a fluid 

Obtain a flask or bottle mth a narrow neck — one 
holding about 30 c cm mil be suitable — make a scratch on tho 
neck n ilh a fine hie Weigh tho flask empty, let its weight 
be 11% fill it mth natcr up to the sciatcli, dry tho outside 
and neigh again Let tho noiglit be If, Wo thus obtain 
the n eight 11% — IF of a volume of water filling the flask up 
to tho mink Empty tho vvatoi and fill the flask up to the 
mark with the liquid to bo examined Weigh again, lot tho 
weight bo IT, Then the weight of liquid which falls the flask 
to the maik is If, — 11”, and tho weight of nn equal volume of 
water is 11’, - ]| r 

Thus the specific giavity 1 of tho liquid is given by 

_ ir s - w 

tr “ if,- if ' 

There are numerous oilier methods of finding specific gravity An 
account of these and of the precautions required m the use of tho speoifio 
gravity bottle will ho given in Chapter VI 

Tho following examples illnslrnto this part of tho subject 

Examples (l) A sphere 10 cm in radius has a mass of 5 Kilo- 
grammes, find tts density, 

Tho volume of a sphere of radius r is 4 irr 3 . 

Thus tho volumo of the given sphere is 

- 1000 c c 

1 This method is usnnllj known ns that of the specific gravity bottle 
* or furthor details see Section Gl 
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Its mass js 5 x 1000 grammes 
Hence its density is 

5 3 7 

^ g 2 - grammes per o cm , 

and this reduces to 1 194 grammes per c cm 

(a) The specific gravity of iron is 7 76, find the weight of 1000 cnhic 
feet of iron 

The weight of 1 cubic foot of water is 62 32 lbs weight 
Thus the weight of 1000 cubic feet of water is G2321 lbs woight, and 
that of 1000 cubic feet of iron is 

62321 x 7 76, 

or 483611 lbs weight 

(3) The specific giavtty of glass is 2 5 What lolumc of glass weighs 
1 act ? 

A cubic foot of water weighs 62 321 lbs weight 

Thus the volume of 1 lb weight of wafer is 1/62 321 c. feet and the 
volume of 1 owt or 112 lbs is 112/62 32 c feet 

Now a given volume of glass is 2 6 times as heavy ns the snmo volume 
of water 

Hence the volume of a given mass of glass is 1/2 5 of that of an equal 
mass of water 

Thus the volume of 1 on t of glass is 

112 , , 

2 5 x 62 32 ° feet ' 
and this reduces to 7189 c feet 

(4) The mass of 3 cubic feet of ebony is 365 lbs , find its -density 
m grammes per cubic centimetre 

The density of ebony in lbs per cubic foot is 865/5 or 73 
Now 1 lb contains 453 6 grammes, 1 c foot contains 28315 c cm. 
Thus the mass of 28315 o cm of ebony is 73 x 453 G grammes 
Hence the density is 

73 x 453 6 
28316 ’ 

or 1 168 grammes per c cm 

10. Values of Specific Gravities. 

The following is a Table of Specific Gravities of some few 
substances 
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Solids 


Aluminium 

27 

lion 

7 76 

Amber 

11 

Lead 

114 

Beech uood 

69—8 

Marble 

2-7 

Biass 

8 

Oak wood 

74 

Bronze coinage 

8 66 

Pmo v ood 

•56 

Copper 

8-9 5 

Silvei 

10 57 

Coik 

21 

Slato 

2-1 

Diamond 

35 

Zinc 

72 

Gold 

19 3 

Wax (bees) 

96 

Glass 

2 5—3 0 

Ico 

918 

Tm 

7 29 




Liquids 


Alcohol 

795 

Nitnc acid 

150 

Cnibon disulphide 1 28 

Mot cut y 

13 6 

Chloroform 

1 53 

Olive oil 

915 

Glycerine 

1 26 

Peti oleum 

84— 878 

Sulphuric acid 

185 

Sea water 

1 026 

*11. Propositions on 

Density 

and Specific 


Gravity. 

There aro two other Propositions connected with this part 
of the subject which may bo useful 

^Proposition 3. To find the mass and the density of a 
mixture of any numbci of substances whose volumes and 
densities arc known 

Lot F„ V„, etc, be the volumes of the substances, 
Pi, p 2 , etc their densities Let us suppose that there is 
no chemical action between the substances on mixing, then 
the volume of the mixture is the sum of the volumes of 
the component paits Lot it bo F and let p be the density of 
the mixture which we suppose to be homogeneous 

Thou, since the volume is unchanged by mixing, 

7- F,+ F s + F s + etc , 

and since the mass of the mixture is the sum of the masses of 
its components, 


Vp - ViPi + F 3 p 2 + V 3 p 3 + etc 
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Thus 


l 7 ] Pi + Vs Pa + 

Fi+P 9 + 


If the volume change on mixing and become F' the first 
relation above given ■will not be true, but we shall have 
F p = Fjpj + Fgp« + F3P3+ • 

"We can establish a similar formula, usmg specific gravity 
and weight instead of density and mass 

Thus if o-j, ov,, be the specific gravities and w the weight 
of a unit of volume of the standard substance, we have, 
assuming no chemical action to occur, 

F=Fj+F a + +etc 

F<ro)= weight of whole = sum of weights of components 

= V'i(r 1 <o+ Fg«rgO>+ . 

Thus, dividing by < 0 , 

Fcr= Fj tr, + F,tr a + +etc 


^Proposition 4 To find the volume and density of a 
mixture of substances whose masses and densities are known 
Let the masses be M lt M s , etc and the densities p u p 2 , etc 
Let M be the mass of the mixture, p its density 

Then the volumes of the separate substances are respectively 
JJ/j/Pi, il/g/pg, and the volume of the mixture is M/p 
Thus we have 


Hence 


M= J/j + M s + j) f 3 + etc 

M If Mr, M 3 
— = —+ —+ — + etc 
P Pi Pa P3 

M\ + M B + etc 
P = M 1 M, 


(- — - + etc 

Pi Pa 


A similar formula connects together the weight and 
specific gravity of a mixture, for we have, if T F 1} 1F 2 , etc be 
the weights, <r u <r s , etc the specific gravities of its com- 
ponents, 


JF= H 7- ! + JFg + TF 3 + .+etc , 
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Examples, (l) If a volume of 30 c cm of a liquid of dennty 
8 gramme t per c cm hr mixed with 15 c cm of a l' quid of density 

7 arammes per c cm , find the dersily of the mixture 

The volume of flic mixture is 10+15 or 25 cubic centimetres 
The mass of the mixture is 10 y 8 + 15 x 7 or 185 grammes 
Hence it-> density is 18 5/25 or ‘71 grammes per c cm 

(2) An allot/ of cmc (ip gr. 72) and copper (sp or 805) has a 
mass of 157 gramme* Its tolumc is 00 c cm J'tnd the volume of each 
component 

Let ijCcui be the tolntne of the nnc and r 9 c cm, that of the 
copper 

Then the mas? of the 7itic is 7"2 x t>, grammes, that of the copper is 

8 05 y r. grammes The sum of the'e two is the total mass 467 grammes, 
the sum of the two volumes is the total tolumc GO cubio centimetres 

Thus ti+t 2 =C 0, * 

7 2 tj +8 95 r =407 

Hence, «ohing tlie°o equations, 

1 75 t , = 537- 107=70, 

1 75 e. = 407 -432=35 

Thus t,= i0ccm 

tv =20 c cm 


(3) A -mixture is made of It cubic centimetres of sulphuric acid 
(specific gravity 1 35) and G cubic centimetre * of tenter 'I he specific 
grai i tv of the mixture u found to he 1 015 Determine the amount of con- 
traction which has tal cn place 

If there -were no contraction tlie volume of the mixture would be 
14— G or 20 ccm , let the actual tolumc be V c cm Then, since the 
density is 1 G1 5 grammes per c cm , the mass is Vx 1 G16 grammes 

The masses of the components arc 11x185 or 25 9 grammes and 
G grammes respectively 

The ma«s of the mixture is the sum of the masses of its components 

Hence Fxl 015=25 9+ 6 = 31 9 

Therefore I' = 19 75 c cm 

Hence the contraction required is 20 - 10 75 or 25 c cm 


g mo 


2 
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EXAMPLES 

X What is meant by the density of a substance ? 

How would yon find the density of water? 

2 The density of a substance being defined as the mass of a unit of 
volume of the substance, shew precisely how the density of a liquid may 
be experimentally determined 

3 Describe the experiments yon would mate in order to determine 
the mass of a cubic centimetre of water 

4 Explain clearly the distinction between specific gravity and 
density and shew how the numerical value of these quantities depends 
on the choice of fundamental units 

5 Find the density and specific gravity of the following body • 

A rectangular pillar having a square base each side of which is one 
foot in length, the height of the pillar being 10 feet and its weight half a 
ton 

(The weight of a cubic foot of water may be taken as 1000 ounces ) 

6 The density of copper is 8 95 grammes per c cm The diameter 
of a piece of copper wire is 1 25 mm and its length 1025 cm , find its 
mass 

7 Find the density of a cylinder 1 foot m height and 6 inches in 
radius whose mass is 60 lbs 

8 Find the density of a sphere 10 cm m radius and 5 kilogrammes 
m mass 

9 Determine the density of the cylinder described m Question 7 in 
grammes per c cm 

10 Find the density of a pyramid on a triangular base each side of 
which is 10 cm and which has an altitude of 30 cm , the mass of the 
pyramid being 8 kilogrammes 

11 The density of mercury is 13 59 grammes per o.cm , find it m 
grains per cubic inch 

12 Compare the densities of a sphere 5 cm in radius, 5 kilos m 
mass, and of a cylinder 1 foot in height, 6 inches m radius and CO lbs. 
m mass 


13. Find the mass m lbs of a cube of gold each side of which is 
4 inches 


14. An iceberg is 30 fathoms high, 40 fathoms wide and 30 fathoms 
thick , find its mass in tons 
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15. A carboy of sulphuric acid has a mas9 of 98 kilogrammes , find 
its volume 

16 It is desired to fioaf a piece of slate a metre square by 5 
centimetres thick by means of cork floats "What volume of cork is 
required 9 

17 Find the specific gravity of a mixture of glycerine and alcohol 
(l) in equal parts by weight, (u) in equal parts by volume 

18. A piece of brass is made from 2 lbs of copper and 3 lbs of zmc, 
the volume of the copper being 6 cubic inches, and that of the zmc 
13 J cubic inches; find the specific gravity of the brass 

19 A cylindrical tube, 1C cms long, holds when full 1 gramme of 
mercury, sp gr 13 6, find the sectional area of the tube 

20 The specific gravity of a faulty iron casting which weighs 3 lbs 
is found to be 5 8 If the normal specific gravity of cast iron be 7 2 , 
find what volume of the faulty iron is unoccupied by iron 

(A cubic inch of water weighs 0 57 oz ) 

21 If the specific gravity of a mixture of glycerine and water be 
1 031, find the relative weights of glycerine and water in the mixture, 
the specific gravity of pure gl} cenne being 1 26 

22 The ma^s of a piece of brass is 25 grammes and the density of 
brass is 8 4 grammes per c cm , find the volume of the brass 


2-2 
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FLUID PRESSURE 

12 . General considerations on Stress. 

Consider a block of wood lying on a smooth horizontal 
table, let a weight be placed on the wood, as in Fig 1 The 
wood is in equilibrium, the 
downward force exerted by 
the weight is balanced by the 
upward force between the 
table and the wood Imagine 
the block divided into two 
parts by a horizontal plane 
CD, the upper part is acted 
on by the weight which presses 
it downwards, since there is 
equilibrium the weight must 
be balanced by a force exerted 
upwards by the lower part of 
the block on the upper , if now we consider the lower part of 
the block a downward force is exerted on its upper surface 
equal to the upward force which this surface exerts on the 
upper portion This downward force is balanced by the 
upward force exerted by the table , the two portions of the 
block are squeezed together across the section CD, the block 
is said to be under Stress The two equal forces acting m 
opposite directions on tiie two poitions of the block across the 
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section CD constitute a Stress. In the case considered the 
forces are at right angles to the surfaces on 'which they act , 
the external forces, the weight and the pressure of the table, 
are such as to bring the two portions of the body, separated 
by the plane CD, more close together than they could other- 
wise be, each portion of the body ‘'thlusts ,, or pushes the 
other We speak of the forco which each part of the body 
exerts on the other across the plane CD as a normal Thrust 
or more simply as a “ Thrust " 


13. Thrust and Tension. 

The Stress which w’o have just been considciing consists of 
a simple Tlnust acting in opposite directions on the two sides 
of any horizontal plane such as CD, by which wo imagine the 
body to be divided 

It should of course bo noticed that the div lsion is 
imaginary, the two parts of the body on either side of any 
horizontal plane thus act on each other , it is not necessary 
actually to cut or divide the body to give use to the action 

There are, of course, many other ways m which we can 
apply a simple thrust to a suiface, thus when we push a body 
with a long pole, directing the push along the avis of the pole, 
any section of the polo at right angles to the axis is subject to 
a Thrust, the portion of the pole on ono side of the section 
thrusts and is thrust by that on the other, the stress across 
the section is a simple thrust 

But now suppose ono end of the polo is attached to some 
body and th.it we pull at the othei ; if wo now consider a 
section of the polo at right angles to its length, the portion of 
the polo on one side of the section is pulled by that on the 
other, the polo throughout its length is subject to a Pull or 
Tension instead of a Thrust 

The Stress across each section at right angles to the length 
is a simple Tension acting along the pole 

In both these cases however the stiess is at right angles 
to the surfaco to which it is applied. 
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14 Shearing Stress. 


Let us return now to the block of wood on the table and 


imagine it divided, as m Fig 2, 
the horizon The upper part 
is acted on by the weight 
which presses it vertically 
down, since there is equi- 
librium this vertical force 
must be balanced by the force 
which the lower part of the 
block exerts on the upper, this 
latter force then must be ver- 
tical But the plane CD is 
inclined to the horizon, hence 
m this case the force which 


by a plane CD inclined to 



the lower portion of the block 

exerts on the upper is inclined llg 2 

to the plane across which it 

acts The force therefore may be resolved into two com- 
ponents, one, at nght angles to the plane, constitutmg a normal 
thrust on the upper part, the other, paiallel to the plane, 
preventing the upper part from slipping down, this second 
component constitutes a “ Shearing Force ” It is balanced 
by the equal and opposite shearing force exeited on the 
portion of the block below the plane CD and these two forces 
constitute a Shearing Stress The components of the 
stress across the plane CD are a normal thrust which tends to 
compress the solid into a smaller space and a shearing stress 
tending to make it slide parallel to the plane CD and thus to 
change its shape 


15. Stress m Solids and Fluids 

Hence, if we imagine any plane drawn m a solid body, the 
Stress across the plane due to the action which the portion of 
the solid on one side of the plane exerts on that on the other 
may be either a Thrust, a Tension or a Shearing Stress 

In consequence of its Rigidity a solid can withstand 
shearing stress, it yields slightly until the impressed force is 
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just balanced by the elastic forces called into play by the 
yielding and then retains its new foim so long as the force is 
impressed 

A fluid however cannot permanently withstand shearing 
stress 

Consider a solid body ABO, Fig 3, resting on a table and 
let BE be a plane inclined to the horizon, dividing the body 
into two parts Then the 
weight of the portion DBE is 
balanced by the force across 
this plane If this force were 
a normal thrust perpendiculai 
to BE the portion BBE would 
slide down, its weight has a 
component parallel to theplane, 
this component however is ba- 
lanced by the shearing force 
exerted across the plane 

How, suppose the portion Fig 3 

BBE to become fluid, it runs 

away, the fluid has no rigidity and in consequence can exert 
no shearing force across any plane, there is therefore no force 
to balance the component of the weight parallel to BE, and 
equilibrium can no longer be maintained, the fluid yields to 
the impressed shearing force 

"We have thus arrived at the following results If we 
imagine a body to be divided into two parts, each pait exerts 
a force on the other across the dividing surface 

These two forces are equal and opposite and are spoken of 
together as a Stress. 

In general the forces can be resolved into components 
respectively at nght angles to, and parallel to the surface 
across which they act 

And we can state the following Definitions 

Definition The components of a Stress at nght angles 
to the surface to which it is applied constitute a Thrust or a 
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Tension The components parallel to the surface constitute 
a Shearing Stress. 

A Solid is a body which offers permanent resistance to any 
fot m of stress , so long at least as the stress is not too gi eat 

If the stress be too great the solid may yield or break 

A Fluid is a body which offers no permanent resistance to 
continued shearing sti ess, however small 

It follows from this that any shearing stress, however 
small, will w time produce motion in a fluid — if the fluid be 
very viscous it will be a long time before flow takes place 
under a small shearing stress^ if, on the other hand, the 
viscosity be small, flow follows rapidly If there were no 
viscosity no shearing stress could ever be exerted whether the 
fluid weie at rest or in motion 


Definition A Perfect Fluid is a body which, whether 
at rest or m motion, can never offei sesistance to a shearing 
stress, however small 

There are no fluids known which satisfy this definition 

"When howevei a fluid is in equilibrium, whether it he 
viscous or not, theie can be no shearing stress, for since a 
fluid can offer no permanent resistance to sheming stress even 
a small shear, it it existed, would m time disturb the 
equilibrium We thus arrive at the result, that In any fluid 
in equilibrium theie is no shearing stress 


16 . Fundamental Property of a Fluid. 

The following Proposition then expresses the Fundamental 
Property of a fluid 

Proposition 5 To prove that, when a fluid is m equi- 
librium, the foi ce, tohich it exei ts on any surface with which it is 
tn contact, is at right angles to that surface 

For, let ACB, Fig 4, be a portion of the surface and, if it 
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be possible, let the foice P which the fluid exerts on a small 
portion of the surface near G 
be inclined to it m the di- 
rection DC Then the force 
which the surface exerts on 
the fluid is P, acting m di- 
rection CD This force can 
be resolved into a force R at 
nght angles to the surface, 
constituting a normal thrust 
on the fluid, and a tangential 
force T parallel to the surface This constitutes a shearing 
force and tends to make the fluid particles slide over the 
surface, since the fluid has no rigidity it cannot resist this 
force and motion will take place, which is contrary to the 
supposition that the fluid is at rest Hence there can be 
no tangential force such as T, therefore the whole force 
is R, at right angles to the surface 

Thus the force exerted by a fluid on any surface with 
which it may be in contact, or by one portion of a fluid on any 
other portion, across any surface separating the two, is a normal 
thrust at nght angles to the surface 

Experiments have shewn that it is possible for a fluid under certain 
circumstances to sustain a tension or pull , these circumstances however 
occur very rarely, for our present purposes we may suppose that the only 
stress which can exist m a fluid is a thrust 

17. Stress distributed over a Surface. 

Imagine now that we have a piece of a stiff board resting 
on a table, on placing weights on the upper side of the board, 
force is exerted on the table, and this is balanced by the force 1 
which the table exerts on the weights Suppose the board is 
divided into a numbei of squat es each 1 centimetre m edge 
and therefore 1 square centimetre m area, there is m general a 
force between each of these squares and the table, though the 
forces acting on each of the squaies need not be equal Sup- 
pose, however, that the same weight, 50 giammes say, is placed 

1 Part of this force is due to the weight of the board, we suppose this 
to be small compared with the weights it carries and neglect its effect 















A C B 

Fig 4 
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on each square , then the upward force on each square will be 
50 grammes weight; the resultant upward force will be found 
by multiplying by 50 the number of square centimetres con- 
tained m the area of the board. 

The force in this case is Uniformly Distributed over 
the surface, and the thrust or resultant upward force is found 
by multiplying the force per unit area of the surface by the 
number of square centimetres m the aiea 

Definition - The Thrust on a surface is said to be 
Uniformly Distributed over the surface when it is the 
same on every equal area of the sw> face 

In the example given above the thrust on each square 
centimetre is 50 giammes weight, it is uniformly distributed, 
but suppose that, instead of placing 50 grammes on each square 
centimetre, the weights neie irregularly placed, so that on 
some squares there weie moie than 50 grammes, on otheis 
less, while the total weight corned remained the same, the 
total thrust would remain the same, but its distribution would 
be variable 

In the lllustiation it is of course possible that the thrust of 
50 grammes weight which acts across each square centimetre 
may not be uniformly disti ibuted over that square centimetre , 
if we suppose the square centimetie to be divided into a large 
number of very small equal areas and if the thiust on each of 
these aieas be the same, then the distribution over the square 
centimetre is uniform, this case is included in the definition by 
the introduction of the woid “ every ” 

18. Pressure at a Point. It is found convenient to 
give a name to the thrust pel unit area of any surface 

Definition When a thrust is uniformly distributed ovei 
a surface , the thrust on each unit of area is called the Pressure 
at each Point of the surface 

Now let P be a thi ust which is uniformly distributed over 
a surface, let p be the pressure at each point of the surface, 
and let a square centimetres be the area of the surface 
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Since on each squaie centimetre theie is a thrust p, on a 
square centimetres the thrust is pa, but the total thrust is P. 
Hence 

P=pa, 

P 

ancl p — ~ 

a 

Thus The Pressure at each Point of a surface exposed 
to a umfoim tin ust is found by dividing the thrust on the 
whole sin face by the number of units of area it contains 

How, ci en when the thrust is variable over the surface, we 
may treat it as uniform ovei a small area — a square centi- 
metres — if that aiea be sufficiently small , and in this case, if P 
be the total tin ust on the area, the ratio P/a gives the piessure 
at each point of the area 

Definition When the tin ust oiei any sui face is not 
uniformly dishibuted the Pressure at each Point of the 
surface is the ratio of the thrust on a small poition of the 
suiface which includes the point to the area of that portion 
when that area is sufficiently small 

Thus, if P be the thrust on a surface of area a under 
variable pressure, p the pressure at each point of that surface, 
then 


P 



when a is taken so small that the tin ust over the portion of 
surface considered may be treated ns uniform 

19. Average Pressure. The ratio of the total thrust 
on any plane surface to the aiea of that surface is known as 
the Average Pressure at each point of the surface if the 
total thrust be P, and the area of the surface a, then the aveiage 
pressuie is P/a 

If the thrust be uniformly distributed the average 
pressure and the pressure at each point axe the same, 
if the thrust be variable, the pressure at any point is the 
average piessure on a portion of the surface containing the 
point, and so small that the distribution of thrust over that 
poition may be treated as uniform. 
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If a, the area of the surface, be unity, ire see that the 
average pressuie is equal to the thrust on tho surface Thus 
The Average Pressure is the tin ust per unit of area 

20 . Examples of Uniform and Variable Thrust. 

If we consider a horizontal surface above which a mass of 
sand is piled, theio will bo a thrust on the surface, arising 
from the weight of tho sand . if the sand be piled to a uniform 
depth all ovei, the thrust will be uniform, and tho pressuie at 
each point of tho surfaco the same , if, on the other hand, the 
upper surface of tho sand bo uneven, the thrust will usually bo 
variable and tho pressure will differ from point to point 

Oi again, consider a rectangular vessel filled with water 
having vertical sides and a horizontal bottom, the vortical forces 
acting are the weight of the water and the upward thmst of 
the bottom, these tw’o are equal , moreover tho thrust is 
uniformly distributed and the pressuro is the same at each 
point of tho base Tho same w’ould be true if the vessel 
contained a solid which just filled it, but tho solid would o\eit 
no force on the sides of the \essel , when, howeiei, it contains 
fluid each side is subject to a horizontal thrust the nmount of 
which can be calculated This thrust, it can be shewn, is 
not uniformly distributed, the force on any snull portion of 
the surface near the top of the liquid is less than that on an 
equal portion neai tho bottom, tho pressuro is variable flora 
point to point Thus the pressure at the bottom of a dock of 
uniform depth is umfoi m, that on tho dock gates is variable 

21. Units of Pressure. 

The pressuie at a point is found we have seen by diwdmg 
tho thrust or normal forco impressed on a definite surfaco by 
the area of that surface , we therefore speak of a pressuro of so 
many units of force per unit of aiea, the numerical measure 
of a pressuro depends on the unit of forco and on tho unit of 
area 

We may express it m dynes or m grammes-weight per 
square centimetre, or in poundals per square foot A common 
unit of pressuro adopted m England is pounds-weight per 
square inch. 
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Suppose, for example, it is found that the force acting on 
a srnfacc 100 square centimetres m aiea is 50 kilogrammes 
■weight, and that the pressure is uniform , the pressure at each 
point of the surface is 50/100 or 5 kilogiammes -weight per 
square cen tnnetie Similaily, if the force on a square 1/100 
of a square inch m area be 2 lbs weight, then the pressure is 
2/ytfjy oi 200 lbs weight pei square moll 

* It must be clearly remembered that piessure is not foice 
In order to determine the tlnust or force, impressed normally 
on a given plane surface by fluid pressure uniformly dis- 
tributed, we must multiply the pressure at each point by the 
aiea of the suifacc If the pressure is not uniform, the 
pioblem of finding the total thiust is more complex, if the 
average piessure at cacli point be known, the thrust is found 
by multiplying the average pressuie by the area 

Examples. (1) A suijacc is subject to a pressure of 15 lbs weight to 
the square inch, determine it in grammes weight per square centimetre, and 
also in dynes per square centimetre 

1 square inch contains (2 51) 2 3 or 6 45 sq cm , 1 lb contains 453 6 
grammes 

Thus the thrust on an area of 6 45 sq cm is 15 x 453 G grammes 
weight 

Hence the pressure is 15 x 463 G/G 45 grammes weight per square 
centimetre or 1055 grammes’ weight per square centimetre 

Now the weight of 1 grnmmo contains 981 dynes 

Hence the required pressure is 

1055x981 or 1'033 x 10° dynes per sq cm 

Thus the pressure m question, which we shall see is about that exerted 
by the atmosphere, is cqunalent approximately to a weight of 1 kilogramme 
per square centimetre, we might pioduco it by erecting a vertical tube 
10 metres (1000 cm ) high and one square centimetre in area, if 6uch a 
tube were filled with water the thrust on the base 1 sq cm in area would 
be the weight of 1000 c cm of water or 1 kilogramme 

(2) The total thrust on a surface 5 square feet in area is found to be 
the weight of 1 ton, find the average pressure in lbs weight per square 
inch 

The surface contains 5x144 or 720 square inches, one ton is 2240 lbs 

Thus the pressure is 2240/720 or 3$ lbs weight per square inch 
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(3) Talking the atmospheric pressure at 15 lbs weight per square inch, 
find the weight supported by a square mile of the earth's suiface 

One square mile is 4,014,489,600 square inches, the thrust m pounds 
weight is found by multiplying this by 15 It is therefore 60,217,334,000 
lbs weight 

22. Graphical Solutions. 

The following graphical method of representing the pies- 
sure at any point of a plane surface is sometimes convenient. 

We have seen that pressure is measured by the force 
impressed per unit of area taking a square centimetre as 
the unit of aiea, the pressure may be given as so many 
grammes weight per square centimetre now imagine the 
surface to be horizontal and erect on each square centimetre a 
vertical column of some homogeneous substance, of such a 
height that its weight may be equal to the force exerted by 
the fluid on the square centimetre which supports the column 
Since the weight of a cubic centimetre of watei is 1 gramme 
weight if the column be of water, h cm m height, its weight 
will be h giammes, this is suppoited by the portion of the 
suiface, 1 squaie centimetre, on which it rests, and if the 
weight of this column is to represent a pressure of p grammes 
weight per squaie centimetre, we must take h equal to p 
Hence the pressuie may be represented by the height of a 
column of water 1 sq centimetze in area The number of 
centimetres in the height of this column will be equal to the 
number of units of pressure m the piessure it represents 

The height of this column of liquid is sometimes spoken of 
as the “ head ” of liquid which gives the pressure Thus we 
might speak of the piessuie of the atmosphere, which is about 
1 lalogiamme weight per sq cm , as due to a "head” of water 
10 meties in height 

There is no need to select water as the substance by the 
aid of which the pressure is measuied , it is, however, in most 
cases convenient to do so 

23. Pressure within a Fluid. 

So far we have dealt with the thrusts which a fluid exerts 
on a surface with which it is m contact, we may compaie these 
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to the force between a solid block such as that shewn m Fig 1 
above, and the table on which it rests But we have seen 
(Section 15) that we must, in. the case of the block, suppose 
stresses to exist throughout its substance For a horizontal 
plane such as CD, Fig 1, v, e have a normal thrust exerted in 
opposite directions on the two sides of the plane , if the plane 
be oblique as in Fig 2, the normal thrust is accompanied by 
two tangential foices constituting a shearing stress 

In the same may stresses exist throughout the substance of 
any fluid 


Consider a mass of fluid in a vessel and suppose, foi 
simplicity, that the sides of the vessel are i ertical , imagine a 
horizontal plane CD, Fig 5, drawn m the fluid The forces 
acting on the fluid above this plane 
are its weight and the downward 
thrust of the atmosphere on its 
upper surface — these act m a ver- 
tical direction — together with the 
thrusts of the sides , the directions 
of these last forces aie lioiizontal 
and they are in equilibrium among 
themselves In older then that 
equilibrium may be maintained 
there must be an upward vertical thrust across the horizontal 
plane CD, equal to the sum of the weight of the fluid above 
the plane, and the downward thiust due to the atmosphere 



Oi again, if the plane CD be inclined to the horizon, as in 
Fig 6, there will, as m the solid, be a stress across it, this 
stress however will differ from that 
m the solid in that the forces which 
compose it are at right angles to 
CD In the fluid thei e can be no 
stress along CD such as exists m the 
solid In the fluid there is there- 
fore a thrust across CD, this thrust 
has a vertical component which 
balances the sum of weight of the 
fluid above and the downward 
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vertical thrust of the atmosphere , it also has a horizontal 
component and this balances the resultant horizontal thrust 
on the vertical sides of the vessel In the solid the lesultant 
force across CD, Fig 2, is vertical , there is no force on the 
vertical sides and hence no horizontal component to the force 
across CD There is, m consequence, a shearing stress m the 
solid across CD The fluid cannot support such a stress, the 
wedge of fluid above CD, Fig 6, would change in form and 
slide down weie it not for the thrusts impressed on it by the 
sides of the vessel 

24 Pressure at a Point within a Fluid. 

Consider now a small plane surface of aiea a immersed m 
a fluid , the fluid on either side of the surface exerts a thrust 
on the surface , if the fluid on one side could be removed it 
would be necessary to exeit a force on that side in order to 
balance the fluid thrust on the other Let the magnitude 
of this force be P Then P measuies the thrust m the fluid 
acioss the surface of area a 

The ratio P/a is defined as the Average Pressure at 
each point of the surface 

If the thrust over the surface be uniformly distributed 
then the ratio P/a is the Pressure at each Point of the 
surface If the thrust over the surface be not uniformly 
distributed then, in order to find the pressuie at any point, it 
is necessaiy to reduce the aiea of the surface until it is so 
small that the distribution of thrust over it may be ti eated as 
uniform, when this is the case the ratio P/a measures the 
pressure at any point of the surface. 

Definition In oi der to find the pi essui e at a point of 
a fluid, imagine a small plane surface of area a immersed m 
the fluid so as to contain the point The Pressure at 
the Point is measuied by the ratio of the thrust on one side 
of the surface to the aiea of the surface, when that area is so 
small that the distribution of thrust ovei it may be treated as 
uniform 
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The meaning of the term pressure at a point mayperhaps be made clearer 
from the following Let A, Fig 7, be a point 
in a fluid at which the pressure is required 
Imagine a small plane surface placed at A 
and a tube inserted in the fluid in such a 
way that the surface may form a piston in 
the tube, suppose farther that it is possible 
for the piston to move without friction m the 
tube Now let all the fluid be removed from 
the tube on one side of the piston the thrust 
on the other side will drive the piston down 
the tube unless force be applied to it , suppose 
that a force P applied at right angles to the 
piston holds it in its place, then P measures 
the thrust on the piston and if a be the 
area of its surface Pja is the average pressure at each point of its surface 
If the area of the piston be so small that the thrust may be taken as 
uniformly distributed P/a will be the pressure at each point 

The arrangement described above does not constitute a practical 
means of measuring the pressure, it is not an experiment to illustrate the 
measurement of pressure, it is merely an illustration, impossible to 
realize m practice, of what is meant by fluid pressure Practical means 
of measuring the pressure at a point will be given in Sections 3G — 40 

25. Pressure in different directions. 

At any point m a solid imagine a small surface drawn, con- 
taining the point, and consider the thrust across this surface; 
it will of course depend on the forces which act on the solid , 
it will also, in general, depend on the dneetion within the solid 
in which the surface is drawn, thus, if the weight of the 
substance he the only foice, there will be a normal thrust on 
a horizontal surface but no normal thrust on a vertical 
surface, the thrust depends on the direction of the surface 
This is not the case m a fluid , the thrust on a surface of very 
small aiea placed at a given point is the same in whatever 
direction the surface be placed 

If, when the surface be horizontal, there be a thrust of 
P giammes weight upon it, then it can be shewn that there is 
the same thrust upon it when it is vertical, or m any other 
position, so long as it is sufficiently small and passes thiough 
the given point In fact it follows from the fundamental 
definitions that, 

The pressure at a point in a fluid is the same in all 
directions about the point 



G HYD. 


3 



34 


HYDROSTATICS 


[CH IT 

The direction theiefore of the small surface placed m the 
fluid so as to form a piston in. the illustration given m the 
last section is immaterial, the thrust upon it is not changed 
by tuimng it about any point m itself 

This fundamental pioperty can be deduced from the fact 
that there is no sheaung stress in a fluid The proof is given 
below (Proposition 6) A direct experimental proof would 
require somewhat complicated apparatus, the law however is 
involved in many of the experiments which will be descubed, 
and the student, who hnds a difficulty m following the mathe- 
matical pi oof, may believe it because the lesults of experiment 
bear out theoretical deductions from the law 

The proof that the pressure is the same m all directions 
about a point is based on the following considerations Suppose 
that all the particles of a fluid aie acted on by some force, 
such as their weight, and consider the matter which lies within 
some surface drawn in the fluid, the lesultant impressed force 
acting on this matter will be proportional to the volume of fluid 
within the surface, and this force is balanced by the thrusts on 
the surface arising from the fluid piessure 

Thus if, to make ideas definite, we consider a small cube 
m the fluid and suppose the weight of the fluid to be the only 
impressed force, the forces acting on the cube are the weight 
of the fluid w hich it contains and the six thrusts, one on each 
of the six faces of the cube; the resultant of these thrusts 
therefore must balance the weight Now the thrust on each 
face is proportional to the area of the face, while the weight is 
proportional to the volume of the cube Thus we have the 
resultant of six forces, which depend on the area of the faces, 
balancing a force which depends on the volume of the cube 

Suppose now that the cube is reduced m size so that each 
edge becomes — say — Jgth of its previous length, the faces will 
then become of what they were while the volume of the 
tube will be xrnnr^ 1 of its previous value, the forces then 
which depend on the suiface will be reduced 100-fold, those 
which are proportional to the volume will be reduced 1000- 
fold, or ten times as much , if the edge be again reduced to a 
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tenth, the forces proportional to the volume will again be 
reduced ten tim es as much as those which depend on the area 
of the surface 

Thus, proceeding in this manner, we see that we can make 
the forces which depend on the volume as small as we please 
when compared with those which depend on the surface , in 
the end, then, when the cube has become very small its weight 
may be neglected in comparison with the forces which anse 
from fluid pressure, and these forces form a system in 
equilibrium among themselves 

This statement is true whatevei be the shape of the 
small portion of the fluid which we consider, let us apply it 
to a small triangular pnsm m the fluid 

^Proposition 6 To prove that the pressure at a point tn a 
fluid is the same in all dn ections about the point 

Let ABC, Fig 8, be a small triangle in the fluid, draw 
lines A A’, BB', CC' each l centimetres in length at right- 
angles to ABC, join A'B’, B’G' and 
C'A' and consider the portion of 
fluid within the prism thus formed 

Let a, b, c be the lengths of the 
sides of the triangle BCA, p„ p„ and 
p 3 the average fluid pressuies on the 
faces BCC'B', CAA'C’, ABB' A' re- 
spectively The areas of these faces 
are respectively la, lb and Ic square 
centimetres, hence the normal thrusts 
are lap,, lbp 2 , and lcp s 

Now we have seen that when the prism is made very 
small, these three forces form a system m equilibrium among 
themselves, but, when three forces are m equilibrium, they 
can be represented by the sides of a triangle to which they 
are parallel. 

The three forces in question are at right angles to the 
sides of the triangle ABC, hence, if this triangle were turned 
through a right angle in its own plane, its sides would be 
parallel to the directions of the forces , thus the three forces 

3—2 
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are respectively proportional to the sides a, i, o o£ the 
triangle JBCA 

The ratio then of each force to the corresponding side 
must be the same for all the forces New these ratios are 

p x 1a, l a, p a lbjb and p s lcje . 

Hence p 1 l=p a l~pfl, 

or Pi=Ps=Ps 

Thus the average piessure on each face is, when the pnsm 
is made very small, the same, but, in this case, the average 
piessure on a face is the pressure at the point, to which the 
triangle is reduced, estimated in the direction of the normal to 
that face thus the piessuies at right angles to the faces of 
any veiy small prism enclosing the point are ultimately equal, 
or m other words, 

The pressure at a point m a fluid is the same m all 
directions about that point 

It should be noticed that the proof depends on the fact that the force 
on each face is at right angles to that face, if there were a shearing force- 
parallel to the face as well as the simple thrust the proposition wonld not 
he true 

We may put the proof in mathematical form thus Let ABGG'B'A' 
he a small triangular pnsm in the fluid Let the face AGG'A' he 
horizontal Let l be the length of the pnsm, a, b, c, the sides of the 
tnangle BGA 

Letp, ,p £ ,p 3 be the average pressure on the faces, and w the weight of a 
unit of volume of the fluid. 

Let d be the perpendicular distance of the vertex B from the 
base GA 

The volume of the prism is J6dl and its weight is %wbdl , this force 
acts vertically and is therefore at right angles to the face AGG'A' 

The other forces are p x al, p 2 bl and p 3 cl at ngbt angles to the faces 

Resolve these vertically 

Pzbl^ubdl+pjalcoB G+p 3 cl cos A. 

Resolve the forces horizontally 

Pjal sm C=p 3 cl sm A. 

But we know that a sm G=c e in A. 
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Thus Pi=Pa> 

also 6= CM = a cos G+ccoaA 

Hence substituting in the first equation 

jp„b=ijsuM +p 1 (ccoBA+a cos C) 
r=^ubd+p jb 


Thus p 2 -p 1 =\ud 

No w when the pnsm is made very small, so that p x and p 2 become the 
pressures m two different directions at a point, then d is indefinitely 
small The difference therefore between p x and p 2 can be made as small 
as we please, or p 1 is equal ultimately to p 2 

Hence ultimately 

Pi=Pi=P 3 

Nowp 2 is the pressure in a vertical direction, p v p a pressures in any 
other two directions Hence the pressure in a vertical direction is equal 
to that in any other, thus the pressure is the same m all directions about 
a point 


26 . Transmissibility of Fluid Pressure. 

If the pressure at any point of a fluid is changed, that at 
all other points is changed also , it follows, from the 
fundamental property of a fluid, that, for a liquid, the change 
of pressure at all points is the same 

A fluid m this respect differs from a solid Imagine a 
cylinder fitted with a piston and place m it a portion of a 
solid which just fits the cylinder loosely Put weights on the 
piston, the force thus applied to the top of the solid is 
transmitted to the base, unless the solid expands laterally 
under the force, so as to fit the cylinder more tightly, there 
will he no pressure on the sides, if, however, the substance m 
the cylinder is a fluid this is no longer the case, the addition 
of the weights increases the pressuie or force per unit of area 
on the top of the fluid, this increase is transmitted by the 
fluid in all directions, the pressure at each point is increased 
and, as we shall shew, for a liquid, the mciease of pressure is 
the same at all points 

This may be illustrated by the following arrangement 
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Imagine a vessel fitted -with a number of openings, each 
closed by a piston, as shewn 
m Pig 9 , suppose the whole 
to be filled with liquid 
In order to keep the pis- 
tons in their place a foice 
must be applied to each 
Suppose now that the force 
on any one piston is in- 
creased, the other pistons 
will be driven out, and in 
order that equilibrium may 
be maintained it is necessary 
that additional force should 
be applied to each of them 
If we could secure friction- 
less pistons, all of the same 
area, it would be found that 
the additional force applied to each piston would be the same , if, 
however, the pistons differ in area, the force necessary to 
maintain any piston m position would be found to be propor- 
tional to the aiea of the piston , the ratio of the force to the 
area over which it is applied is the same for all 

An increase of fluid pi essure applied at one point is trans- 
mitted equally to all other points 

The experiment m this form is impossible, we cannot 
obtain fnerionless pistons The punciple, however, is illus- 
trated by the action of various pieces of apparatus which will 
be described shortly, see Sections 27, 28, and by some 
experiments which will be better understood when we have 
consideied some of the methods for measuring fluid pressure 
\\ e pioceed now to give a formal proof of the principle 

Proposition 1 An increase of pres&we, at any point of a 
liquid at rest, is transmitted without change to eves y other point 

For let A, J 3, Fig 10, be two points within the liquid 
h fchat the line AB lies entirely within the 



Fig 9 
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Construct a small cylinder, hniing the line AB for its avis, 
and consider the forces acting 
on the fluid within this cylin- 
der They are 

(1) the thrusts on the 
ends A and B, parallel to the 
avis AB, 

(2) tho thrusts on the 
curved surface at right nngles 
to the avis, 

(3) tho resultant of the external impressed force 

Now the liquid is in equilibrium and the thrusts on the 
cui v ed surface h.i\ e no component parallel to the avis 

Thus the diflercnco between tho thrusts on the two ends 
must balance the component of tho impressed foico m the 
direction of the axis 

But this component remains tho same cien though the 
pressure be changed 

Hence the diflcrencc between the thrusts on the ends A and 
if is a constant, but the areas of these ends aio equal 

Thus tho diflcionco between tho piessuics at the tw f o ends 
is always tho same 

Hence, if by any means the pressure at tho point A is 
increased, that at B is mci cased by the same amount, othci- 
wise the dtflercncc between tho two would change and it has 
just been piovcd that this diflcrenco is unchanged 

(n) Suppose that the lino AB docs not lie entuely within 
tho liquid. 

Join the points A and B by a sei ics 
of sti night lines AP, PQ, QB, Fig 11, 
etc each of which docs ho entuely in tho 
liquid Then tho proposition just pro\cd 
holds for each of tho pairs of points 
A, P P, Q etc 

Ilcnco if the picssuio at A bo m- 
ci cased, that at P is increased equally, 
but if tho prcssuio at Pis mci eased that 
at Q is increased equally, and so for all 
tho points Hence tho increase of pics- 
suie at B is cquul to that at A. 
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Thus any mo ease of pressure produced at any point of a 
liquid m equilibiium is transmitted without change to every 
other point 

The proposition is not tiae, for a gas or compressible fluid, in any case 
m -which it is necessary to take into account the weight or other force 
impressed on the gas, for if a gas be subject to increased pressure its 
volume is diminished and its density is increased 

The weight therefore of the gas within the cylinder AB is changed by 
the change of pressure, and in consequence the difference of pressures 
between the two ends is changed also. 

The density of a gas is however usually very small, the weight 
therefore of a limited portion is generally small compared with the force 
to whioh each unit of area of its surface is subject, for many purposes we 
may omit the consideration of the weight of the gas entirely and may 
suppose that in the case of a gas we are dealing with a fluid acted on 
throughout its mass by no impressed forces Wo may shew that m 
this case the pressure is the same at eieiy point 

Pkoposition 8, To prove that if a fluid he acted on by no 
tmpi essed force the pressui e is the same at every point 

Let A, B, Pig 12, be two points m such a fluid. Join AB 
and suppose the line AB to be 
entirely within the fluid. Con- 
struct a small cylinder about 
AB as axis The cylinder is 
in equilibrium under 

(1) The thrusts on the two 
ends acting paiallel to the axis 

(2) The thrusts on the 
curved surface acting at right 
angles to the axis 

Hence the thrusts on the two ends are equal and opposite, 
but the areas of the ends are the same 

Thus the pressures at the two ends are equal 

But A and B are any two points in the fluid Hence the 
pressure is the same at any point in the fluid 

If the line AB does not lie entirely m the fluid the proof 
can be extended as in Proposition 7 (n) 
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Thus , provided the volume of gas considered is so small 
that its weight may be neglected, we may take the pi'essuie m a 
gas to be the same at all points 

The above statement would not of course apply to the pressure 
throughout any large volume of a gas such as the atmosphere The 
pressures at the top and bottom of a mountain are very different 
Delicate pressure gauges will enablo us to detect the difference in pressure 
between the attics aud the basement of a house 

27. Hydrostatic Bellows. 

This apparatus, designed by Pascal, illustrates the principle 
of the trnnsmissibility of piessure m a fluid A stout bladder, 
such as is used for a football, or a leather bellows, is attached 
to a piece of tube The tube is fixed m a vertical position 
and the bladder rests on the table A piece of light board 
is placed on the bladder and a weight lests on the board 

Water is then poured down the tube, the water flows into 
the bladder, causing it to expand and raise the weight, the 
level of the water in the tube 
stands, as at C, Fig 13, some 
distance above the level of the 
board 

To explain the action, we 
notice that the weight is sup- 
ported by the upward thrust of 
the water on the underside of 
the board, this upward thrust 
depends, partly on the pressure 
of the water and partly on the 
area of the surface of the board 
which is in contact with the 
bladder, and its value is obtained 
by finding the product of the 
two , if, therefore, the area in contact with the board be 
large, the upward thrust may be considerable, even though 
the pressure is not large. Suppose now, when the whole is in 
equilibrium, the level of the water in the tube is at B 
Let more water be poured into the tube, and suppose that the 
weight does not rise 





Fig 13 
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The downward thrust over the surface of the -water at B 
is increased by the weight of the watei poured m } the 
pressuie therefore at B is increased 

Hence, if w be the weight of water poured in and a the 
area of the section of the tube, the increase m the thrust on 
the area a at B is w, thus the increase m pressure is wja. 
This increase of pressure is transmitted equally to all points, 
hence the upwai d pressure at all points of the under surface 
of the board is increased by wja, Let the area of this surface 
be A, then the total upward thi ust is mci eased by Aw/ a. 

In ordei that the board may not nse the weight upon it 
must be increased by an amount TP - equal to Aw/a. If the 
weight be not increased the boaid will rise and the level of 
the water m the tube will sink, thus reducing the pressure 
until equilibrium is again established 

In this arrangement we see that a weight w of water can 
support a weight W placed on the board and that 



a 


Hence, if A is large compared with a , IF will be laige 
compared with w By making the area of the boaid con- 
siderable and that of the tube small, a large weight IF can be 
suppoited by a small weight iv of water 

This fact is sometimes described as the hydrostatic 
paradox the principle involved m the above experiment is 
made use of m Bramah’s Press (see Section 94) 

Example. The area of the tube need in an experiment like that 
described tn Section 28 was 10 square millimetres, the area of the board 
100 square centimetres If 10 grammes of water are poured into the tube, 
find the additional weight which the board can support 

We have 10 sq mm = 1 sq cm 

Thus the increase of pressure is 10/ 1 or 100 grammes weight per 
square centimetre The increased upward thrust on the board 100 sq 
cm m area is 100 x 100 or 10000 grammes weight Thus if the board is 
not to nse an additional downward force of 10 Inlos weight must be 
applied to it 
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28 . Illustrations of Fluid Pressure. 

The apparatus shewn, in Fig 14 again illustrates the 
transmissibility of fluid pres- 
sure In it M and IF are two 
cylinders of different diameters 
which are filled with water and 
communicate through a tube at 
the bottom They are fitted 
with pistons, the pressure at 
any point of the two pistons is 
the same, the upward thrusts 
on the pistons are proportional 
to their areas , thus, if a down- 
■waid force w be applied to the 
smaller piston, a larger force IF 
must act on the larger piston in order to maintain equilibrium 

If the pistons be assumed to be fnctionless, the relation of 
IF to to is found thus 



Fig 14 


Let A, a be the areas of the two pistons respectively 
Then on the smaller piston there is a downward thrust w, 
the thrust per unit area of the piston is therefore w Ja, this 
then is the pressure in the fluid and it is transmitted to each 
unit of area of the piston A The total upward thrust then 
on this piston is Aw la and this upwaid thrust must balance 
TF. Hence 



a 


» 


or 


TF_ w 
A ~ a 


In consequence of the friction, however, the relation of TF 
to w given by expei iment would differ from this 

Numbers of other illustrations of the effects of fluid 
pressure can be given. Thus 

(i) Fill with water, a glass tube 30 or 40 cm in length. 
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closed at one end, and place it with its open end downwards, in 
a vessel of w ater , the water remains in 
the tube, as shewn in Fig. 15, the 
pressure of the air on the free surface 
of the water m the vessel is transmitted 
to the water in the tube The upward 
thrust over the open end of the tube is 
sufficient to support the contained water 

(n) Repeat the experiment with a 
tube, one end of which is closed with a 
piece of thin india-rubber, the india- 
rubber is stretched and takes the form 
shewn in Pig 15, the pressure on its 
upper surface is greater than that exerted 
by the water on the lower surface 

(in) Again, take a hollow cylindrical 
vessel, such as a tin can or bucket, and 
place it bottom down waids in a vessel 
of water, the can floats, to sink it under water force is 
necessaiy, the upward thrust arising from the fluid pressure is 
gi eater than the downward force, the weight of the vessel, 
hence it floats, if a small hole be boied in the bottom the 
water spouts up in a jet 



(iv) Place a small beaker or tumbler 
water, as in Fig 15 a, and depress it 
below the surface, the water rises m 
the beaker, compressing the air it 
contains, the greater the depth to 
which the beaker is lowered, the greater 
will be the compression; the piessure 
in the water increases with the depth. 

(v) The water supply of a town 
usually comes born a reservoir at some 
height above the town, in consequence 
the water in the pipes is under pressure . 
a jet of water allowed to flow from a 
hose-pipe will rise to a height which 
depends partly upon this pressure 


mouth downwards in 
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(vi) If a fluid be allowed to escape from a tall vessel 
through a hole in the 
side, the velocity with 
which it flows out dc* 
pends on tho pressure ; ^ 

if holes bo mado at 1 
various depths, as in I J \ 

Fig 16, in the side of * ,-< t . \ 

the -vessel, the watet 4 

flows more rapidly 1 

from the lower holes VV 

than from those above, '<■ r ' ^Jl \\ 

the pressure is greater “ ' — , 

«t the greater depth . , jfe- ■ : & 

This can be shewn by r- 

measunng the amount j^g n, 

which flows from each 

hole m a given tune, the level of the watei in the vessel must 
be kept constant by some arrangement during the experiment. 

(yu) Grind the end of a glass tube flat, cover it with a plate 
of flat glass and hold the glass against 
the bottom of the tube with a string, as s — 

shewn in Fig 17. Lower tho whole 
some depth into a vessel of water and psK 

release the siting, the glass remains m j p 

contact with the end of the tubo and dT l 

does not fall off The upward thrust, t j i 

due to the pressure of tho water on tho i( '{JJr ~,.j] 
bottom of the glass, is moi e than sufficient 1 — \TTT~*' * ' 

to counterbalance its weight L , 

In the next chapter wo give some 
fundamental propositions on fluid pressure f- 
when the only forco acting on the fluid 

is its weight We then describe some ex- ; 

penments on tho measurement of fluid y l, ~ ■ j^ Jg 44 

pressure and the numerical verification of -t.. 17 

some of tho laws e 


1 I 

1 ! I ✓ 

nr: 


Fig 17. 



CHAPTER III. 

PROPOSITIONS ON FLUID PRESSURE 

29. Fluid Pressure. 

We assume in the following propositions 1 that the only 
forces, impressed on the portion of fluid which we consider, 
are the thrusts due, either to the action of surrounding fluid, 
or to solids with which the fluid is in contact, together with 
the weight of the poition of fluid considered 

If then we take any portion of the fluid, say that within 
some small sphere or cylinder, described m the fluid, the forces 
on this portion of fluid are the thrusts on its surface and its 
weight , these forces must form a system m equilibrium we 
can determine from this the relation between the fluid 
pressure and the weight 

Proposition 9 deals with the pressure at points at the same 
level m a fluid 

Two cases of this proposition arise 

( 1 ) It may be possible to join the two points by a straight 
horizontal line or a senes of straight horizontal lines which 
lie entirely in the fluid , thus any two points in an ordinary 
bath of water could be joined by a straight line Suppose, 
however, that there is a sponge or a piece of soap in the bath, 

1 Similar propositions may be proved in a very similar way for a 
fluid at rest under other forces than its weight For these the reader is 
referred to Greaves’ Elementary Hydrostatics (Cambridge University 
Press) 
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then a point on one side of the soap cannot be joined by one 
straight horizontal line to a point on the other side without 
cutting the soap, we can however join the two points by 
means of two or more such hnes 

(n) It may be impossible to join the two points by 
horizontal hnes lying entirely in the fluid , thus, if there is a 
vertical partition stretching completely across the bath and 
reaching part way down, a point on one side of this cannot be 
connected with a point on the other side by horizontal hnes 
lying entirely in the fluid, the same is true of two points, one 
in each leg respectively, in a fluid filling a U tube 

Proposition 9 applies to the first case , the second is dealt 
with in Section 30 

Pkopositxoii 9 If a fluid, be at rest under the action of 
gravity , the pi essures are equal, at any two points which can be 
joined by a single straight horizontal line lying wholly unthm 
the fluid, or by a senes of such lines 

In Pig. 18, let A, B be the two points m the same 
horizontal plane 



Fig 18 

(i) Suppose that the straight line AB lies wholly within 
the fluid 

About AB construct a cyhnder of very small section with 
its ends at right angles to AB and consider the forces 
impressed on the cyhnder 
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They are 

( 1 ) The thrusts on the ends A, B which act n opposite 
directions along AB 

(u) The thrusts on the curved surface of the cylinder 
which are everywhere at right angles to AB 

(in) The weight of the fluid within the cylinder, the lme of 
action of which is vertical and therefore at right angles toAB. 

Thus the only impressed forces m the direction of AB are 
the thrusts at A and B, these forces then must be equal and 
opposite, but the area of the end at A is equal to that at B 
Hence the fluid pressure at A is equal to that at B 
(n) If AB cannot be joined by a single horizontal stiaight 
line lying wholly within the fluid, but by a series of such lines 
AP, PQ, etc each of which does lie m the fluid, then the 
proposition is true for each of these lines 

Hence the pressure at A is equal to that at P, the 
pressure at P is equal to that at Q, and so on, thus the 
pressures at A and B are equal 

The next proposition deals with the pressures at two 
points in a fluid, one of which is vertically below the other 

Proposition 10 To find the difference of presume between 

two points m a fluid, one of which is vertically below the other v 

Let A, B, Pig 19, be the two points and suppose that the 
line AB lies w holly m the fluid 
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Consider a small veitical cylinder on AB as axis with 
its ends perpendiculai to AB, let a be the area of either end 
and let p, p' be the pressures at A and B respectively 

The forces on the fluid composing this cylinder are 

( l ) The thrusts on the curved sutface; these are hori- 
zontal, at tight angles thercfoie to AB 

(u) The thrusts on the ends, the values of these are pa 
and p'a respectively ; they act vei lically m opposite directions 
parallel to AB 

(m) The weight of the fluid contained m the cylinder, 
the direction of tins force is also vertical, and paiallel there- 
fore to AB 

Thus the difference between the thrusts on the ends must 
balance the weight of the fluid m the cylinder 

Hence p'a —pa = weight of fluid m the cylinder 

Suppose now that the fluid is homogeneous, so that its 
density is the same throughout, let w be the weight of a unit 
of volume; let h, K be the depths of the points A and B 
below some faxed horizontal suiface. 

Then AB = h! - 7u 

Now the volume of the cylinder is AB x a and its weight 
is to AB a or co (It — h) a. 

Hence p'a — pa — w (Jt — h ) a 

Therefore p' —p = <a(h' — h). 

Now <d (Jt — h) is the weight of a column of fluid of unit 
cross section and of height equal to the vertical distance 
between the two points 

Hence The difference of pressui e, between two points in the 
same iei heal line, is equal to the weight of a column of fluid of 
unit cross section, and of height equal to the distance between 
the points 

Thus m a homogeneous fluid the diffeience of pressure 
between two points in the same vertical line is pioportional to 
the distance between the two points 
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Corollary If the fluid be not homogeneous it is still true 
that the diflerence of pressure is the w eight of the column of 
fluid of unit ci oss section -which extends fiom one point to the 
other 


30. Pressure at various points in a heavy fluid. 

By combining the two propositions just proved we can 
shew (i) that In any homogeneous fluid, the pressures at any 
two points m the same horizontal plane aie equal, and (u) that 
The difference of presswi e between any two points is the Height 
of a column of fluid, of unit cross section, whose height is the 
vertical distance between the points. 

For suppose that A, B, Fig 20, be two points in a fluid m 
the same horizontal plane v Inch, however, because of some 
barrier cannot bo joined by a horizontal line entirely within 
the fluid. 



Fig 20 


Draw AC and JBD vertical and let C and D be two points 
in the same horizontal plane below the barrier winch can be so 
joined 

Join CD. Then, since AB and CD aie both horizontal, 
the distance AC is equal to BD 

The pressure at A is less than that at G by the weight of 
a column of unit cioss section and of height AC 

The piessure at B is less than, that at D by the weight of 
a column of unit cross section and of height BD. 

The weights of these two columns are equal, and the 
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pressure at G is by Proposition 9 equal to tbat at D, for 
CD is horizontal 

Hence the pressure at A is equal to that at B 

Xf it be not possible to pass from A to B, by a single step of 
the nature indicated, it can always be done by a series of such 
steps 

To prove (ii) let A, B, Fig 21, be any two points Draw 
BG vertical and from A draw AC horizontal to meet BG 
in G. 



Fig 21 


Then, by Proposition 10, the pressure at G exceeds that at 
B by the weight of a column of fluid of unit cioss section 
and of height BG, while by Proposition 9, the pressure at A is 
equal to that at G. 

Hence the pressure at A exceeds that at B by the height 
of a column of fluid of unit cioss section and of height equal 
to the vertical distance between the points 

If it be not possible to pass from A to B by a single step 
of the nature just described, it can always be done by a senes 
of such steps 

Proposition 11. The surface of a liquid, subject to con- 
stant pressure and at rest undet gi avity, is horizontal 

Let A, B, Fig 22, be two points m the same honzontal 
plane in a hquid at rest under gravity Let it be the 
constant piessure to which the surface is subject and <o the 

4—2 
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weight of unit volume of the liquid Draw AG and BD 
veitically upwaids to meet the surface m C and D 



Fig 22 

Then, since AB is horizontal, the pressures at A and B 
are equal 


But, 

the pressui e at A = 7T + uAC, 

and 

the piessure at B — 7T + mBJ). 

Hence 

7T + (O AC = 7T + O) BD. 

Thus 

$ 

II 

'"I 


Theiefore CD is always paiallel to AB , hence the surface 
is horizontal 


31. Level Surfaces. 

We shall shew later that the atmosphere exerts pressure 
on the earth’s surface (Section 67 ) 

The piessure of the atmosphere over a limited area of the 
earth’6 surface is, at any moment, a constant piessuie, thus 
the fiee surface of water in a pond or reservoir is level. 

Again, the various propositions just proved ai e true whatever 
be the form of the vessel in which the liquid is contained, so 
long at least as there is free communication between its paits 
If water be contained in a bent tube with two vertical limbs, 
the level of the water m the two limbs of the tube is always 
the same Moreover the pressuies at any two points m the 
same horizontal plane, one m each limb it may be, are the same 

If 7r be the atmospheric pressure on the surface and a> the 
weight of a unit of volume of the liquid, then the piessure at 
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a depth h is 7T + oih So long as 7T remains the same the 
pressure depends only on the depth of the point below the 
surface 


32. Effective Surface. 

We shall find that in a number of cases we need not 
consider the atmospheric pressure at all, in many others it is 
necessary to do so 2Tow we can always represent a pressure 
as equal to the weight of a column of water — or of some other 
liquid— of unit cross section and of a definite height , a pressure 
of 1 kilogramme weight per square centimetre, for example, is 
equal to the weight of a column of water 1000 centimetres in 
height and 1 square centimetre m cross section 

Thus we may represent the atmospheric pressure as due to 
the weight of a column of water , if H 0 be the height of this 
column and <o the weight of a unit of volume of water, then 

7T — <dIT 0 


is 


The pressure at a depth h below the surface of water then 
p=z7T + w/i = c oH 0 + o >h = to (H q + /i) 


Suppose now that we consider a horizontal surface at a 
height H a above the surface of the water, then h + H 0 is the 
depth of the point below this surface , this imaginary surface 
is sometimes spoken of as the Effective Surface, and we see 
that the pressure at a point is proportional to the depth of 
the pomt below the effective surface In this case the height 
H 0 is called the height of the water barometer (see Section 76) 

We may, it is clear, without affecting the circumstances 
within the water, suppose that its surface is covered with a 
layer of water of sufficient depth to produce over that surface 
the pressure which actually exists there , the upper boundary 
of this layer being free from pressure, and imagine that the 
thrust over the actual surface is due to the weight of this 
superposed water and not to the atmosphere If we are con- 
sidering the pressure m some other liquid, not water, it will 
be most convenient to suppose the superincumbent layer to 
consist of this same liquid 
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Proposition' 12 Two liquids which do not mix are placed 
m a lessel, to find the pressure at a point m the lower liquid 

Let A, 'Fig 23, he a point in the lower liquid Let 



Fig 23 


ABC drawn vertically from A meet the common surface of 
the two liquids m B and the upper surface of the upper 
liquid m G Let AB — h, BG = b! Let o» and c a' be the 
weights of unit volume of the lower and upper liquids respec- 
tively, p, p‘ the pressures at A and B, tt the pressure at G. 

Then from the upper liquid we have 

p' as 7T + w'h', 
and from the lower liquid 

p =p' + o)h 

Hence p = tt + ioh + w'h' 

The pressure at A is the pressure at the surface together 
with the weight of a column of unit cross section leaching 
from A to the surface, 

* OonOLiiABY The common surface of two liquids which do 
not mix is horizontal 

Let j D, Fig 23 a, be a point in the lower liquid at the 


C F 



Fig, 23 a, 
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same level ns A, and let DBF drawn \ erticallj from D meet 
the common surface in E and the upper surface m F 

Then, smco the free surface is horizontal, FC is parallel 
to DA 

Hence DF — AG 

Therefore DE + EF= AB + BG. 

Hence multiplying both sides by of 

io DE + of. EF= of AB + of BO, 
or to (DE - A B) = of {BG- EF) . .. .(1) 

Again, the pressure at D is equal to that at A 
Hence 7T + to' . EF + to DE = 7 r + of . BG + to AB 
Thus to DE + to' EF= <o AB + to' BG, 
or o (DE ~AB)=no' {EC — EF) .. (2) 

Hence from (1) and (2) 

o, (DE -AB) = to' (DE -AB) 
and this is impossible unless DE — AB- 0. 

Therefore DE— AB, and BE is always parallel to AD. 

But AD is honzontat, thus BE is horizontal. 

The following experiment proies the truth of Proposition 

11 . 

Expfrimkvt 5 To proic that the surface of a liquid at 
rest under gravity is horizontal. 

Suspend a plumb-line above a i essel of water and observe 
the reflexion of the thread m the water, the reflected image is 
found to be m the same straight line as the thread The 
thread therefore is at right angles to the reflecting surface 1 ; 
but the thread is vertical, hence the surface must be hori- 
zontal 


33. A Liquid finds its own level. 

The law that the free surface of a liquid at rest is hori- 
zontal, or, as it is sometimes put, that a liquid finds its own 
lei el, is illustrated in many wajs 

1 This result is made use of m Astronomy and Surveying to determine 
the direction of the vertical at a given jiomt See Light, Section 23 
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Thus when as in Fig 24 water is contained in a number 
of vessels of various shapes and sizes which all communicate 
together, the level of the water is the same m all 



The Water Level shewn in Fig 25 is another illustration 
of the principle A long tube is bent at right angles at its 



two ends, to these small glass vessels are attached, the tube 
is mounted at its centre on a universal joint and is filled with 
water slightly coloured The water uses to the same level in 
each of the glass vessels , and an observer, placing his eye so 
as to look along the surfaces of the water, can read differences 
of level on distant scales towards which the apparatus is 
pointed in turn 

Fig 26 shews the tube of a spirit-level , this consists of a 



Fig 2b 
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closed glass tube neatly filled with alcohol, the bnbblo of 
air left xn always rises to tho highest part of tho tube, 
tlio tube is ■slightly bent and is mounted as in Pigs 27 (a) 
and (6) with its convex sido uppei most, and in such a 
manner that, when the surface on winch the instrument is 
placed is horizontal, tho bubble of air may rest betweon two 
marks on the glass The instrument can then be used so os 
to place m a horizontal position a surface, the level of which 
n> adjustable 

E\PERlMr>T 6 To hid a guen plane sui/ace with a 
spirit-hid 

The surface lests on tin co setews and by adjusting these 
its level can be altered 

Pirst place tho le\ el so that its length may bo parallel to 
the hue joining two of tho serous as in Fig 27 (a) Adjust 



one of these screws until the bubble is m its central position ; 
then place tho level, as m Fig 27 (6), at right angles to its 



Fig 27 b 

former position and adpist tho surface by the third screw; 
"hen tho level again leads correctly the suiface is lioiizontal. 
Test tins by placing tho levol m some other position. 



58 


HYDROSTATICS [OH III 


A circular spint-level is often employed This is shewn 
in Fig 28 A small cylindrical 
metal box is nearly filled with 
alcohol and closed by a glass top. 

The under surface of the glass is 
slightly concave, so that a bubble 
of air left above the alcohol rests 
m the centre when the bottom of 
the instrument is level To use 
the ins trument it is placed on the surface to be levelled, and 
this is adjusted until the bubble rests in its central position 

A surface which it is required to level and which is not fitted with 
levelling screws may be conveniently adjusted by the aid of three wedge- 
shaped slips of wood which are pushed under it or withdrawn from it as 
required 



34. Units of Pressure. 

In the expressions which have been found for the pressure 
at a point, the units, in terms of which the pressuie is to be 
measured, have not been specifically defined 

These will depend on the unit of length and on the unit of 
force in terms of which w, the weight of unit volume of the 
liquid, is measured Thus if w be given m grammes weight 
per cubic centimetre, and h be measured m centimetres the’ 
piessure will be in grammes weight per square centimetre If 
a> be m absolute cgs, units or dynes per cubic centimetre p 
is in dynes per square centimetre Again we may use the 
English system of units and measure to m pounds weight per 
cubic foot, then the depth h must be measured in feet and 
the pressure is given in pounds weight per square foot Or 
we may adopt an entirely different system and measure the 
pressure by the “head ” of some given liquid such as water or 
mercuiy which will produce it We can find the head re- 
quired from the knowledge that the pressure is equal to the 
weight of a column of the standard liquid of unit cross section 
and of height equal to the head 

Examples of both these methods will be given below 

It is sometimes convenient to express the pressure in terms 
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of the density of the liquid rather than of its weight per unit 
■volume. 

Now we know that, adopting the cos system, the weight 
of a body m dj ncs is found by multiplying its mass m grammes 
by g, the acceleration due to gin\ity Thus we have the 
result that, if Tr bo the weight in dynes of a body whoso 
\olumc is V cubic centimetres and mass M grammes, and p 
be its density in grammes per cubic centimetre, then, 

IT = Mq = pg Y. 

If the volume of tho body bo unity then the weight W 
becomes w, tlio weight of unit volume, and we see that 

a}=gp dynes per cubic centimetre. 

Thus tho equation p = 7T + wh becomes 
p ~ TT + gph 

TThcn this equation is used it is assumed that p and 7 r are 
to bo measured m dynes per square centimetre, h being m 
centimetres and p in grammes per cubic centimetre 

If wo arc employing the r P s system a similar equation 
holds, p being in pounds per cubic foot, h in feet and p and 7 r 
in poundnls per square foot 

Examples (1) If the pressure of the atmosphere be tahen as 15 lbs 
weight per square inch and the weight of a cubic foot of water as 62 5 lbs. 
weight, find the pressure at depth * of { i ) 10 inches, (n) 20 feet, (m) 50 fathoms, 
(i\) 1 wife under the surface of water 

(i) The pressure on each squnro inch of tho surface is 15 lbs weight 
Tho weight of 1 cubic inch of water is 62 5/1728 or 03617 pound 
weight. 

Hence the weight of a column of water 1 square inch in area, 10 
inches m height, is 10 x 03617 or 3017 lbs weight 

Tims tho pressure at a depth of 10 inches is 15+ 3617 or 15 3617 Hjb 
weight per square inch 

(u) 20 feet =240 inches 

The weight of a column of water 1 squaro moh in cross section, 240 
inches m height, is 

240 x 03617 or 8 68 lbs weight 

Henco pressure at a depth of 20 feet is 

15+8 68 or 23 G8 lbs weight per sqnnTe inch. 
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(m) 50 fathoms =300 feet=3600 inches 

The weight of a column of water 1 square inch m cross section, 3600 
niches in height, is 

3600 x 03617 or 130 2 lbs weight 

Henoe pressure at a depth of 50 fathoms is 

15 + 130 2 or 145 2 lb per square inch 

(iv) 1 mile =63360 inches 

The weight of a column of water 1 square moh in cross section, 63360 
inches high, is 

63360 x 03617 or 2292 lb weight approximately. 

Hence the pressure required is 

15 +2292 or 2307 lb weight per square inch 

It is clear from this last result that at great depths below the surface 
of the sea the pressure is enormous 

The various results might have been obtained by a direct application 
of the formula p—ir+uh, they might also have been found in pounds 
weight per square foot or in other units 

The fact that the weight of 1 cubic centimetre of water is 1 gramme 
weight, simplifies the numerical work on the o o s system very greatly, 
for if we work in grammes weight and centimetres we have on this 
system gj=1, and the formula for the pressure becomes p=ir+h, or 
expressmg ir m terms of H a the height of the effective surfacep=H 0 +ft 

In this case the pressure in grammes weight per square centimetre 
and the “Head” m centimetres are numerically equal 

If the fluid considered be not water but some liquid of specific gravity 
<r, we have to find the weight of unit volume On the English system this 
is 62 5x«r pounds weight per cubic foot, on the o a b system, it is 
<r grammes weight per cubic centimetre 

(2) Assuming the atmospheric pressure to be 1 kilogramme weight per 
square centimetre, find the pressure (i) at a depth of 500 metres in fresh 
water, (u) at the same depth m salt water of specific gravity 1 026 

(i) In the fresh water the pressure is 

1000 + 500 x 100 or 51000 grammes weight per square centimetre 

(n) In the salt water the pressure is 

1000+500 x 100 x 1 026 or 52300 grammes weight per square centimetre 

(3) The specific gravity of mercury is 13 6, at what depth in mercury 
will the pressure be equal to that at 500 metres in sea water * 

Omitting the atmospheno pressure which affects both alike, the 
pressure due to 500 metres of sea water is 51300 grammes weight per 
square centimetre Dividing this by the weight of a cubic centimetre m 
mercury in grammes weight we get the equivalent depth of mercury. 



61 


34 - 35 ] PROPOSITIONS ON FLUID PRESSURE 

Now a cubic centimetre of mercury weighs 13 6 grammes weight 

Hence the depth required is 

51300/13 6 or 3773 centimetres 

( 4 ) The pressure in a steam boiler is 12 Kilo weight per square 
centimetre, find the head of mercury to winch this is equivalent 

Head required= 12000/13 6=882 centimetres 

(5) A layer of mercury 25 cm deep, specific gravity 13 6, is covered 
by one of water of the same depth, above this there is a layer 50 cm in 
depth of oil, specific gravity 9, find the pressure at the bottom (l) tn 
grammes weight per square centimetre, (n) tn centimetres of mercury, 
assuming the atmospheric pressure to be due to a head of 76 cm of 
mercury. 

(l) The pressure at the surface is 

76 x 13 6 grammes weight per square centimetre. 

The pressure due to the oil is 

50 x 9 grammes weight per square centimetre 

The pressure due to the water is 

25 grammes weight per square centimetre 

The pressure due to the mercury is 

25 x 13 6 grammes weight per square centimetre 

Hence adding these together the pressure at the bottom is 
1443 6 grammes weight per square centimetre 

(u) To find the pressure in centimetres of mercury we must divide 
the value just found by the number of grammes m a cubio centimetre 
or 13 6 

We obtain as the height required the value 1443 6/13 6 or 106 15 cm , 
or we may reason thus 

The height of the column due to the atmosphere and layer of mercury 
combined is 76+25 or 101 cm , that due to the oil is 50 x 9/13 6 or 3 31, 
and that due to the water 25/13 6 or 1 84 , adding these we obtam 
10616 cm as before 

35. Calculation of Thrust. 

Proposition 13 To find the thrust on a horizontal surface 
immersed in a fluid v/nder gravity 

Since the pressure m a fluid under gravity is the same at 
all points in a horizontal plane, the piessure over any hori- 
zontal surface is uniform Thus the thrust on the surface is 
found by multiplying the pressure at each point by the area 
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of the surface Hence if p be the pressure at each point of 
the surface and A its area the resultant thrust P is given by 

P = Ap 

Moreover if the surface be immersed at a depth h, if 7T be 
the atmospheric piessure and to the •weight of a unit of volume 
of the fluid, then 

p = 7T + <oh 

Hence P — (w + w/i) A. 

P 

Again, we have P~~A' 

How m some cases P and A can be measured and hence p 
can be calculated 

36. Manometers. A manometer is an instrument for 
measuring fluid pressure There are many forms of mano- 
meters Some of the most common will be described 

( 1 ) The U tube Manometer or Siphon Gauge. 

This consists of a glass tube bent to the form of a U as 
shewn at ABC, fig. 29 

The lower part of the bend contains some 
liquid, say mercury, and the ends A and C are 
both open , the end C can be connected to the 
vessel in which it is desired to measure the 
pressure 

A scale is fixed alongside the tube so 
that the level of the meicury columns can be 
read 

When both ends are open the mercury 
stands at the same level in the two limbs ; con- 
nect C to the vessel in which the pressure is to 
be measured , if this pressure be greater than 
that of the atmosphere the liquid in the limb 
BC is driven down, that m AB is raised, until 
the pressure, due to the difieience of level of 
the mercury in the two limbs, together with the 
atmospheric pressure, balances the pressure on the surface of 
the mercury in BC 
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Thus suppose D, E be the levels of the mercury columns in 
the two limbs Draw EF horizontal to meet the column BB in 
F Read the positions of E and D on the scale and thus find 
the height BE or BF , let it be h centimetres, let p be the 
pressure on the surface at E, tt the atmospheric pressure, 
and c > the weight of a unit volume of the liquid in the 
manometer 

Row, smce the pressures at two pomts in a given fluid in 
the same horizontal plane are equal, the pressures at E and F 
are equal; but the pressure at E is p, hence that at F is 
also p 

The pressure at F is the atmospheric pressure together 
with the weight of a column of fluid of height BF and unit 
cross section. 

Hence p = 7T + tnh 

Thus the excess of the pressure at E over the atmospheric 
pressure is wh If h be in centimetres, w in grammes weight 
per cubic centimetre, this difference of pressure will be in 
grammes weight per square centimetre If mercury be the 
liquid used, the height h will measure the “head” in centi- 
metres of mercury. 

The choice of a liquid to be used will depend to some 
extent on the pressure to be measured, with a dense liquid 
like mercury a comparatively small head corresponds to a 
considerable pressure, hence, to measure pressures only sbghtly 
in excess of the atmospheric pressure, the head of mercury 
necessary would be small, and a small error m measuring it 
would mean a considerable error in the value of the pressure 

If a bquid of smaller specific gravity be used, the “ head ” 
necessary to measure a given pressure will be increased in the 
im erse ratio of the specific gravities, a given error in measure- 
ment will produce a proportionately less error m the result 
Sulphuric acid, the specific gravity of which is about 1 842, is 
often used, water may be employed in some cases, it has 
however the disadvantage that it evaporates rapidly above the 
column EB , and the pressure due to the water vapour may 
cause error , sulphuric acid, on the other hand, absorbs water 
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quickly, its density therefoie changes and this is a source of 
error 

This form of manometer is most useful to measure the pressure of a 
gas m a confined space , this pressure we have seen is the same throughout 
the mass If it be used to measure that of a liquid we must remember that 
the pressure measured by the height of the manometer column is that at 
the surface E, if we wish to use it to measure the pressure of a liquid in 
a vessel connected to the manometer at G we must allow for the weight 
of the column of liquid between -G and E 

Experiment 7 To measure the pressure of the gas m the 
gas-pipes of the Laboratory 

For this purpose connect the end G, Fig 29, by means of a 
piece of india-rubber tubing with the gas-pipe, turn on the gas 
and read the difference in height between the two columns of 
liquid , the result gives the excess of pressure m the gas-pipes, 
over fbe atmospheric pressure, measured as a “ head ” of the 
liquid in the manometer 

If the specific gravity of the liquid be known, the pressure 
can be reduced to any other units For this experiment water 
is a convenient liquid to use. 

Example The pressure in a gas-holder exceeds the atmospheric 
pressure by 10 inches of mercury and the barometer 1 stands at 30 inches 
If the specific gravity of mercury be 13 6 and that of sulphuric acid 1 84, 
determine the difference of level m a sulphuric acid gauge attached to the 
same gas-holder , find also the pressure on the walls of the gas-holder m lbs 
weight to the square inch 

The equivalent head of water is 10 x 13 6 inches and of sulphuric acid 
it is 10 x 18 6/1 84 or 73 9 inches 

A cubic inch of water weighs 62 5/1728 or 03617 lbs weight 

Thus the pressure in lbs weight per square inch is 136 x 03617 or 
4*92 lbs weight 

We see from these results that whereas with a mercury gauge an error 
of 1 inch m the height would mean an error of 1 per cent in the 
pressure, with a water gauge it would mean an error of about 1 m 1300, 
and with acid gauge of about 1 in 740 

(u) Other forms of Siphon Gauge 

In some cases, for measuring high pressures, the end A of 

1 The height of the barometer measures the atmospheno pressure. 
See Section 68, 
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the gauge is closed as in Fig 30 TVlien the prepure on 
the end E of the mercury column increases this end is driven 
down, and the air in AD is compressed By measuring the 
extent of this compression the pressure of the air m AD can 
be found by Boyle’s law (see Section 79), and hence the 
pressure at E can be obtained , this pressure is chiefly due 
to the compressed air , in most cases the difference in pressure 
due to the column of liquid DF will be small compared with 
that due to the compressed air and may be neglected, the 
pressures at E and D may be treated as the same. 



For measuring low pressures the tube AB is completely 
filled "with mercury and its end is sealed up as in Fig 31 , then 
when the end C is open the atmospheric pressure forces the 
mercury up AB to the top of the tube, it stands at a lower 
level m the open tube , when the pressure m this second tube 
is sufficiently 1 educed the mercury in AB falls Suppose that, 
as in Fig 31, the surface of the mercury is at D, and in the 
other tube at E , draw EF horizontal, the pressure above the 
mercury at D is zero, and the pressure at E is equal to that at F 

The pressure at F is measured by the height of the column 
DF, which thus gn cs the pressure m the reservoir attached 
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to C. Tins form of gauge is commonly used with an air-pump 
(See Section 9S ) 

37. Barometer Tube Gauge. 

Another gauge for low pressures is shewn m Fig 32 It 
consists of a i ertical tube AB w Inch dips at 
A into a i essol of mercury and communicates 
at the top with the vessel m winch the pies- 
suie is to bo mensuied As the pressuic in 
tins a essol is leduced below* that of the atmo- 
sphoic the mercury nscs m the tube 1 Let 
its top suiface be at D, a height h above the 
suiface of the meicur) at A in the resen oir, 
let A 7 be a point 2 within the tubo at the same 
level as A, 7T the atmospheric picssine, p the 
pressure at D, and o> tho weight of a cubic 
centnnetie of meicury 

The points A and E in the mercury nic 
at the same le\el, hence tho picssures at 
these points .no tho same But tho piessurc 
at A is tho atmospheric pi assure 7 r Hence 
tho piessutc at E is also 7 r , now consider the 
column of ineicury above E m tho tubo EA, 
the pleasure at its top is p, and it* height is 
//, lienee the pressuic at E is p + w/i. 

Thus 7r —p + <uh 

Henco p-7T—uh 

It should be noticed m all tlicso cases that tlie size of tho tubo need 
not bo taken into account 



38 The Safety-valve. 

Anothoi form of pressure gauge for high piessuies is the 
safety -a alve of a sleaui-boilei A spheucal or conical plug A, 
Fig 33, its accurately into a cnculat opening connected Antli 
tho boiler, the picssuie m tho boiler tends to raise this plug, 
it is kept in position by a dow*nwaid foice applied fiom above 

1 See Seotion 70 

2 E is not slieu n in tlie figure 
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This downward force is usually exerted by a lever, the fulcrum 
of the lever is fixed, as shewn at C , the arm of the lever 



presses on the plug at A, the extremity of the arm either 
carries a weight IT, or, if the boiler be not steady, is attached 
to a spiral spring 

Let J V be the weight at B, or the downward pull registered by the 
spring Let P be the upward thrust at A, p the pressure in the boiler, 
and a the radius of the orifice closed by the plug 

The effective area exposed to vertical fluid pressure is -a-, hence the 
upward thrust is p va- 

Thus P=p -ra-. 

But P x horizontal distance between C and A=Wx horizontal distance 
between G and B 


And hence, 


TT arm of lever 

rar distance of fulcrum fro m valve * 


If p exceeds this value, the steam just begins to escape, the pressure 
therefore can be measured by adjusting either the weight IF or the length 
of the arm CB until the steam just begins to blow off 


39. The Bourdon Gauge. 

This consists of a tube AB Fig 34, of thin metal whose 
axis is bent into the form of the aic of a circle One end of 
the tube A is closed, the other, B, communicates with the 
vessel in which the pressure is to be measured, the section of 
the tube is elliptical. Kow when the pressure in the tube 
increases, this elliptical section tends to become circular 
Tins causes the axis of the tube to uncurl slightly so that 

5—2 
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the end A moves upwards , this slight motion of the tube is 
communicated to a pointer which moves over a cucular 6cale 



by means of a lo\cr voikmg a lack and pinion The scale is 
gtaduated by the application of known pressures aud then any 
pressure applied to the inside of the tube can lie mcasuicd 

40. Experiments on Fluid Pressure. 

Wo have alicady desen bed m Section 29 observations on 
some effects of fluid pressure Thus the column of water 
remains m the glass tube, Fig 15, because the atmospheric 
piessure at each point of its base transmitted through the 
fluid is greater than the piessuie duo to the column of water 
above The pressuie, howevei, at the top of the column is 
less than the atmospheric pressure , hence Iho stretched rodia- 
rubbei -winch covcis the top of the tube in the same figuie is 
bulged m 

We may use the apparatus shewn m Fig 17 to i eiify some 
of the laws of fluid piessuie For let us suppose that the 
ladius of the glass tubo is a centimeties, the aioa of its cioss 
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section is rf square centimetres, hence if p be the fluid 
pressure on the glass covering its base, the upward thrust is 
p-ar and if h be the depth to which it is sunk, the value of p 
is 7T + wh where 7T is the atmospheric pressure, <o the weight of 
a unit of volume of the liquid There is however a downward 
thrust due to the atmosphere on the upper side of this piece 
of glass , if we neglect the thickness of the walls of the tube, 
and suppose therefore that the aiea of the plate subject to 
pressure is the same both abo\c and below this downward 
thrust is 7T 

Hence the resultant upward thrust is 
(p — 7T) tear, or tohirer 

How let the weight of the glass be IF, then when the glass 
just falls off we see that IF must be just greater than wh-ar , 
thus we find that when the glass falls off JF= w/brer 

We can measure these quantities and thus verify the 
result Such an experiment \\ ould prove that the diflereuce 
between the pressure at a point m a fluid and the atmospheric 
pressure is pioportional to the depth To perform it we should 
hold the glass plate in position by means of the stung and 
immerse it to some depth in the fluid, then loose the 
string and raise the tube gently until the glass plate 
just begins to separate from the tube and the watei to 
enter below Measure the depth to which the tube is im- 
mersed, weigh the plate and find the area of the cross section, 
we have all the quantities requned to verify the formula 

Then repeat the experiment, varying the value of IF by 
loading the plate with some convenient weight 

It is tioublesome m this experiment to secure a good fit 
between the tube and the plate The following experiments 
veufy the laws moie satisfactorily 

Experiment 8 To sheio that the thiust, on a horizontal 
surface in a liquid, is proportional to the depth and to the 
density of the liquid 
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You are given a cylindrical vessel containing water and a 
long cylindrical tube of biass 1 This 
tube is closed at one end and will float 
m the water as shewn in Fig 35 Maiks 
are made on the brass tube at distances 
of 10, 20, 30 cm from the bottom Put 
shot into the tube until it floats in the 
water, say up to division 20 Then the 
tube is entirely supported by the thrust 
of the water on its base, for the pres- 
sures on the sides, being horizontal, 
cannot help to support it m any way , 
and hence the weight of the tube and 
shot is equal to the thrust exerted by 

the water on its base Weigh the tube 

and shot Let the weight be W 1 p Jg 35 

Place in the tube more shot until the 

tube sinks to division 30 The thrust on the base again 
balances the weight of the tube and shot Weigh them again 
and let their weight be IF a Also let P 1 and P„ be the thrusts 
on the base in the two cases Then we have seen that 
Pi =■ FF X , P a = TF. Now it will be found that the ratio of 
TF X IF. = 20 30 

Theiefore P x P« = 20 30, 01 the thrusts on the base at 
two different depths are proportional to the depths 

The thrust at a given depth is also proportional to the 
density of the fluid • To prove this, place the brass tube in a 
second jar containing methylated spirit and determine the 
weight of tube and shot when the former sinks to 30 cm Let 
this v eight be TF 2 ' Then we wish to verify that the ratio 

IFj' IF. = density of methylated spirit density of water, 
or, since the density of water is 1 gramme per cubic centi- 
metre, that 



Density of methylated spirit = 


IF.' 

W s 


grammes per c cm. 


1 The tube may be circular, instead of square as in the figure, 
and may be made of a piece of drawn brass tubing , it may 
conveniently be 35 centimetres m height by from 2 to 3 centimetres in 
diameter, the diameter of the second tube used in Experiment 8 should 
be larger than this, say some 4 centimetres. 
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Look out the density of methylated spirit in Hie Table and 
venfy this 

Repeat the experiment, using a fluid denser than water, 
such as a solution of salt 

Thus, when a horizontal surface is subject to fluid pi essure 
the resultant thrust on the surface is proportioned to the depth 
and to the density of the fluid 

Since the density is proportional to the weight of unit of 
volume, we may say that the thrust is proportional to the 
depth and to the weight of unit volume of the fluid 

Experiment 9 To shew that the thrust on a horizontal 
surface immersed m a fluid is pi oportional to the area of the 
surface , and hence to find the pressure ait any point in the fluid 

Measure, by one of the methods given in Dynamics, 
Section 7, the area of the base of the tube used in the last 
experiment If the section is circular it is simplest to measure 
the diameter of its base with the callipers, let it be d, cm 
Then the area of the base is \ndf square centimetres Deter- 
mine the weight IF, grammes of the tube and shot when it 
floats in water with its axis vertical and 20 centimetres 
immersed Repeat the experiment, using a second tube of 
diameter do centimetres so that the area of its base is \nd<? 
square centimetres Let IF 2 be the weight of the tube and 
shot m this case Then IF, and IF 2 measure the upward 
thrusts in the two cases and it will be found that 

IF, W 2 = \nd{- \Trdf = d? d? 

Thus the ratio of the two thrusts is the same as the latio 
of the two areas 

• 

41. Deductions from Experiments on Fluid 
Pressure. 

Hence, combining the results of the two experiments 8 
and 9, 

The resultant thrust on a horizontal surface is proportional to 
the area of the surface , to its depth , and to the density of the fluid 

How let p be the pressure at any point of the under side 
of the suiface, and 7T the atmosphenc pressure, which acts 
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directly on the upper side of this same surface, as well as 
mdiieetly, by transmission through the fluid on its under side 
The areas subject to the piessures p and 7T are the same 1 , and, 
for the first tube, are equal to Hence the resultant 

upward thrust foi the first tube is 

(pi - v) 

and this is equal to IFi 


Thus 


(Pi-TT) lirdf = 1V 1 


Pi = 7T + 


i^i 3 


Hence we have measured by experiment the pressure at a 
depth of 20 cm m the water 

If the value of be calculated, Wj being m grammes 

and di in centimeties, it will be found to be 20, if the tube 
had been immersed to a depth h the value for Wj\ird? would 
be h 


Thus we find that p the piessure at a pomt, at a depth h 
m water, is given by p — (7r + h) grammes weight per square 
centimetre 

Again, it follows from the experiment that if W be the 
weight of the tube and its contents, when sunk to a depth h 
m a hquid m which the weight of unit of volume is w, then 
TT = a> W 


But m this case if p is the pressure at the depth h in this 
liquid, we have as before 


p = 7r + 


W' 


;~7T 


(t) 


w 


And we have just seen that Wfyird 3 is equal to h. 

Hence we obtain p = (w + w/t) grammes weight per square 
centimetre 


We have thus obtamed from the experiments an expres- 
sion for the pressure at a point m a fluid under giavity 

1 The interior area at the bottom of the tube is of course less than the 
exterior by an amount depending on the thickness of the walls, but the 
atmospheric pressure acts vertically downwards at the top of the tube on 
an area exactly equal to this difference 



41-42] PROPOSITIONS ON FLUID PRESSURE. 


73 


*42. Surfaces of Equal Density. 

There are two theoretical propositions of importance with 
which we may conclude the chapter. 

* Proposition 14 To shew that the densities at two points 
in a fluid at rest under gravity at the same depth ate the same 

Let j4, B, Fig 36, bo two points at the same depth in a fluid 
at rest under gravity. 



Fig 36 


The piessures at A and B are equal, let each be p 

Take a pomt C a very short distance below A and a point 
D at the same short distance below B, so that AO = B1) 
Then C and D are at the same depth and the picssuie at G is 
equal to that at D } let the value of this piessuie be p' 

If G is very near to A we may treat the fluid as though 
its density between A and C were constant, and equal to its 
mean value between these points, let this mean value be pi , 
similarly let p 3 be the mean value of the density between 
B and J 0 

Then wo shall shew that p x = p s 

For, by considering a small cylinder of fluid between A 
and G , we find p' =p + gp x AC. 

While, by considering a cyhnder of equal height between 
B and D, wo have p’ =p + gp 2 BD. 

Hence p x AC =p 2 BD 

But AG=BD. 
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Therefore pi = p 2 , 01 the density is the same at two points 
at the same depth 

Corollary It follows from this that the common surface 
of two different liquids which do not mix is a horizontal 
plane, for, if not, let the surface lie as EF, Fig 37 Then 
draw A B horizontal, so that A may be m one liquid, B m the 
other 


E 



F 


Fig 37 

The density at A differs from that at B, wlncli is contrary 
to the proposition just proved, thus EF cannot be as drawn, 
it must be horizontal 

Thus, in a fluid under gravity, surfaces of equal pressure 
are also surfaces of equal density 

* Proposition 15 When two fluids which do not mix are 
in stable equilibrium, the upper fluid must be lighter than the 
lower 

To prove this, imagine a closed tube filled with the two 
fluids, and having a stop-cock at 
the bottom by which it can be 
divided into two parts If it be 
possible, let the heavier fluid fill 
the upper pait of the tube 
Then there will be equilibrium 
so long as the surfaces of sepa- 
ration A, B, Pig 38, in the two 
branches of the tube are at the 
same level Let the fluids now 
be displaced so that the surfaces 
of separation take the positions 
C, D , and suppose the stop cock 
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closed. Draw GE, DF horizontal to meet the fluid again in 
E and F Let w,, w 2 be the -weights of unit volume of 
the upper and lover fluids respectively, and let h be the 
vertical distance between DF and EG 

Then, since G and E aie points in the same fluid at the 
same level, the fluid pi assures at these two points are equal 
Let each bey; Let p 1 bo the pressuie at D , p 3 that at F. 

Then, since the v ertical distances GF and DE are equal, 
while the density of the fluid m DE is greater than that m 
FC, and the pressures at G and E are equal, the pressure at D 
is greater than that at F 

For we hav e y>, —p + mji, 

p_ =p + tOj/l, 

and to 1 is greater than w a , hence p x is gi eater than p« 

Now let the stop-cock be opened, then Far 1 D are points 
at the came level in the same fluid, hence, for equilibnum, 
the pressure at these two points must be the same, but we 
have shewn that the pressuie at D is greater than that at F, 
hence the equilibnum cannot be maintained and the column 
CE of the fluid will move Moieover the suiface G will 
ascend and E w ill descend , thus, if the two fluids be slightly 
disturbed from tlieir original position, motion will be set up 
in such a way that the distuibance goes on increasing, the 
heavier fluid comes to the bottom, the original position was 
unstable 

If the lighter fluid had been at the top onginally, then the 
same method of pi oof would have shewn that when the 
distuibance took place the pressure at D would be less than 
that at F, thus the column FD would, when the stop-cock is 
opened, move back to its original position, the equilibrium 
would be stable 

The proof will apply to a more general case when the two fluids 
instead of being contained iu a tube are placed one above the other in an 
open vessel 

* 43. Equilibrium of Two or more Fluids. 

The pioposition may he illustrated in various ways, if oil 
and water, which do not mir, be placed togethei in a beaker, 
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the oil rises to the top and floats on the -water, it is lighter 
than the -watei, and the stable position of equilibrium is one 
with the oil on the top It is possible, however, to arrange 
that the water should be above the 01L 

Thus, take two small tumblers or wine-glasses of the same 
diameter, fill the one with water, the other with oil Cover 
the top of the former with a thin card and invert it, holding 
the card so that no liquid escapes Place it mouth downwards 
above the vessel containing the oil, the caid separating the 
two liquids , on shifting or removing the card, so as to open a 
communication between the two, the oil will gradually rise 
into the upper vessel and the water sink into the lower one , 
the initial position with the water uppermost is unstable, and 
hence the transference occurs 


EXAMPLES. 

1. Assuming the atmospherics pressure to be 1 Ialo wt, per square 
centimetre, find the pressure in water at the following depths 

25 cm , 1 metre, 1 mile, 5 kilometres , 

and m mercury at the following depths 

1 om , 1 metre, 25 metres, 1 kilometre 

2. The pressure at a certain point m a vessel of salt water is 35 lbs 
i\t per square inoh Find the depth of the point, assuming tho 
atmospheric pressure to be 15 lbs wt per square inch 

3 Determine the height of the meroury column which would 
produce the pressure given in Question 2 

4. Compare the pressures at equal depths in alcohol, carbon 
disulphide and water, neglecting the atmospheric pressure 

5. What head (1) of water, (2) of mercury is equivalent to a pressure 
of 14 5 lb per square inch ? 

6 If the head of water above a point he 100 yards, what is the 
pressure at the point? 

7. Find the heads (1) of water, (2) of mercury corresponding to 
piessures of 1 kilo wt per square centimetre j 30 lbs wt per square inoh, 
one million dynes per square centimetre 

8 Find the pressure in poundals per square foot due to a head of 
30 inches of mercury. 
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9. What is the. pressure at a depth of CO fathoms below the surface 
in sea water? 

10. A cylinder 8 feet in diameter is fitted with a piston and filled 
ruth water A weight of 5 tons weight is placed on the piston, find tho 
pressure m tho water. 

11. The head of water in a pipe communicating with a cylinder 
having a piston 2 feet in diameter is 200 feet Find tho force the 
piston can exert 

12. The pistons of a press are 2 inches and 10 inches m diameter, 
what is the pressure in the liquid when the small piston carries a load of 
5 cwt and what force can the largo piston exert? 

13. The prcs=ure m a liquid nt a depth of 60 inches is 30 lb3 per 
square inch . what is the thrust nt a depth of 30 feet (I) on a *qnnro 
foot, (2) on n square yard ? 

14. Toe pressure m a well at a depth of 95 feet is four times that 
at the surface; find the pressure of tho atmosphere per square inch of 
the surface 

15. Assuming tho atmospheric pressure to bo 1 hilo wt per square 
centimetre, find the procures nt depths (1) of 7G cm , (2J of 380 cm 
below the surface of mercury 

1G The pressure in a water-pipe at the lm«e of a building is 40 lbs 
wi ]>"r square inch, on the roof it is 20 lbs wt per square inch ; find 
the bugbt of tho roof. 

17. A vessel m the form of a cube 1 metre m edge is filled with 
water, find tho resultant thrust on its base 

18. "What volume of mercury must bo placed m the vessel to 
produce the name resultant thrust? 

19. Express the pressure of the atmosphere in pounds weight pier 
squire foot when the height of tlie water barometer is 32 feet 

20. A vees'd is partly filled with wntcr and then olive oil is poured 
on until it forms a layer 0 incliO'> deep , find the pressure per pqunic inch 
at a point 8 5 inches below tlie surface of the oil, neglecting the atmospheric 
pressure 

21 A tube 20 feel long with one end open is filled with water and 
inverted over a vc'- c <d of water, what is tho pres-ure in the water nt the 
top of the column ? Tho height of tho water barometer is 33 ft 

22 A vertical tube is fixed nlongbule of a vessel and communicates 
with its bottom The vef-el contains mercury, water and olive oil, tho 
depth of each being 10 inches How high is tho column of mercury 
in the tube? 

23 Describe how the pressure at a point 12 inches below the surface 
of the water in a vessel may bo measured by experiment, and how tlie 
experiment may be varied to shew on what this pressure depends 
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24 The atmospheric pressure at the surface of a late is 15 lbs per 
square inch Pina at what depth the pressure is 45 lbs per square inch, 
the weight of a cubic foot of water being taken to be 1000 ounces 

25 Describe an experiment to shew that the difference between the 
pressures at two points in a fluid at lest under gravity is proportional to 
the difference in their depths 

26. What will be the thrust on a square board whose side is 1 foot 
when sunk in water to the depth of 20 feet, the board being horizontal 
and the height of the barometer at the surface of the water 30 inches ? 
The specific gravity of mercury is 13 59 

27. What is the pressure m lbs per square inch at a point m mercury 
at a depth of 2 feet, the specifio gravity of mercury being 13 59? The 
pressure of the atmosphere being neglected 

28. A layer of oil 25 cm. in depth and of specifio gravity 0 82 floats 
on a quantity of water at the same depth Find the difference between 
the pressure at the top surface of the oil and that at the bottom of the 
water 


29. A vertical cylinder is fitted with a smooth piston lestmg on 
water contained in the cylinder from the side of the cylinder close to its 
base rises a vertical tube communicating with the cylinder, and therefore 
also containing water Find the aiea of the piston so that for each 
pound placed upon it, the surface of the water m the tube may morease 
its vertical distance fiom the piston by 1 inch [A cubic foot of water 
weighs 1000 ounces ] 

30. A cylindrical barrel, the area of whose bottom inside the barrel 
is 5 square feet, has its axis veitical A vertical pipe (area of its internal 
section 18 sq inches) is screwed into a hole in the top of the barrel, and 
water ponied m until the barrel is full, and also 7 inches of the pipe 
above the barrel The uniform thiokness of the top being 1 inch, find (i) 
the upward thrust of the water on the top of the barrel, (u) what extra 
volume of water must be poured m, so that the upward thrust may be 
doubled? [A cubic foot of water weighs 1000 ounces ] 



CHAPTER I Y. 

ILUJD THRUST CENTRE OF l’RLSSURE 

44. Thrust on a Horizontal Surface. 

A \nluo 1ms ahead) been found for the resultant thiust 
on n horizontal suifneo exposed to fluid piessuic 

It is, if we omit the pressuio on the freo suiface of the 
fluid, the weight of a column of the fluid having the horizontal 
surface for its base and the depth of that surface foi its 
height This follows fiom the expiession found in Section 35, 
for, if A he tho urea and p the piossuie at each point of the 
area, then, sinco the piossuro is unifomi, tho lcsultant thrust 
V is gu cu h) the equation 

P = Ap. 

But if h is the height of tho surfaco, and w tho weight of 
unit of volume of the fluid, then p = wh 

lienee P = Aw!i~v>Ah 

Now Ah 13 tho volume of a cylmdei, liawng the surfaco 
for its base, and tho depth of tho surface for its height, and 
wd/t is the weight of tins c)lindci if composed of the fluid 

The same icsult can bo obtained by tho graphical con- 
struction given m Section 22 We have seen theie that the 
thrust on any small area may be ropiosented by tho weight of 
a small C)hnder having the aica foi its base, and tho depth of 
the area for its height 

O 
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Imagine now that the given surface is divided into a 
number °of small areas and that such cylinders are drawn foi 
each These cylinders will all be of the" same height, they 
will form a column with a flat top having the surface for its 
base, the height of the column gives the pressure at each 
point of the base , the weight of the column will be the total 
thrust on the surface 

If the column be of water, its weight in grammes is 
measured by its volume in cubic centimetres Thus, to And 
the thrust, we require to calculate the volume of the column, 
which is done by multiplying the area of its base by its height 

45 Thrust on a Vertical Surface. 

A similar method can be applied to find the thrust when 
the pressure is variable For, in this case, if the pressure be 
p, the thrust on any very small area a is pa. Suppose now 
that the surface be placed m a horizontal position Imagine 
it to be divided up into a very large number of Bmall portions, 
each of area a Suppose that on each of these a column of 
water be elected, in such a way that the height of the column 
m centimetres may be equal to the pressure p m grammes 
weight per square centimetre , the weight of a column will be 
pa grammes weight, and will measure the thrust on its base 

Hence the total weight of water above the surface is equal to 
the thrust, as m the previous case, since, however, the pressure 
is variable, the heights of the vanous columns are different, 
the tops of the columns no longer he m a horizontal plane, if, 
however, the area a of each column bo very small and if the 
pressure vanes gradually from point to point, the tops of the 
columns will lie on a smooth surface, the volume of water 
bounded by this surface, the horizontal base and a series of ver- 
tical hnes drawn from all points on the perimeter of the base 
can sometimes be found, and hence the total thrust can be found 

The direction of this total thrust passes through the centre 
of gravity of the volume of liquid, the point of the surface at 
which it acts is found therefore by drawing a line at right angles 
to the surface from the centre of gravity of the liquid The 
point thus determined is known as the centie of pressure of 
the surface , its position can be found m various ways (see 
Section 46) 
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Examplo. A rectangular plane surface is subject to fluid pi essure. 
The pressure at ant \ point is proportional to the distance of that point from 
one edge of the surface, find the thrust on the surface 

Let ABC J), Tig 3D, represent the surface, and supposo the pressure at 
any point to be proportional to tlio 
distance of tlio point from tho side 
AB 

Divido tlio surface up into a 
senes of narrow stTips by lines 
parallel to AB Let PQ bo one of 
these strips, nil points on such a 
stnp arc equidistant from AB, nud 
lienee the pressure at all«uch points 
is the same The prc'Buro at any 
point on the stnp I‘Q will lio pro- 
portional to the distance A P Let 
it bo / AP where/. is a constant, 
and let a be the breadth of tho 
stnp 

DrvwPP' at nght angles to tho 
surface and equal to 1 AT nud imagine a nation -vertical column ol 
water of height Pl y to rest on PQ Tho weight of this column measures 
tho thrust on PQ Constmct similar columns on tho oilier stnps into 
winch the snrfnce is divided, then, sneo the height of each column is 
proportional to the distance of its base from A K, tho tops of the columns 
lie m a plane through AB, and when the breadth of each stnp is made 
very narrow tlio volume of water whore weight represents the thrust will 
be bounded by the horizontal plane A BCD, by a second plane ABCD' 
through AB and by vertical planes through tho lines AD, DC and OB 

The volume of this mn*s of water will be found by multiplying 
together the area of tho triangle ADD', and tlio distance AB Tho area 
of tho triangle is 

IAD.DD' 

But DD —I. , AD Thus the area of tho triangle is J k xlD\ Hence 
tho volume of the water is 

ll AD" AB . 

If this volume be measured in cubic centimetres it will givo tho 
thrust on tho piano ABCD in grammes weight 

The quc»tion is really that of finding tho thrust on a rectangular lock- 
gate, one sido of which, AB, is m the surfaco of tho flmd, when tho 
effect of tho atmospheric pressure is omitted , AD measures tho depth of 
tho gate and AD" . AB will be tho arra of the gato multiplied by its depth , 
if the liquid bo water and tho distaucca bo measured in centimetres then 
1. is unity 

Hcnco in there circumstances tho tlirnst on a lock-gato m giammes . 
weight is found by multiplying its area in square centimotres by half its 
depth m centimotres Now tho depth of tlio centre of gravity of tho gato 
is half tlio depth of the gate. Hcnco in this caso tlio thrust is tho weight 

g n\a 6 


C' 
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of a column of the fluid uliose base is the area under thrust, and height 
is the depth of the centie of gravity of that area. This result is a 
general one 

Proposition 16 To shew that the resultant thrust on any 
plane surface undei fluid pressure is equal to the weight of a 
column of the fluid whose base is the area of the surface and 
whose height is the depth, of the centre of gravity of the surface 

Let the suiface be divided into a number of elements, so 
small that we may treat the piessure as uniform ovei each 

Let a be the area of one of these elements, p the pressure 
at any point of this element, and let z be the depth 1 of the 
element below the surface, o> the weight of a unit of volume 
of the fluid 

The thiust on the area a is pa 

Since the surface is plane the thrusts on the various 
elements are all parallel , the resultant thrust is therefore the 
sum of the thrusts on the various elements 

Hence, if P be the resultant thrust, a u cu, .. the aieas of 
the various elements, then 

P—Pi a i + • 

= S(pa) 

But Pl = «»2l, Pi-WZr,, .. 

Theiefore P = c «, aj + wSj, a. + 

= 0 }{z 1 a 1 + z,a 3 + } 

= a>2(«a) 

How (Statics, § 38) we know that if & is the depth of the 
centie of gravity of a number of particles a„ a«, . then 

. _ 

a i + a , + • 5(a)* 

And m the case in point, 

S(a) = area of surface = A. 

Hence Az=$(za) 

Hence P — a (za) = toAz, ~ 

1 If the pressure on the upper surface of the fluid is to be considered z 
must be measured from the effective surface, see Seotion 32. 
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Again, Az is a volume of fluid having the area A for its 
base and z, the depth of the centre of gravity, for its height , 
while wAz is the weight of this volume Thus the Proposition 
is proved 

Corollary ( 1 ) The resultant thrust on a given plane 
surface does not depend on the inclination of the surface to 
the horizon, but solely upon its area and the depth of its 
centre of gravity Thus, if the centre of gravity be fixed, the 
inclination of the surface to the horizon may be altered 
without altering the resultant thrust 

(n) The resultant thrust does not depend upon the shape 
of the surface, but only upon its area, so long as the centre of 
gravity remains fixed m position , thus a plane surface of 
any shape, having a given area and its centre of gravity at a 
given depth, is subject to the same resultant thrust when 
immersed m a fluid 

46. Centre of Pressure. 

Definition The Centre of Pressure of any plane 
surface exposed to fluid pressui e is the point of the surface at 
which the resultant thrust acts 

Since the directions, in which the fluid pressure acts at each 
point of a plane surface, are paiallel, the centre of pressure 
will be the point of application of the resultant of a system of 
parallel forces representing the thrusts on the elements of the 
surface, its position can therefore be found 1 by an application 
of the laws for determining the position of the resultant of a 
number of parallel forces 

In a few simple cases it is leadily obtained by an 
application of the graphic method of Sections 22 and 45 

* Proposition 17 To find the centie of pressure of a 
rectangle with one side m the surface of the fluid 

Let ABCD be the lectangle, the side AB being in the sur- 
face of the fluid The pressure at any point of the rectangle 
is propoi tional to the depth of the point, thus, if we divide 
the rectangle into a number of hoiizontal strips, the pressure 
is the same at each point of any given strip 

1 Greaves, Elementary Hydrostatics, Chapter iv 


6—2 
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Draw GE and DF at right angles to the suifaee of the 
rectangle to represent the piessuies at C and B, and join AF, 
FE, EB Then, it follows from the graphical construction, 



that the thrust on any element is represented by a column 
of the fluid bounded by lines drawn at right angles to 
the surface of the element to meet the plane AFEB , the 
resultant thiust is the weight of the wedge of fluid between 
the rectangle and AFEB , and acts, at light angles to the 
rectangle, through the centre of gravity of the wedge 

Now the wedge can be divided by planes paiallel to BEG 
into a series of equal triangular lamina?, its centie of giavity 
therefore coincides -with that of the triangle LhfN, m which 
the wedge is cut by a veihcal plane midway between AFD 
and BEG 

Let G be the centre of gravity and draw GK perpendicular 
to the plane of the rectangle Then, since G is two-thirds of 
the way down the line joining L to the middle point of ME, 
it follows that LK is two-thirds of LM 

Thus, The, centre of pi essui e of the rectangle , with one side AB 
m the surface of a fluid, is a point at two-thirds of the dejith of 
the bottom of the rectangle, midway between the sides AD and BC 

Hence, if it were desired to balance the fluid piessure on 
one face of the rectangle by a single force, this force must be 
applied at the point E just found 
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^Proposition 18. To find the centre of pressure of a 
triangle mth one side vn the surface of the fluid 

Consider a triangle ABC, Pig 41, with one side BG in 
the surface Let A D, drawn 
at nght angles to the tri- 
angle, represent the pressure 
at the point A Join BD, 

DC, then the weight of 
the tetrahedron ABGD re- 
presents the thrust on the 
triangle, this thrust acts at 
nght angles to the plane 
ABC, through G, the centre 
of gravity of the tetrahedron 
Let AM bisect the base BG 
in M Join DG and produce it to meet the triangle ABC in L, 
and let GK, drawn perpendicular to the triangle, meet it in K 
Then K is the centre of pressure required Moreover it is 
known from the propeitips of the tetrahedion that L is the 
centre of gravity of the tuanglo and that K and L both lie on 
the line A M 

Also DG=\LD 

and AL=%AIL 

Hence, since AD and GK ate parallel, 

AK=%AL = l*%.AM 
= }AM 

Thus, The centre of pi essuie of a tuangle with its hose in 
the surface of a fluid is situated on the line from the vertex 
bisecting the base and at half the depth of the vertex 

^Proposition 19 To find the centre of pressure of a triangle 
until one angulai point in the surface of the fluid and its base 
horizontal 

Let ABC, Pig 42, be the triangle. Draw BD and GE at 
nght angles to its plane, to represent the pressures at B and 
0 Join AD, AE and DE Then the thrust on the triangle is 
the weight of the tetiahedron ABGED acting at right angles to 
ABC through G, its centre of gravity 
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Let GK be perpendicular on ABC , let L be the middle 
point of BC and M the centre of gravity of the base BDEG 



Then A GM and AKL are both straight lines, and AG is ^ 
of AM 

Hence, since GK and ML are parallel, AK=\AL 
Thus, If a to tangle have tts vertex tn the surface and tls 
base hot izontal, the centre of pressure ts on the line joining the 
vertex to the middle point of the base and at threefoui ths the 
depth of this middle point 

47. Thrust on the base of a vessel 
The expressions -which have been found for the thrust on a 
plane surface exposed to uniform fluid pressure will apply to the 
case of liquid m a vessel with a flat bottom It follows hence 
that 

The Resultant Thrust on the plane base of a vessel con- 
taining fluid does not depend on the shape of the rest of die vessel , 
but only on the area of the base and on the depth of the liquid 
Thus in Rig 43, (i), (u), (m) represent thiee vessels, the 
bases of which are equal m area In (i) the sides are vertical, 
in (n) they lean outwards so that the vessel is wider at the 
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top than at the bottom, m (m) they lean inwards so that the 
reverse is the case. The depth of water in each vessel is the 
same Under these circumstances the thrust on the bottom 
of each vessel is the same 


The pressure at each point of the base is the same , the 
thrust on any portion of the base is the \i eight of a column of 
liquid obtained by draw mg vertical lines from all points of the 
boundary of that portion up to the level of the surface of the 
liquid. In ( 1 ) and (u) such lmes will he wholly within the 
liquid If the depth of the liquid be d centimetres there 
actually is a column of height d above any portion of the base 

For some parts of the vessel (in) vertical lines drawn 
from the base will cut the sides A column of liquid of 
height d does not exist above the whole of the base , the thrust 
on the bottom however is the same as though it did exist Thus 
in Fig 44, MNL represents a column cut- 
ting the side of the vessel in N, and CD 
the upper surface of the liquid produced 
in M 

Then the thrust on the area of the 
base at L , on which the column stands, is A 
the weight of the column ML, not that of 
NL To prove this let A' be another point 
on the base from which a column M'L' can be drawn to reach 
the surface GD in M' , then the pressure at L is equal to 
the pressure at JJ since LL' is horizontal 

But the pressure at L' is the weight of a column of height 
M'L' and unit cross section Hence the pressure at L is the 
weight of a column of umt cross section and of height M'L', 
which is equal to ML 



It sometimes appears paradoxical that the vertical thrust on any 
surface should be greater than the weight of the column of fluid immedi- 
ately above it In the case, however, of a col umn such as NL the fltud 
at N exerts an upward thrust on the surface at N, it is shewn, Section 
48, that the vertical component of this thrust is the weight of the 
column MN, thus the surface of the Tessel at N exerts a downward thrust 
on the top of the column NL whose vertical component is the weight of 
NUT This downward vertical thrust transmitted through the liquid 
together with the weight of the column NL, make np the resultant 
downward thrust on the base of the column at L, which is equal therefore 
to the weight of the column ML 
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The Resultant downward Thrust, on the base is found 
%n all cases by diaunng vet iical lines from all points of the 
boundary of the base to meet the surface 01 suiface produced, 
and is the weight of the column so formed 

In Rig 43 ( 1 ) this is equal to tho weight of the liquid m 
the vessel , m (u) the liquid extends outside the column, the 
thrust is less than the weight of liquid, m (m) the column 
extends outside the liquid, the resultant veitical thrust is 
greater than the weight of the liquid In all thiee cases if 
the aieas of the bases and the depths of liquid be the same 
the resultant thrusts are equal 

In ( 1 ) the thrusts due to the sides of the vessel are entirely 
horizontal and do not affect the veitical tlnust or help to 
support the liquid , in (n) the tlnusts due to the sides have an 
upward component, the weight of the liquid is m part supported 
by them, in (in) the thrusts due to the sides act downwards 
and increase the tin ust on the base beyond the weight of the 
contained liquid 

It should be clearly remembered in the above that we are dealing with 
the thrust on the base of the vessel containing the liquid, the force on 
the table on which the vessel stands is in all cases of course equal to the 
weight of the vessel together with the weight of the liquid 

In (a) the downward thrust due to the weight of liquid above the 
sloping sides is transmitted through the sides to the supports carrying 
the vessel, the sides are forced more dose to the base of the vessel 

In (m) the upward thrust on the curved sides is transmitted through 
the sides to the base and just balances the excess of the downward thrust 
over the weight of the contained liquid , in ( 11 ) the thrust on the sides 
would tend to dose a small leak at the junction of the sides and the base, 
in (in) it would tend to open such a leak 

Experiment 10 To shew that the thrust on the base of a 
vessel filled with liquid depends only on the area of the base and 
on the depth of the liquid and not on the shape of the vessel 

This is usually verified by an. experiment due to Pascal 
and known as Pascal’s Yases, Pig 45 A nnmber of vessels 
(or vases) differing in form can be screwed on to a stand 
Each vessel is open at its base, and the area of the aperture 
is the same in each "When on the stand the vessels aie closed 
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below by a moveable piece which is attached to one arm of a 
lever or balance The other arm of the balance cairies a scale- 



pan, into which weights can be placed One of the vases is 
screwed on to the stand and weights are placed m the scale-pan 
Water is then poured into the vessel until it just begins to 
raise the scale-pan and escape at the bottom, the level of the 
water is then noted by means of the pointer attached to the 
apparatus, the vessel is then removed and replaced by one of 
the others and the experiment is repeated , it is found that 
the scale-pan is again raised, and the water begins to escape 
when the level is the same as before. 

Thus the thrust on the base depends on the depth of the 
water, and not on the shape of the vessel 

The experiment may be performed with more simple appa- 
ratus m the following manner . — 

The end of a glass cylinder is ground flat and closed by a 
piece of flat glass supported by a string from the arm of a 
balance, the cylinder being held in a suitable stand Weights 
are placed in the other pan and water poured in until it just 
begins to escape The cylindei is then replaced by a glass tube 
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of difleient shape, a lamp chimney for example, having the same 
ai ea of cross section, and the expei iment is repeated Instead of 
using a second v essel tho cylindex may be closed some way 
below its top by a coik A nanow glass tube is insetted 
thtough the coilc projecting well above it and the water is 
pouied through this tabe, through which also passes the stung 
canying tho plate, it is found that when the watei escapes 
the level in the nattow tube is tho same as it was pieviously 
m the cylinder. 

In any of tho above experiments however there is some difficulty in 
making the bottom fit sullicicntly well to the various vessels to prevent 
leakage until the thrust reaches the proper amount 

48. Vertical thrust on a curved surface. 

Hitheito we have been dealing with plane surfaces exposed 
to fluid pressure, m such a case tho direction of the thiuet is 
tho same at all points of tho suiface, wo have a system of 
parallel ioiccs, and these have a resultant — the total thrust 
on the suiface — which acts at light angles to tho suiface 

If wc come to considei a cuived surface tho problem is 
moio complex Tho ducction of the piessurc is diffident at 
the vanous points of the suiface , the thrusts theicfoic do not 
constitute a system of parallel foices and then resultant is 
moie difficult to calculate Wo may howevci resolve the 
thrust on each element of tho suiface into liomontal and 
vertical components, and calculate the lesultant lioii/ontal 
ancl veitical tlnusts thus 

Proposition 20 To find the icsullant vertical thrust on a 
surface exposed to fluid pressw c 

Let AB, Fig 4G, be such a surface and suppose wo wish to 
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find the resultant ■vertical thrust on its uppei side From 
each point of the boundaiy of AB draw vertical lines to the 
surface, and consider the column of fluid A BCD thus formed 
It is m equilibrium under its own weight, the downward 
thrust on its upper surface, the thrust ovei the surface AB 
and the thrusts due to the surrounding poi turns of the fluid 
acting on its vertical faces. 

Fow these last are all homontal. Thus the vertical 
component of the tluust due to AB t together with the thiust 
on the top surface, must balance the weight of the column of 
fluid 

Hence, Veitical component of thiust on AB 
= weight of column A BCD 
+ tin ust on uppei surface CD 

Tins result has been pioved for the upper side of AB If 
however the liquid is below AB , the upwaid thrust on the 
lower side of AB is equal and opposite to the downward thiust 
on the upper side of A B 

Hence the upward vertical thrust on the lower side of AB 
is equal to the weight of ABCD togethei with the vertical 
thrust on CD 

In many problems we are not con- 
cerned with the efhets of the thrust on 
the free surface of the liquid In this 
case the vertical thrust acts thiough the 
centre of gravity of the column ABCD, 
and is equal to the weight of that column 

Itmaj happen that the surface on which tbo 
thrust is required Ins n form such ns AUG m B 
1’ig 47 

Let B bo a point nt which the tangent to 
the 'urfacc is v ertical, then the downward vertical 
thrust ou AB and the upward vertical thrust on 
BO can both be calculated, tbc vertical thrust on Tig 47. 

ABC is the resultant of thc=c two and is thus 
found 
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49. Horizontal thrust on a curved surface. 

Peoposition 21 To find the resultant thust in a guen 
hoi izontal direction on a surface exposed to Jluid pi essure 

Let AB, Pig 48, be the suiface Draw hues from all 
points of the boundary of AB 
m the given horizontal dnec- 
tion. Let these lines cut in CD 
a vertical plane peipendicular 
to the given direction, and 
considei the equilibrium of 
the horizontal column of fluid 
thus formed 

It is acted on by its 
weight, the thrust on AB, 
the thrust on CD, and the 
thrusts on its curved sui face , 
these last thrusts are all at 
right angles to the lines 
bounding the column. The only forces then m the given 
direction, perpendicular that is to CD, are the thrust on CD, 
and the component, peipendicular to CD, of the thrust on AB 
These two forces then must balance Now it is this last 
component we desire to find 

Thus we see that the horizontal component, in the given 
direction, of the thrust on ill? is equal to the thiust on CD 

This latter thrust has been shewn in Proposition 16 to be 
equal to the weight of a column of fluid having CD for its 
base and the depth of the centre of gravity of CD for ms 
height, its direction passes through the centre of pressui e of GD. 

Thus when the thrust on CD can be found the component, 
in the required direction, of the thrust on AB is known. 
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EXAMPLES 

[For a Table of Specific Gravities see page 15 ] 

1. Shew that the force on the horizontal base of a vessel containing 
fluid docs not depend on the shape of the vessel 

2 Determine the thrusts (a) on a square foot, ( b ) on a square mile 
of the earth’s surface after the fall of 95 inches of rain 

3 A conical vessel 10 inches high on a flat circulai base 5 inches 
m radius is filled with water Compare the vertical thrust on the base 
when the vertex is upwards with the vertical thrust on the curved surface 
when it is downwards 

4 A hollow cube with its base horizontal is filled with water, shew 
that the resultant thrust on each vertical face is half that on the base 

5 A hollow cylinder, whose section is a square 1 foot m edge, is filled 
with water Find its depth if the thrust on each face is equal to that on 
the base, the height of the water barometer being 30 feet 

6 A closed cubical cistern is filled with water and communicates 
through a pipe with a second cubical cistern of eight times the volume 
The second cistern is open and its surface is 30 feet above the base of the 
first Compare the thrusts (a) on the bases, (6) on the vertical sides of 
the two, assuming the height of the water barometer to be 30 feet 

7. A tank in the form of a cube whose edge is 1 foot is half filled with 
water, half with olive oil Find the thrust on a vertical face 

8. Find the thrust on a rectangular plate 12 x 8 inches immersed 
vertically in mercury with the short edge on the smface 

9 One of the vertical faces of a cubical tank 3 feet in edge is hinged 
about its upper edge The tank is filled with water What is the least 
force which must be applied to the face to retain it in its vertical position, 
and wheie must this force act? 

10. The base of a rectangular tank the upper edges of which are 
2 feet and 5 feet m length respectively is inclined so that when the tank 
is full it is 4 feet deep at one edge, 2 feet at the opposite edge Find 
the resultant force on the base 

11 A tank 9 feet deep and 20 feet long is full of water , what is the 
total thiust on one side of the tank? 

12. A rectangulai tank is 12 feet long, 7 feet wide, and 2§ feet deep , 
compare the thrusts on a side and on the bottom of the tank 

13. Shew how the pressure in a fluid varies with the depth, and 
find the resultant thrust on a fifty-foot length of the vertical retaining 
wall of a water reservoir 15 feet deep 
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14. Determine the total thrust on ono side of a rectangular vertical 
dock-gate 50 feet wide immersed m saltwater to a dopth of 25 feet, having 
given that a cubio foot of fresh water weighs 1000 ounces and that 
the specific gravity of sea water is 1 026 

15. The water on ono side of the doclc-gato m the previous question 
is fresh What is its depth if the resultant thrusts on the two sides are 
equal? 

16 An equilateral triangle is immersed in water, two of its angles 
being at a depth of 6 feet and the third at a depth of 0 feet 3?md the 
force duo to the water pressure on one side of the triangle 

17. A closed cubical cistern, each edge of which is 4 foot, ib filled w ith 
water, and has a vertical pipe 10 feet high in its upper surface opening 
into it, also filled with water, if the atmospheric pressure be 14 lbs per 
square inch, find the whole thrust on the base of the cistern 

18. A rectangular-shaped box is constructed with its ends (weightless) 
hinged to the base and capable of moving without friction between the 
sides, but so as to enable the box to contain water The tops of these 
equal reotangular ends are connected by a piece of inelastic string so that, 
when water is poured into the box, they are inclined inwards and make 
equal angles with the vertical Show that the tension of the string 
vanes as the cube of the depth of tho water 

19. A tall conical champagne glass, the area of whose mouth is 
2 square inches, is filled with wine of specific gravity =1 296, and tho top 
is covered with a glass disc The whole is then inverted and placed on a 
horizontal table so that no wine is spilt If the weight of the champagne 
glass be just sufficient to prevent tho wine from escaping, shew that the 
weight of the glass in ounces is equal to the dopth of its comcnl contents 
m inches [The volume of a cone is one-third of the volume of the 
cylinder with the same base and height ] 

20. A vessel in the form of a portion of a cone is closed top and 
bottom bj two cuoular plates, one being 3 inches and tho other 5 inches 
m diameter, and filled with fluid Compare the forces on the lower 
plate (1) when the huger one, (2) when the smaller one is at the bottom, 
and explain how it is that in the one case tho pressure is greater and in 
the other less than the weight of the fluid 



CHAPTER V. 

FLOATING BODIES 

SO. Resultant vertical thrust on a body totally 
immersed. 

In a pi e\ ions Section (see Section 48) we have consideied 
the resultant i ertical thrust on any suiface When the body, 
■whose surface is under consideration, is totally immersed a 
simpler cxpi cssion can bo found for the resultant thrust 

Let us consider m the first case a cylinder A BCD, Fig 49, 
immersed w ith its avis i ertical and its ends horizontal, the 
cuncd suiface is then vertical, thus the piessure at each 





point of this suifaco is horizontal and cannot contribute to 
the vertical thrust 

Produce the vertical surface of the cylmdei to meet 
the free surface of the liquid m EF The resultant vertical 
thrust is the difleience between the upwaid thrust on the 
bottom AB, and the downward thiust on the top CD The 
upward thrust is equal to the weight of the column ABEF 
together with the tin ust on EF, the downward thrust 
is the weight of tlio column CDFE togethei with the thrust 
on EF. 
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The difference between the two is the weight of a column 
ABCD , and acts upward through the centre of gravity of 
ABGD Thus in this case the resultant vertical thrust on the 
cylinder is equal to the weight of the fluid displaced by the 
cylinder 

We shall shew m the next section that this result is true 
whatever be the shape of the body We will however con- 
sider first another simple case Let ABG, Fig 50, be a body 
of spherical, or egg-shaped, form immersed m a fluid 



Imagine a vertical line AL to be drawn touching the body, 
and let this line move round the body always touching it, and 
always retaining its vertical position It will thus trace out 
a cylindrical surface 1 touching the body in a curve ABG, and 
cutting the surface m a curve LMN 

The curve ABG divides the body into two parts , over the 
lower part ABCD the vertical pressure is everywhere upwards, 
the resultant vertical thrust on this part of the surface will 
thus be an upward force tending to raise the body, and it 
will be equal to the weight of the column of fluid LADBM 
At points on the surface above ABC the pressure acts down- 
wards, the resultant vertical thrust is thus downwards and 
is equal to the weight of the column LAEBM The resultant 
vertical thrust on the whole body is the difference between 
these two and is equal to the difference between the weights of 
these two columns This difference is the weight of the volume 
of fluid displaced by the body 

1 We may imagine such a surface formed by rolling a sheet of paper 
so as to touch the body along a continuous curve. 
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The above method of proving this result, known as Archimedes’ 
Principle, coaid ho extended to more complex cases m which it was not 
possible to surround the body with a single vertical cylinder as m figure 50 
The following proof will however apply to any case 

Proposition 22 To pi oie Archimedes’ Principle, viz that 
the resultant thi ust on any body immersed m a fluid is equal to 
the weight of fluid displaced and acts vertically upwards through 
the centre of gravity of the fluid displaced 

Let S, Fig 51, be a body immersed m a fluid and held in 
position if necessary 

The fluid pressure at any 
point of the surface of S de- 
pends only on the depth of the 
point, and not on the nature 
of the surface on which the 
pressure acts Imagine the 
body S to be removed, and 
the space it occupied filled 
with a quantity of the fluid, the rest of the fluid being un- 
disturbed The pressure at each point of the surface of this 
additional fluid is unaltered, and has the same value as when 
the solid was in its original position Thus the resultant 
thrust on the solid is the same as that on the fluid which has 
replaced it Now the fluid is m equilibrium under its own 
weight and the resultant thrust on its surface This resultant 
thrust then must be equal to the weight of the fluid and must 
act vertically upwards through its centre of gravity 

Thus, The lesultant thrust on a solid immersed m a fluid is 
equal to the weiqht of fluid displaced, and acts vertically 
upwards through the centre of giavity of this displaced fluid 
If the solid be not completely immersed, but cut the 
surface as ABC in Fig 52, we must, m the same way, replace 
by fluid that portion of the solid which is below the surface 
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Definition. The upward i esultant thrust on an immersed 
solid is spoken of as the Buoyancy of the Solid, the centre 
of gravity of the fluid displaced is the Centre of Buoyancy* 

The results of the last few Articles may be verified by 
experiment 

Experiment 11 To shew that the resultant upward th ust 
on an immersed body is equal to the weight of fluid displaced 

(a) Take a body of wluch the volume can be found by 
measurement, a cube or cylinder suppose, and find its volume 
by the use of the calipers or in some other way ( Dynamics , 
§ 7), let it be V cubic centimetres Weigh it in air with 
a balance, let the weight be W grammes weight Immerse it 
m water and weigh again In order to weigh a body in 
water it is suspended below the scale-pan of a balance or else 
the arrangement shewn m Figure 53 (a) is adopted A stand 
or bridge rests on the floor of the balance case over one of the 
scale-pans which can swing freely below it, the supports of 
the scale-pan pass on either side of the bridge , the body to be 
weighed is suspended from a hook attached to the knife edge 
which carries the scale-pan The vessel of fluid is placed on the 
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bridge and the body can he immersed m it Let the weight of 
the body m water be IF' grammes weight The weight TP will 
be less than TF because the body is partly supported by the fluid, 
the difference IF— IF' will measuie the resultant upward thrust 
duo to the fluid. It will be found, if the fluid be water, that 
TF— TF' is F giammes weight Now we must remember that 
the weight of 1 c cm of w atei is 1 giamme weight, hence Fc cm 
will weigh F grammes and wo find thus that IF- W' is equal 
to the weight of Fc cm of water Hence the resultant upivai d 
thiust on the solid is equal to the weight of water displaced 

If a spring-balance graduated in pounds be used, its readings 
must be reduced to giammes by remembering that 1 lb is 
approximately equal to 453 giammes 

(/?) If the volume of the body cannot be found by direct 
measurement, it may be obtained by the displacement method 
described m Dynamics, Section 7, Experiment 4, and the 
experiment proceeded with as described above 

Experiment 12 To detennmc the additional thrust on the 
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bottom of a vessel containing fluid 'produced by suspending a 
solid m the fluid 

This thrust must cleaily be equal to the upward thrust of 
the fluid on the solid To prove this, place a vessel containing 
water on the pan of a balance and counterpoise it Take a body 
of known volume V c cm and suspend it m the water from a 
fixed support as shewn m "Fig 53 (6) The pan carrying the 
water is depressed, to restore equilibrium it will be found 
that V grammes weight must be placed m the other scale 
Now this is the weight of water displaced by the solid 

The solid when placed in the water raises the level everywhere Thus 
the pressure at each point of the base is increased , hence the thrust on 
the base is increased Moreover if h is the nse of level and A the area of 
the water surface the additional thrust is the weight of a volume Ah of 
water But since the level is raised by immersing the solid, Ah must be 
equal to the volume of the solid Thus the additional thrust is a weight 
of water equal in volume to the °olid 

Another experiment is the following 

Experiment 13 To verify Archimedes' Principle for the 
case of a cylindrical body 

In Pig 53 (c) AB is a metal cy- 
linder with a hook attached to its 
upper end CD is a hollow cylin- 
der closed at the bottom, the 
interior volume of this cylinder 
is equal to the volume of AB, so 
that AB can be placed inside CD 
and will fit it exactly The two 
are suspended from one arm of a 
balance and counterpoised , the 
lower cylinder hangs inside an 
empty beaker This beaker is then 
filled with water, the upward thrust 
on AB disturbs the balance and 
the arm carrying the cylinders 
rises Water is then dropped from 
a pipette into the hollow cylinder 
Cl), and its weight tends to re- 
store the equilibrium, when CD 
is full it will be found that the 
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balance beam is again horizontal The upwaid thrust on 
A 7? is exactly balanced by the weight of water which fills 
GD, and the volume of this water is the same as the volume 
of AJB , thus the buoyancy of AB is the weight of water 
which it displaces 

The experiment may bo performed with some liquid other than water, 
the liquid which fills CD and that m which AB is immersed must of 
course be the same 

Experiment 14 To find the volume of a lody by weighing 
it in air and m loafer. 

Archimedes’ Principle gives us a means of finding the 
volume of any body which sinks in water Thus weigh the 
body in air, let it be IF grammes weight Weigh it m water, 
let it be IF' grammes weight Then the buoyancy or upward 
thrust is IF— IF' grammes weight, and this is the weight of a 
mass of water equal in volume to the body. But the volume 
of IF — IF' grammes of water is IF — IF' cubic centimetres 
Thus the volume of the body is IF— IF' cubic centimetres 

If we are weighing in pounds we must, m order to find 
the volume, remember that a cubic foot of water weighs 62 '32 
pounds Hence the volume of 1 lb of water is 1/62 32 cubic 
feet and the volume of IF— IF' pounds is (IF— IF')/62 32 
cubic feet 

This method of finding tlio volume of a body is made use of in many 
of tbo experimental determinations of specific gravity. (See Chapter vi ) 

51. Floating Bodies. 

When a body is floating in a fluid partially immersed, the 
volume of liquid displaced is less than that of the body , the 
upward thrust is the weight of the liquid displaced, and acts 
vertically tlnougli the centre of gravity of the fluid displaced 

Proposition 23. To find the conditions of equilibrium of 
a body floating freely 

Let ABC, Fig 54,* be the body and let G be its centie of 
gravity, let H be the centre of buoyancy, le the centre of 
gravity of the fluid displaced Then the body is in equili- 
brium under two veitical forces, viz its own weight IF acting 
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downwards at 6, and the weight of fluid displaced IF', acting 
upwaids at E It is necessary for equilibrium that these two 
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forces should be equal and opposite, for when two forces main- 
tain a body in equilibrium they must be equal and then lines 
of action must lie m the same stiaiglit line Hence the 
conditions of equilibrium are 

(l) The weight of the body is equal to the weight of fluid 
displaced 

(n) The centre of gi avity of the body is m the same vertical 
line as that of the fluid displaced 

Proposition 24 A solid of given volume and density floats 
freely m a fluid of given density, to find the volume immersed 

Let F, p be the volume and density of the solid, F' the 
volume immersed, p' the density of the fluid 

Then the weight of the solid is equal to the weight of 
fluid displaced, hence the mass of the solid is equal to the 
mass of fluid displaced 

But the mass of the solid is Vp , the volume of fluid 
displaced is F', and its density is p\ its mass therefore is V'p' 

Hence Vp = V'p' 

Therefore F'= V—,. 

P 

If the fluid be water the ratio p/p' is the specific gravity of 
the solid Hence, since p/p' is equal to V'/V we see that, 

When a solid floats m water its specific gravity is the ratio of 
the volume immersed to the whole volume of the solid. 
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Corollary 31 we can easily measure the value of V we 
can use the result to compare the densities of different fluids. 
For we have 



Now suppose the solid allowed to float in a fluid of 
density p", and let 7" be the volume immersed. 


Then 


// 


P 


_Y? 

~ V" 


Hence 


P_ 

P" 


7 " 


r* 


Hence The densities of two fluids in which a given solid 
can float are inversely as the volumes immersed. 

We con prove this more bneflj thus When the solid floats, the mass 
of fluid displaced is equal to that of the solid. Hence the masses of the 
two fluids displaced are the same, hence their densities are inversely 
proportional to their Tolumes, i e to the volumes of the solid immersed 

This principle is made use of in the common Hydrometer See 
Section 58 


Proposition 25 To find the conditions of equilibrium of 
a solid immersed in a fluid and held by a string 

(i) "When the solid is totally immersed as m Fig 55 the 
solid is acted on by three forces , its own weight, the buoyancy 



Fig 55 

of the fluid, and the tension of the string Since the solid is 
totally immersed, if we suppose it to be homogeneous, the 
centre of gravity of the fluid displaced coincides with that 
of the solid. 
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Thus the first two forces are vertical and act at the same 
point, the tension of the string is therefore vertical and its 
direction passes through the centre of gravity of the solid 
Thus the point of attachment of the string is in the same 
vertical as the centre of gravity Let W be the weight of the 
solid, W that of the fluid displaced, the tension T is the 
difference between W and W If W is greater than W' the 
tension acts upwards, supporting the solid, and we have 

W- W. 

In this case the solid is denser than the fluid If W' is 
greater than J F, or the fluid denser than the solid, then 
T=W—W, and the string helps to keep the solid submerged 

* ( 11 ) When the solid is not totally immersed In this 
case the centre of giavity G and the centre of buoyancy 
H do not coincide Let A , Fig 56, be the point at which the 


14 - 



string is attached, then the forces TF and TF', acting at G 
and H respectively, are parallel, being both vertical m direc- 
tion, hence the third force T is also parallel to them, the 
string is veitical, and, assuming that IF is gi eater than W', 

TF- IV 

Again, let ALM meet m L and M the vertical lines 
through G and H respectively, then taking moments about A 
we have 

W AL = TV' AM 

This equation will determine the weight of the fluid which 
is displaced, and then the former equation will give T. 



FLOATING BODIES. 


105 


61-52] 

In case (1) it has been assumed that the sobd is homogeneous so that 
its centre of gravity coincides with that of tho fluid displaced, if this is 
not true the methods of (n} must bo applied to (1). 

52. Buoyancy of the Air. 

Experiments will be described in Section 66, which prove 
that air has weight When therefore a body is weighed m 
an it is acted on by an upward thrust equal to the weight of 
the air displaced 

Hence the apparent weight of a body, when weighed in air, is 
not its true weight The buoyancy of the air is illustrated by 
the ascent of a balloon An air-tight bag of silk or some other 
hght material is filled with hydrogen or coal gas or some other 
gas of less density than air, the weight of an displaced is then 
greater than the weight of the balloon, which can therefore 
rise and draw up with it a light car carrying passengers The 
necessary condition is that the weight of air displaced should 
be greater than that of the balloon and its load 

In a fire-balloon the gas used is heated air, this is less 
dense than cold air; the bag is filled over a piece of sponge or 
cotton wick soaked in methylated spirits and ignited 

Experiment 15 To illustrate the buoyancy of the air 

In Fig 57, A is a glass bulb with thm walls A poi tion 
of the tube from which tho bulb was blown is left attached, as 



shewn at BC, being closed at the end G By means of a small 
metallic counterpoise the whole is balanced with the stem 
horizontal on a knife edge at B 

The weight of air displaced by the bulb is much greater 
than that displaced by the tube BC and the counterpoise 
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Since there is equilibrium, -we have, taking moments round B t 
Moment of bulb and contained air 
— moment of air displaced by bulb 
ss moment of counterpoise and tube 
—moment of air displaced by these 

The apparatus is then put inside the receiver of an air- 
pump (see Section 96), and the air is exhausted As the 
exhaustion proceeds the bulb A sinks while the counter- 
poise rises By withdrawing the air the upward thrust due 
to it is diminished , the buoyancy effect on the bulb is greater 
than that on the counterpoise, tins is shewn by the ascent of 
the latter 

53. Corrections for weighing m air. 

The buoyancy of the air affects the result of weighings 
made in air and a correction is m consequence needed The 
correction is very small in most cases, but it is desirable to 
shew how to introduce it 

* Proposition 26 To find the correction to the apparent 
weight of a body due to the buoyancy of the air 

Let M be the true mass of the body to be weighed, p its 
density , let M c be the mass of the weights, p 0 tlieir density, 
and let A be the density of the air 

The volume of the body is Mjp and the mass of air dis- 
placed by it is MXjp, the mass of air displaced by the weights 

» mm Po 

Now if the balance be true the difference between the 
weight of the body and the weight of air it displaces is equal 
to tiie difference between the weight of the “weights” and 
the weight of air they displace, and since the weights of 
these various bodies are proportional respectively to their 
masses 

P Po 
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Therefore M=Af 0 


Kow the value of A vanes with the pressure and tempera- 
ture of the air, it is however very small compared with the 
density of solids or liquids, thus A/p and A/p 0 are very small 
quantities If then we divide by the denominator 1 — A/p and 
neglect A 2 /p a , and higher terms which will be very small indeed, 
we find 

For air under stnndaid conditions X is about 0012 grammes per c cm , 
wlule p n for brass weights it is about 8 grammes per com, thus \lp 0 is 
about 00015 

The valuo of X/p depends on the density of the body weighed* for 
water p is 1 gramme per c cm and X/p is 0012. 

Thus the true mass AT of a volume of water weighed with brass 
weights is given m terms of the apparent mass M 0 by the formula 
lT=ilf 0 (l- 00015’+ 0012) 

=AJ 0 (1 + 00105) 

The correction in this case amounts to about 1 per cent. 

54. Experiments on floating bodies. 

The following experiments illustrate some of tho laws of 
floating bodies 

(i) The mass of an egg is greater than that of an equal 
volume of fresh water, it is less than that of an equal voluihe 
of a strong solution of salt in water , thus an egg will sink if 
placed m fresh water, it will float if placed in a stiong solution 
of salt m water 

If a vessel is half filled with salt solution and then fresh 
water is carefully poured on to the top, the two liquids mix 
where they come into contact, forming layers of variable 
density , the egg placed m the fresh water "will sink, but after 
oscillating up and down for some time will come to rest in a 
position m which the mass of fluid displaced is equal to that 
of the egg 
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(u) The Cartesian diver 

A small glass bulb, "Fig 58, has an opening in its louder 
side, to the bulb is attached a 
small counterpoise, the weight ot 
which is adjusted so that the whole 
just floats m water with some air 
in the bulb — the counterpoise often 
takes the form of a glass figure , 
hence the name of the appaiatus. 

The water is contained in a tall 
jar and its top is closed with a 
piece of india-rubber On pressing 
the india-rubber down the pressure 
of the air above the water is in- 
creased, this piessure is trans- 
mitted to the air m the bulb, which 
contracts m volume More water 
enters the bulb, the weight of the 
bulb with its contents becomes 
greater than the weight of water 
which it displaces Hence the 
divei sinks When the piessure at 
the top of the vessel is relieved, 
the air m the bulb expands and 
the diver rises unless the vessel is 
too deep If the vessel exceed a 
certain depth the pressure at the Pig 58. 

bottom, due to the water, may be 

so great even when the air-piessure on the surface is relieved, 
that the air in the bulb cannot expand sufficiently to again 
allow the diver to rise By placing the vessel under the 
receiver of an air-pump and exhausting, it may again be 
brought to the top 

*55. Stability of equilibrium of a floating body. 

So far we have dealt only with the conditions of equili- 
brium , the problem whether the equilibrium is stable or not 
remains to be discussed 

*(i) When the "body is totally immersed and just floats. 
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The centre of buoyancy is the centre of gravity of the fluid 
displaced, if the body and the fluid be homogeneous it coincides 
with the centre of gravity of the body In this case the two 
forces which act on the body pass through this point, and any 
position is one of equilibrium The equilibrium therefore is 
neutral 

But if the centre of gravity and centre of buoyancy do not 
coincide, because, for example, either the body or the fluid is 
not homogeneous, ^ anous cases anse 

Suppose m the first case the body is not homogeneous It 
may for example consist of a piece of wood with some lead 
fastened to it just sufficient in amount to allow it to float, or of 
a glass bulb and stem with some mercury m the bulb Then 
we must distinguish between displacements in which the body 
moves without rotation — for these the equilibrium is neutral — 
and displacements m which the body is turned about some 
axis 

Fig 59 (i), (li) repiesent two cases which may occur, in 
each G is the centre of gravity, H the centre of buoyancy, in 



(i) Fig 59 (n) 


(i) G is below H, in (n) it is above, and m each case the 
body has been displaced from its equilibrium position 
The weight of the body acts downwards at G and the 
buoyancy acts upwards at H , these forces are equal and thus 
constitute a couple In (l) the couple tends to right the body, 
the equilibrium is stable, in (n) it tends to increase the 
displacement, the equilibrium is unstable For stable equili- 
brium the centre of gravity must be as low as possible 

Or take again the case of the egg floating in a solution of 
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salt and water of variable density , the lower layers are tho 
denser , if the egg is depressed it displaces a volume of fluid 
greater m weight than itself, lienee it uses again , while if it 
is raised the fluid displaced becomes less m weight than the egg 
and it sinks back to its original position, thus the equilibrium 
is stable "With the diver on tho other hand the roi erse is tho 
case , when it begins to sink it continues to sink until tho air 
pressure on the surface is reduced, or the bottom is reached 

#(n) When the body only partially tnintci sect 

The circumstances are now somewhat diffeient In the 
first place, such a body, if it can float at all, is m stable equi- 
librium for vei tical displacements , if it be pushed down the 
buoyancy is increased, and it rises again , if it be raised out 
of the water the buoyancy is decreased, and the body sinks 
back 

But, though this is the c.tse, the equihbiium for rotational 
motion may bo either stable ot unstable A thm flat board 
could be made to float with its flat faces vertical and its edge 
downwaids, m this position, however, it would bo unstable and 
would tend to turn over until the flat sides became homontal 
and the narrow- edges vei tical, when its equilibrium would be 
stable 

When tho body is displaced, it is clear that m general tho 
centie of buoyancy shifts its position m the bod} 

Let G, Fig 60, lepresent the centre of gra\ity of the 
body, 11 its centre of buoyancy m the undisturbed equilibrium 



Fig. GO, 
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position, E' the new position of the centre of buoyancy when 
the body is displaced Let us suppose that the form of the 
body is such that H, G and E' lie in a vertical plane, and also 
that the motion is such that the volume of water displaced 
remains unaltered, so that the buoyancy is unchanged 1 . Draw 
E'M vertical through S', it will meet the line EG, let If be 
the point of intersection, then the nature of the equilibrium 
will depend on the position of M The buoyancy now acts 
vertically upwards through If, the weight vertically down- 
wards through G, and these two forces constitute a couple 
If If be above G the couple tends to restore the body to its 
original position, if If be below G the couple tends to displace 
the body further. 

The position of E' and therefore of If depends on the 
shape of the body If the displacement be very small the 
point If is known as the Metacentie, and the condition of 
equilibrium for small displacements is that the metacentre 
should be above the centre of gravity 

^Definition Imagine a floating body to be displaced 
through a small anqle about a horizontal axis in such a way 
that the volume of fluid displaced may remain unchanged, and 
suppose further, that the displacement is such that the vertical line 
through the new position of the centre of buoyancy imll meet 
the line joining the centre of gravity to the original position of 
the centre of buoyancy The point of intersection of these two 
lines when the displacement is very small is the Metacentre. 

Thus we see that for small displacements the stability of a boat or 
other floating body depends on the position of the metacentre relative to 
the centre of gravity, for a boat of given shape and given weight it is 
important to keep the metacentre as low as possible When the dis- 
placements to he dealt with may, as m the case of a ship, he considerable, 
othei points besides the position of the metacentre must he attended to 

Examples (i) A piece of wood weighing 24 grammes floats m water 
with 2/3 of its volume immersed Find the density and the volume of the 
wood 

(i) Since 2/3 of the volume is immersed and the weight of the wood 
is equal to that of the water displaced, each cubic centimetre of the 

1 This condition is satisfied m the case, for example, of a ship which is 
made to heel either by the wind or through shifting some of the cargo. 
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wood weighs as much as 2/3 of a oubio centimetre of water or 2/3 of a 
gramme 

Thus the density of the wood is 2/3 of a gramme per cubic centimetre 
The volume of the wood is its mass divided by its density or 
24 ll c.cm and this comes to 36 o cm 
Thus the volume is 36 c cm 

(u) Otherwise thus Let V be the volume in c cm. 

Then %V is the volume of water displaced, and %V grammes is the 
mass of water displaced, this is equal to the mass of the body 
Hence -§7=24, 

7=36 o om 

Also Density = mass /volume = 24/36 = g grammes per o cm. 

(2) Apiece of wood of specific gravity 6 is floating in oil of specific 
gravity 85, what fraction of its volume is immersed * 

Since the volume of oil displaced is equal in weight to the wood, the 
two volumes are inversely as the specific gravities 
Thus fraction of whole immersed =#&= 7 

(3) A body whose volume is 30 c cm and specific gravity 1 5 is placed 
in a vessel and gust covered with water What thrust does it exert on the 
bottom ? 

The weight of the body is 45 grammes, the weight of water displaced 
is 30 grammes, henoe the thrust on the vessel due to the body is 
15 grammes weight 

(4) The mass of a balloon and its car is 3000 lbs , the mass of air 
displaced is 3400 lbs , with what acceleration does the balloon rise} 

The resultant upward force is 

(3400 - 3000) or 400 lbs weight 
This ib equal to 400 x 32 poundals 
The mass moved is 3000 pounds 

Hence the acceleration is 400 x 32/3000 or about 4 26 feet per second 

(5) A vessel containing water is placed on the pan of an upright 
spring balance and a body suspended from a second spnng balance is 
immersed m the water Examine how the readings of the two balances 
are altered 

The reading of the second balance is reduced by the buoyancy of the 
watei, acting upwards on the suspended body, the reading of the first 
balance is increased by the same amount, for the upward thrust of the 
water on the body is just equal to the additional downward thrust on the 
bottom of the vessel, due to the immersion of the body m the water 
Thus the sum of the two readings is unchanged, and tbi6 clearly must 
be so for the total mass supported by the two balances is not changed 
See Experiments 11 and 12 
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(6) The specific gravity of sea watei is 1 028 and of tee 918. What 
fraction of the volume of an iceberg floats out of water 1 

The weight of the iceberg is equal to the weight of water displaced and 
the weight of any body is proportional to the product of itB volume and 
its specifio gravity. Hence, 

Volume of sea water displaced x 1 028= volume of iceberg x 918 
volume immersed _ 918 

^ ence wliolo \olume 1028* 

Therefore 

volume above water _ 1028 - 918 _ 110 _ 
whole volume 1028 1028 

(7) A body weighing 10 lbs, floats in a liquid with 1/3 of its 
volume above the surface What weight must be placed on the body in 
order just to sink ill 

The specific grauly of tho body is 2/3, hence the weight of water 
displaced by the body when just immersed is $ of 10 lbs or IS lbs. 
Hence the body will just float totally immersed if a weight of 5 lbs be 
placed on it 

(a) A rectangular block of boxwood 10 cm in depth and of specific 
gravity 9, is floating m water with its upper surface horizontal Oil of 
specific gravity G is poured on to the water, sheio that, neglecting the 
buoyancy of the air, the wood will rise through 1 5 cm 

Initially 9/10 of the wood is immersed, thus the height out of tho 
water is I cm , the weight of the wood is equal to the weight of water 
displaced 

■When the oil is poured on, tho weight of tho wood is equal to the 
weight of water displaced together with the weight of oil displaced Thus 
the weight of water displaced must bo less than before, the wood therefore 
rises, let it nso h cm and let A square cm be the area of its upper 
surface 

The volume of the wood is 10 A o cm , that of tho water displaced 
is (9 - 7i) .4 c cm , and of oil ( l + h)Accm . 

Equating then the weight of tho wood to the weightB of oil and water 
we have 

9xlOA=z(9-h)A + G [l+h)A 

Hence 47t=G or 7t=l S cm 

Thus the wood rises 1 5 cm , remaining with 7 5 cm m tho wbter and 
2 5 cm m tho oil 

(8) A cylindrical rod weighted at one end floats m water, determine 
the conditions of stable equilibrium If the rod can float with half its 
length immersed and at any angle to the horizon, shew that the weight 
which is added is equal to that of the rod 

Let W be the weight of the rod, 2a its length, W r the weight added, and 
« the weight of a unit volume of water, l tho length immersed, and a 

G HYD o 
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the area of the cross section, and h the distance from the bottom of the 
centre of gravity of the rod and weight 

Then the weight of water displaced is law, hence 
W+ Wi=lau, 

also taking moments about the bottom of the rod 

Ji (JF+IFJ^JF 

The centre of buoyancy which is at a distance it from the bottom 
must be above the centre of gravity. 

Hence is greater than h 
Thus 1 16 greater than 27i, or 

TF+ W x 2aT 7 

aw > TF+ TF l ’ 

(TF+T Vtf n _ 

or - — > 2aaw 

Now 2aaw is the weight of a volume of water equal to the volume of 
the rod, let this be IF', then the condition for stability is that 

(TF+ IFj) s is greater than W TV’ 

It the rod floats half immersed then l=a, while if any position is one 
of equilibrium, the centre of gravity coincides with the centre of buoyancy, 
hence 

Hence W+W^WV or TF=TF 1 


EXAMPLES 

FLOATING BODIES 

[For a Table of Specific Gravities see p 15 ] 

1, A piece of oak 35 c inches in volume floats in water, what volume 
of water doeB it displace ? 

2 What is the weight m water of 1 kilogramme of iron? 

3 Ten kilogrammes of cork are totally immersed m water "What 
is the resultant thrust of the water, and what will be the acceleration 
with which the cork will rise if let go? 

4 Find the resultant upward thrust on the following bodies when 
totally immersed 

(l) 100 c c of iron in water 

(u) 250 grammes of copper in salt water. 

(m) 500 c c lead in sulphuric acid 

5 A lump of iron floats m mercury What fraction of its volume is 
immersed? 
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fi A lump of iron is supported m water by cork so that of its 
volume is out of the water. Compare the volumes of the cork and iron 

7. 'What is the apparent weight of 25 grammes of iron when weighed 
in alcohol 1 

8. Find the weight of water displaced by 50 grammes of copper 

9. An iceberg floats with 2000 c. feet above the surface of salt w ater ; 
find its volume 

10. A piece of cork floats in water with 50 o inches above the 
water , find its volume 

11 A body weighing 30 grammes floats in water with g of the 
volume submerged , find its volume 

12. A cylinder floats, with its axis vertical, totally immersed m water 
covered with a layer of oil. If of the cylinder be in the water, find its 
specific gravity 

13. Find the weight of a glass hall 2 inches in diameter (1) in air, 
(2) in water, (3) in alcohol [Sp gr. glass 3 G ] 

14. A vessel of water is placed on one pan of a balance and counter- 
poised If 35 grammes of lead, supported by a string are immersed m 
the water, what additional weights are required to restore the balance? 

15. Two bodies whose specific gravities are 2 5 and 7 5 balance when 
eaoh is weighed under water , find the ratio of their weights 

16. A man weighing 10 stone floats with 5 cubic inches out of the 
water , find bis mean specific gravity and his volume 

17. A piece of oak ^ immersed in water is supported by a string 
■What portion of the weight is carried by the string? 

18. A lump of iron floats totally immersed partly m mercury and 
partly in water What volume is there in each liquid? 

19. Find the speoifio gravities of bodies which float with the 
following volumes above and below the surface of water respectively 

(1) Wood 21 24, Ice 21 237, 

Cork 3 1, Oak 1 3 

20. A ship weighing 1000 tons passes from fresh to salt water, if the 
area of a section at the water line bo 15000 square feet and the sides 
where they out the water be vertical, how much will slio rise? 

21 A piece of iron weighing 275 grammes floats m mercury with 
£ of its volume immersed Determine the vo2umo and density of the 
iron 

22. How much water will overflow from tho edges of a cup just full 
of water v>hcn a cork 2 cubic inches m volume is gently placed in it so 
as to float? 


8—2 
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23 A cylindrical cork 4 inches long is to bo loaded with iron of tho 
some section so as just to float How long must tho iron load ho? 

24 A cono of a certain material floats point downwards with l of 
its axis immersed , find its specific gravity. 

25. A vessel contains water and mercury A cnbo of iron, G era 
along each edge, is m equilibrium in the liquids, with its faces vertical 
and horizontal Determine liow much of it is m each liquid, the 
densities of iron and mcrcurj being 7 7 and 13 6 respectively 

26 A piece of wood is floating on water, and oil is then poured on to 
the water How is tho volume of wood in the wnlor affected 9 

27 A cnbic metre of wood floats m water with Jibs of its volume 
immersed Calculate the depth to which it would sink m a liquid of 
specific gravity 8 

28. A block of wood 10 lbs in weight floats in water with two-thirds 
of its volume immersed What force will be required just to sink it? 
Also what weight of a metal (specific gravity 5) roust he placed on it so 
that both metal and wood may just bo lmraerst-d? 

29 A closed cubical vessel with walls one inch in thickness is to 
bo made of metal whose specific gravity is ?£ Shew tbnt m order that 
the vessel inn} float m water its internal dimensions must be at least 
Cl cubic inches 

30 A block of hard wood, 5 feet long, 6 inches wide and 4 inches 
thick weighs 32 lbs Detennino whether it will float (1) in ordinnry 
water, (2) m sea water, the specific grnvitv of which is 1 02G If in 
cither case it does float, how much of it will project nbove tho surface’ 

31 A body whoso sjiecific gravity is 3 and whose weight is G lbs 1<t 
supported by a string with half its volume immersed in wntor Wliat is 
the tension of the string, the density of water being unit} ? 

32 A small hole drilled at one end of n thin uniform rod is filled with 
some much den'-er material It is observed that tho rod can float in 
water half immersed and inclined at nnj angle to tho vertical blicw 
that the sjiecific gravity of the rod is £ 

33 A beaker of water is placed on the pan of a balance and counter- 
poised, a piece of glass suspended from a separate mi p port is immersed in 
the water and it is found that 20 grammes Imvo to bo ndded to tho 
couiiterjioise to restore equilibrium Explain this and calculate tho 
volume of the glass 

34 Account for the ascent of a balloon 

How would the lifting power of the balloon be altered if tho atmo- 
spheric pressure be diminished? 

35. Why does a ship nso when it goes out of a fresh water nver into 
the open ocean 1 
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36. The specific gravity of ice is 0 92, that of sea water ib 1 025 
What depth of water will bo required to float a cubical iceberg whoso 
sido is 100 feet? 

37. A piece of iron {specific gravity 7 2) is covered with wax (specific 
gravity 0 96) and the whole just floats m water, its mass is 36 grammes, 
find the mass of the iron and the wax respectively 

38. A cubic foot of ico at tho freezing point, one of whose edges is 
one foot long, floats in ice cold water, but so that it is capable only of 
rotation about ono edge which is hinged m the surface of the water a 
weight of 42 ounces placed on the top of tho cube of ice 10 inches from 
its hinged end jast immerses the ico in the water Find the specific 
gravity of the ice 

39 A large stone is held suspended under water by a rope Explain 
why the load on the rope is less under these conditions than if the stone 
were suspended in air If an addition of 10 lbs to the load on the rope 
will break the rope, how much of tho stone may bo raised out of the 
water before the ropo breaks? 
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MEASUREMENT OF SPECIFIC GRAVITIES 

56 . General Considerations. 

In many methods of determining specific gravities the fact 
that the resultant upward thrust on a body immersed m a 
liquid is equal to the weight of liquid displaced is made use 
of, for by this means we obtain the weight of a volume of 
liquid equal m volume to the body, and the specific gravity 
has been defined, Section 6, as the ratio of the weight of the 
body to the weight of an equal volume of some standard 
substance, usually water 

The proceduie geneially adopted is to weigh the body m air 
and then m water , the difference between the two gives the 
weight of water displaced, that is, the weight of an equal 
volume of water, and the ratio of the weight in air to this 
diffeience, is the specific gravity 

The Hydrostatic Balance and various forms of 
Hydrometers give examples of this method 

57. Hydrostatic Balance. 

This is an ordinary balance arranged so that a body 
suspended from one end of the beam may be easily weighed 
m water. 

In some forms a hook is attached below one of the scale- 
pans , this scale-pan is often attached to the beam by shorter 
chains than the other and the body to be weighed can be 
suspended from the hook. 
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In othei forms, as shewn m Fig 53 (a) (p 98), a wooden 
stand or bridge rests on the floor of the balance case over one of 
the scale-pans which can swing freely below it, the supports of 
the scale-pan passing on either side of the bridge, the body to 
be weighed is suspended fiom a hook attached to the knife 
edge which carries the scale-pan The vessel of liquid is 
placed on the bridge and the body can be immersed in it 

A spring balance often forms a convenient mstiument for 
use as a hydrostatic balance Jolly’s balance is a special 
form of spring balance so used 

In many of the expenments to be described the solid has 
to be weighed in water This introduces seveial souices of 
enor 

If the solid is very light the eight of the wire or thread hy which it 
is supported may need to bo considered, moreover a capillary force is 
exerted on the wire where it cuts the liquid, it is theiefore important 
that the supporting wire should he as fine aB is consistent with strength 
A horsehair or a piece of fine wire may ho used, a piece of thread will 
serve hut it absorbs moisture and so varies m v eight as it gets wet 

Water again contains dissolved air, this collects in bubbles on the 
Bides of the containing vessel or of any body immersed m the water and the 
apparent weight of the hody is reduced by the buoyancy of these bubbles 
The bubbles must bo carefully brushed oil the solid before weighing, for 
very acourato work it is desirable to boil tho wnter and allow it to cool 
previous to use, or it may, if convenient, be placed for a time under the 
exhausted receiver of an air-pump These precautions are clearly speoially 
necessary in the case of a Bmall body 

We proceed now to consider some experiments with the 
Hydrostatic balance 

Experiment 16. To find , by the Hydrostatic balance, the 
specific gravity of a solid body which sinks in water, and 
to determine its volume 

Suspend tho body by a piece of fine wire from the pan of 
the balance and weigh 1 it Let the weight be W grammes 

1 In all these expeiiraents several observations of the weight must be 
tnten For exact work the "method of oscillations,” Glazebrook and 
Shaw, Practical Physics, § 12, p 107, should be employed For precau- 
tions to be observed in determining speoifio gravities, see Glazebrook and 
Shaw, Practical Physics, §§ 16-19 
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Immerse the body in water and weigh it again Let the 
weight be IF' grammes , then IF— TF' measures the upward 
thrust of the water on the body, and this, we know, is equal 
to the weight of water displaced This water is clearly equal 
in volume to the body. Thus IF grammes is the weight of 
the body and IF— IF' grammes is the weight of an equal 
volume of water 

Now Specific gravity 

weight of body _ TF 

""weight of equal volume of water ~ IF— IF'* 

The volume of the body which is equal to that of the 
water displaced 1 is TF— IF' cubic centimetres 

Thus, in the case of a piece of glass, the following 
observations were made: 

Weight in an —76 8 grammes. 

Weight in water = 46 32 grammes. 

Weight of water displaced = 30 48 grammes 
76 8 

Specific gravity = = 2 52 

Also volume of glass = 30 48 cubic centimetres. 


Experiment 17. To find, by the Hydrostatic balance , the 
specific gravity of a liquid 


Weigh a body, say a piece of glass, in air, let the weight 
be IF grammes Then weigh it in water Let the weight 
be IF X grammes, weigh it in the liquid whose specific 
gravity is required, let the weight be TF 2 grammes Then 
JF— IF,, = weight of a quantity of liquid equal in volume to 
the body, and IF- IF X = weight of a quantity of water equal 
in volume to the body 


Hence the specific gravity of the liquid = 


IF-JF 2 
IF— IF/ 


1 In this statement the variation m the density of water with tempe- 
rature is neglected 
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Thus, using the same piece of glass as m the last 
experiment 

Weight in air =76 8 grammes 

Weight in -water = 46 32 grammes 

Weight in liquid = 43 88 grammes. 

Weight of water displaced = 30 48 grammes 

Weight of liquid displaced = 32 92 grammes 

„ „ , 32 92 . „ 

Specific gravity = gQ-jg = 1 08 


Experiment 18 To determine with the Hydrostatic balance 
the specific gi avity of a solid body lighter than water 

Eor this purpose a sinker is attached to the body of such a 
weight that the combination will sink m water 

(i) Weigh the solid in air, let the weight be IF, weigh the 
sinker in air, let the weight be w, weigh the sinker m water, 
let the weight be w', weigh the combination in water, let the 
weight be IF' Then 


Weight of water displaced by sinker — w—iu 

Weight of water displaced by combination = IF+w— IF'. 

Weight of watei displaced by solid 

= W+w~W -(w- w') = IF- W + w'. 

Hence 


Specific gravity = 
/ 


weight of body 

m eight of equal volume of water 
IF 


= IF- IV + w' 


Thus we have the following observations for a piece of wax 
Weight of solid = 26 65 grammes 

Weight of sinker (copper) = 11 38 grammes 

Weight of sinker in water = 10 10 grammes. 

Weight of combination m water = 916 grammes 
Hence 

Weight of combination in air = 38 03 grammes. 
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Weight of water displaced by combination = 28 87 grammes 
Weight of watei displaced by sinkei = 1 2S grammes 

Weight of water displaced by wax = 27 59 grammes 

Specific gravity of wax = j jjj = 966. 


(u) Otherwise thus 

If it is convenient to suppoi t the sinker below the solid so 
that it can be immeised in water while the solid is not, the 
following method requires fewer weighings than that given 
above 

Weigh the solid in air, let the weight be IF. 

Attach the sinker below and weigh again with the sinker 
only in water, let the v eight be TF, 

Raise tbe vessel containing the v> ater so that the solid is 
immersed as well as the sinker and weigh the combination in 
water, let the "weight be W' 

Then, IF, = w eight of solid + weight of smker 

— weight of water displaced by smker 
IF' = weight of solid + weight of sinker 

— m eight of water displaced by smker 

— v eight of water displaced by solid 
IF, — W = weight of water displaced by solid 


Hence 


Specific gravity = 


IF 

f x ~ ir 


58. The Common Hydrometer 

The principle of this instrument is most easily understood 
by considering a hollow cylindrical glass tube loaded at one 
end, so that it will float veitically in water and some other 
fluids, and having a giaduated scale of millimetres either 
fixed mside or engraved on the glass , the scale is adjusted so 
that its zero may coincide with the bottom of the tube 
Observations are made by noting the depth to which the 
hydrometer is immersed , this depth will measure the volume 
of fluid displaced 

Since the weight of the hydrometer remains unchanged, the 
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weight of fluid displaced is the same, whatever flmd it be im- 
mersed in 

Hence, if the tube sink to depths d, d' in two different 
fluids, the densities of these fluids aie inversely 1 as d to d' . If 
the first fluid be water, the specific gravity of the second is d\d' 

Suppose, for example, that the instrument is so adjusted 
that it ginks to division 100 m water, and to division 92 in a 
solution of salt in water Then the specific gravity of the 
solution is 100/92 or 1 086 

Now an instalment such as this would he far from sensitive A 
change of 1 mm in the position in which it rests would mean an altera- 
tion of I per cent m the specifio gravity, and for accurate work this would 
ho useless Let ns suppose however it weie possible to have the tube 
over a metre long nnd let the rending m water be 1000, the 
reading m the salt solution 922, then the specific gravity 
is 1000/922 or 1 085, an alteration of a millimetre in the 
reading will now mean an altetation of about one in. a 
thousand, the instrument is more sensitive, but it is too 
long to be of use In such an instrument however it is only 
the upper part of tho stem which need bo graduated Thus 
if the graduations extended down to 800 the specific gravities 
of fluids from 1 to 1 250 could bo measured, the rest of the 
stem will never rise out of the fluid There is no need 
therefore for the lower part of the instrument to take tho 
form of a straight stem at all. It may be made in any 
convenient form provided that its weight and volume are 
the same as those of the straight stem it replaces and also 
that it 18 so constructed as to float with the stem vertical 

In practice then the liydiometer usually takes 
the form shewn in Fig 61. A is a hollow glass 
tube ending below m a bulb C which contains 
mercury so adjusted as to make the instilment 
float m a vertical position The upright stem 2? is 
hollow and contains a paper scale The scale is 
usually not divided into equal parts as m the simple 
form of apparatus described above, but in such a way 
that the readings of the scale may give directly the 
specific gravity of the fluid in which the instrument 
is immersed 

Let us suppose it is to be used for determining 
the specific gravities of fluids denser than water, 

1 See Section 61, Prop 24 (Coroll ) 
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then the instrument rises as the fluid m which it is immersed 
is made more dense The mercury in the bulb and the position 
of the scale then are adjusted so that, when floating m water, 
the top division of the scale which is marked 1 000 is level with 
the surface 

The scale is usually adjusted so that each division is equiva- 
lent to a change of 001 m the specific giavity of the fluid, and 
each tenth division is marked, the divisions of the scale are not 
equal, but decrease in length as the bottom of the stem is 
approached 

It is not difficult to shew how the points on the scale may 
be obtained by calculation , m piactice, howevei, it is simpler 
to determine a few points by immeising the instrument m 
turn in fluids of known specihc giavities, the distances 
between these points are then sub- 
divided by eye 

If the instrument is to be used to 
determine the specific gravity of fluids 
lighter than watei, the mcicury is 
adjusted so that it floats m water 
immersed just up to the bottom of the 
stem, when immersed m fluids of less 
density it sinks fuither, thus the 
graduation 1 000 is at the bottom, and 
the graduations run up the tube, be- 
coming less towards the top 

Fig 62 (i), (n), shew an hydrometer 
floating in water and m spirit 

In order to get sufficient range 
without having veiy long stems, a 
series of hydrometers is geneially em- 
ployed These are adjusted in such a 
way that one instrument may sink just 
up to the top of the stem in a given 
fluid, while the next will float in the 
same fluid with the whole of the stem 
exposed Thus the scale runs on from 
one instrument to the next, and by a (i) Fig 62 (uj 
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proper choice of the hydrometer the specific gravity of any 
given fluid can be determined 

Experiment 19 To use the common hydrometer to find the 
specific gravity of a liquid and to check its graduations 

Immerse the hydrometer m the liquid and note the reading 
This gives the specific gravity To check the graduations 
determine in some other way the specific gravity of the liquid, 
eg by the hydiostatic balance, Section 57, or by the specific 
gravity bottle, the two results should agree 

59. Nicholson’s Hydrometer. 

This instrument, shewn in Pig 63, consists of a hollow bulb 
to which a thin stem is attached, the 
stem carries a tray or cup, into which 
weights can be placed Below the bulb 
hangs a second tray or basket This 
is weighted with mercury, which is ad- 
justed so that the instrument may float 
vertically in water 

On the stem there is a mark, when 
the instrument is used it is loaded so 
that this mark is just in the surface of 
the liquid in which it is floating Thus 
whatever be the liquid the volume dis- 
placed is always the same 

Experiment 20 To weigh a body 
and to detei mine its specific gravity by the 
me of Nicholson's Hydrometer >■ ® 3 

Place the hydrometer m a tall vessel of water and take 
care that it floats freely and that no air-bubbles are attached 
to it Weights are to be placed in the upper cup to sink the 
hydiometer down to the mark To avoid the inconvenience 
caused by these weights falling into the water, the top of the 
vessel is covered with two pieces of glass 1 which fit together 
and close it The stem of the instrument rises through a hole 
which has been drilled in the glass 

Place weights on the upper cup till the instrument sinks to 
1 The glass is not shewn in the figure. 
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the mark. It will be found that there is not a perfectly definite 
position of floatation for given weights, the hydrometer will, 
within limits, rest in any position. This is due chiefly to the 
capillary action between the water and the stem, the position 
will be more definite if the stem is free from grease , it may be 
cleaned before the instrument is used by being rubbed with 
cotton-wool soaked in alcohol 

Suppose the instrument is floating with the mark just 
below the surface Take off some small w eights till the mark 
just nses above the surface and note the weight left on, put 
on weights until the mark again sinks below and note the 
weights , do this several times and take the mean Let it be 
TTi 

Now place the solid m the upper cup, the instrument sinks 
Take ofi weights until the mark is again in the surface. 
Determine as above the exact weight to be taken off Let it 
be IF, then TF is clearly the weight of the solid 

Place the solid m the lower pan, taking care that no air- 
bubbles adhere, the weight supported is the same as before, 
but the solid is now acted on by the buoyancy of the liquid 
displaced, the instrument therefore nses Place additional 
weights on the upper pan until it again sinks to the mark, 
determining their value as before Let it be TF', then TF' is 
clearly the weight of liquid displaced by the solid. 

Hence the specific gravity is TF/TF'. 

Instead of reckoning the weights taken off in the second operation 
and those added in the third, it, may he more convenient to reckon the 
weights on in each case 

Let them be TVj when the sohd is not in either pan, to when the solid 
is in the upper cap, w' when it is in the lower cup 

Then the weight of the sohd is IFj-w and the weight of water 
displaced w'—w 

Hence the specific gravity is (W 1 — iD)j{w'—w) 

Thus in an experiment with sulphur the hydrometer was in 
adjustment with 8 35 grammes m the cup, the weights taken 
off when a piece of sulphur was placed m the upper pan were 
5 81 grammes This then was the weight of the sulphur , the 
weights added to these when the sulphur was transferred to 
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the lower pan were 2 92 grammes, giving the buoyancy of the 
sulphur 

Thus specific giavity of sulphur = 5 81/2 92 = 1 99 

Experiment 21 To find the specific giavity of a liquid 
with Nicholsons hydrometer. 

For this purpose we require to know the weight of the 
hydrometer, let it be W 0 

Place the ins trument m water and determine as before the 
weight requited to sink it up to the mark Let it be W x 
Place the instrument in the liquid and let the weight required 
to sink it be W s The weight of water displaced, since the 
hydrometer is floating, is I F 0 + W y The weight of hquid dis- 
placed is TF 0 + TF a . The volumes of these two weights are the 
same, each being equal to the volume of the hydrometer up to 
the mark 

Thus the specific gravity of the liquid is 

(ir„+rj/(ir„ + r,) 

In an experiment with a solution of 
salt in water containing 20 grammes of 
salt m 100 gianimes of the solution, the 
weight of the hydrometer was 11 27 
grammes, the weight required to sink it 
m water was 8 35 grammes Thus the 
weight of water displaced was 19 62 
grammes The weight required to sink 
it m the salt solution was 9 88 grammes, 
thus the weight of salt solution displaced 
was 21 15 grammes 

' Hence specific giavity of salt solution 
= 21 15/19 62 = 1078 

60 . Jolly's Balance. 

This, as shewn m Fig 64, consists of 
a long spiral spring which carries two 
light scale-pans one below the other A 
vertical scale graduated on mirror glass 
is mounted behind the spring and a white 
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bead is attached to the end of the spring The division of the 
scale opposite to the top of the head can he read accurately, 
by lo okin g at it with one eye closed, from such a position 
that the head exactly covers its own image m the minor 
"When using the apparatus the lower pan is kept always 
immersed m a vessel of water The method of making 
measurements and the theory of the instrument are much 
the same as with Nicholson’s hydiometer Weights are placed 
in the upper pan until the bead comes opposite to some 
convement division of the scale The body to he weighed 
is then placed m the upper pan and weights removed until 
the bead is in the same position as before, this gives the 
weight of the body The body is then transferred to the 
lower pan, thus causing the bead to rise, weights are added 
until the bead again occupies its sighted position, these 
weights give the buoyancy, and by dividing the weight of the 
body by its buoyancy we get the specific gravity of the body 1 . 

61. Specific Gravity Balls 

In order to obtain a rapid determination of the specific 
gravity of a liquid of which only a small quantity is available, 
a set of specific gravity balls is useful These are small glass 
bulbs loaded with mercury, and so adjusted that each will 
just float m a liquid of definite specific gravity A numbei of 
these balls are placed in the liquid to be examined, some of 
the balls sink, others float, if one be found which will just 
float the specific gravity of the hquid is known If it happens 
that no one ball just exactly floats, limits can be found by 
noting the specific gravity of that ball, among those that sink, 
which most nearly floats , and the specific gravity of the ball, 
among those that float, which most nearly sinks The specific 
gravity of the hquid lies between these two 

62. The Specific Gravity Bottle. 

An experiment involving the use of the specific gravity 
bottle has already been described (see Section 9) 

Two forms of bottle are shewn m Fig 65 (l) and (n) In 
(i) the bottle has a narrow neck which is open , a fine mark is 

1 For praotical details see Glazebrook and Shaw, Piactical Physics , 
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made on the neck and in use the bottle is always filled exactly 
up to this mark In (n) the bottle is closed with a ground 



glass stopper, which is peiforated with a small hole. The 
bottle is filled to the top of the neck with water or -whatever 
other liquid is being used, and the stopper is then pushed 
home The suiplus liquid escapes by the hole in the stopper, 
lea\ing the bottle completely filled 

The specific gravity bottle is used to find the specific 
gravity of a liquid or of a solid which is either in the form of 
a powder or can be bioken into small fiagments and inseited 
in the bottle 

Bubbles of air easily collect among the fragments or on the 
sides of tho bottle, care must therefore be taken to free the 
liquid used from air as fai as possible 

The following experiments may be performed -with the 
specific gravity bottle 

Experiment 22, To find the specific gravity of a liquid 
with the specific gravity bottle. 

Weigh the bottle empty 1 Let its weight be W grammes, 

1 Before the bottle is woiglied empty it should bo dried This is done 
b 3 connecting a glass tube with a bellows and blowing air into the bottle 
The tube is held over a Bunsen burner to heat the air before it enters the 
bottle 


G 1IYD 
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then fill it -with water and again weigh it. Let the weight 
be TPi , finally fill it with the liquid and weigh it Let the 
weight be TF S In these last operations care must he taken 
that all traces of au-bubbles are removed from the sides of the 
bottle and from the stopper TF a - IF is the weight of liquid 
which fills the bottle, JF X - TP is the weight of an equal volume 
of water 


Hence the specific gravity of the liquid = 


W 2 -W 
1 Pi- W 


In some cases it is convenient, instead of weighing the 
empty bottle, to counterpoise it with shot and lead foil 
Then two weighings only are necessary. 

The following observations were made 


Weight of empty bottle 
Weight of bottle filled with water 
Weight of bottle filled with liquid 
Hence 


6 85 grammes 
31 82 grammes 
30 43 giammes 


Weight of water filling bottle 
Weight of liquid filling bottle 

Specific gravity of liquid = ktww 

y # 


24 97 grammes 
23 58 grammes. 

944 


Experiment 23 To find the specific gravity of a solid in 
small fragments with the specific gi avity bottle. 


Weigh the fragments of the solid , let the weight be W. 
Fill the bottle with water and place it with the solid on the 
pan of the balance Let the combined weight be IFj Place 
the solid m the bottle and fill it up with water, taking care 
to get nd of all air-bubbles , let the weight be W s This 
weight TF 8 will be less than W 1 because water will have been 
displaced from the bottle by the solid and TFj - W s will be the 
weight of the water displaced. The volume of tins water is 
equal to that of the solid 


Hence specific gravity of solid = 


r 

w,- ny 
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Tlio following observations were made 

Weight of solid 5 67 grammes. 

Weight of solid, bottle and water 37 49 grammes. 

Weight of solid in bottle, bottle and water 34 62 grammes 

Hence 

Weight of water displaced 2 87 grammes. 

6 67 

Specific gravity of solid = g-g* = 1 97. 


63. Solids soluble m water. 

In the dcsciiptions just gi\cn of the various methods of 
determining specific giavity it lias been assumed that the 
solids used could be immeised m water ThiB of course is not 
alw ays the case , salt, sugar, and many other substances when 
placed m water dissolve If the substance whose specific 
gravity is required is soluble m water some other liquid must 
be employed m which it will not dissolve ; thus sugar may be 
weighed in alcohol. 

The result of the observations give us the ratio of the 
weight of a given volume of sugai to that of an equal volume 
of alcohol Let us call this ,a 0 Now the specific gravity of 
alcohol is the ratio of the weight of a gi\ en volume of alcohol 
to the weight of the same volume of water, let this be a o- w 

Then \vc liar 0 # <r a x a <r w 

w eight of 1 c cm sugar W'eight of 1 c cm alcohol 
~ weight of 1 c cm alcohol weight of 1 c cm water 
weigh t of 1 c cm sugar 
— weight of 1 c cm water 

= specific gravity of sugar 

Hence the specific gravity of sugar is found by multiplying 
its specific gravity relative to alcohol by the specific gravity of 
alcohol 

Another method of procedure is to weigh the body, then to 

9—2 
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coat it completely with a small quantity of wav of known 
specific gravity and tlien to find the specific giimty of tho 
compound body Tiom tins, since tho weight of tho body, 
the weight of wav and tho specific giavity of tho wax are 
known, the specific giaiity of tho body can bo found (seo 
Section 11). 


Examples (1) A crystal of copper sulphate weighs 9 grammes in 
air and 6 G8 grammes in turpentine of specific gravity 88. Find its 
specific gravity 

Tho weight of turpentine displaced is 3 12 grammes 

0 

Hence Bpecifio gravity relative to turpentine =-7-^=2 71 
Therefore specific gravity required = 2 71 x 88=2 38 


(3) A piece of sugar ic aching 32 grammes is coaled mth 3 C grammes 
of max of specific granly 9 The weight oj the id hole in water is 11 C 
grammes Find the specific grin tty of the sugar 

Tho weight of tho sugnr and wav is 35 C grammes 
Tho weight of water displaced is 21 grammes 
Therefore tho volume of tho whole is 2 1 c cm 
The volume of tho wav is 8 G/ 9 or 4 c cm 
Thus tho volmno of the sugnr is 20 c cm 
Tho mass of sugar is 32 gramme" 

Ilcnco the specific gr.vulv of tho sugar is 12/20 or 1 G 


(3) In Archimedes' expinmrnt, Ihrro’s crown, together with lumps of 
gold and sitter equal m weight to the crown, acre each weighed separately 
m uater 2 he crown lo<t of its weight, the gold .*», and the silver -fi 
In what propoit ton were gold and silicr mired in the crown 1 

From the experiment it follows that tlio mean specific gravity of tho 
crown was 14, that of the gold and of tho sihor “A 

Supposo that m each cubic centimetre of tho crown there is v c cm of 
gold, tliero will ho 1 - 1 > ccm of sihor The weight of gold will bo 
proportional to 77 1 /I and of sihor to 21 (1 — r)/2 , the weight of a c cm 
of the whole is proportional to 11 


Hcnco 


,,_77t> . 21(1- V ) 


8=llt> + 6(l-r), 
2=5v 


Therefore o= J of a cnbio centimetre 

Hcnco the crown was composed of hj volnmo of gold and ■$ of silver. 
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64. The U-Tube Method. 

When two liquids which do not mix are poured into the 
two vertical limbs of a U-tube, the heights of the columns of 
liquids m the two tubes above the common surface aie, as we 
have seen, diffeient The piessures at the common surface aie 
the same m the two liquids, these pressures aie measured 
respectively by the heights of the two columns, and since the 
densities of the two are difleient the heights are different 

A method of compaung the densities of two hquids winch 
do not mix is based on this 

The apparatus employed is shown in Fig G6 The U-tube 
is mounted on a stand, and scales of millimetres are fixed 
beside each limb of the tube The heights of the columns can 
bo read on these scales 


A~ 


Experiment 24 To compare the densities of two liquids by 
obseriahons on the heights of balancing columns 

( 1 ) Let A BOD, Fig 66, be the U-tube Let the one limb 
AB contain oil, tho other water, and 
let B bo tho common surface of tho 
two Draw BO horizontal to meet 
the water in the other limb m G 

Let AB = h, GD — h', let w be the 
weight of a umt of volume of tho oil, 
to' of that of the watoi 

Then since B and G are points m 
the same fluid — the watei — an tho same 
horizontal hne, the piessuio at B is 
equal to that at G 

Let 7Tbo the atmospheric piessure 
Pressure at B = tt + toh 
Piessuie at G = 7T + wh\ 

Hence wh=<o'h\ 

or to _ If Fig 66 



to 


h ' 


Thus tho weights of unit volume of the two fluids, and 
therefore their densities, aie inversely proportional to the 
heights of the respective columns 
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If tlie fluid m DC he -water, as we have supposed, then 
the ratio w/w' measuies the specific gravity of the fluid m AB. 

Hence m this case 

Specific gravity of fluid m AB = h'/h 

*(u) If the liquids mix the apparatus requires modifica- 
tion, one foim which is then useful 
is shewn in Fig 67 Two U-tubes 
ABC, DBF are used, one limb of each 
being much longer than the other 
The two shortci limbs are connected to- 
gethci by a piece of india-rubber tubing 
as shewn at G A small quantity of 
liquid is poured into each tube, thus 
enclosing some air in the pai t CGD 
Additional quantities of liquid aie 
then pouied into the tubes m turn, E 
the air m the spaco CGD is gradually 
compiessed, and finally the columns 
stand as in the figure 

Diaw CB and DE homontnl 

Let AB=h, FB=h\ and let tu, o' 
be tlio weights of umt of volume of 
the two liquids respectively. 

Scales are placed alongside the two 
tubes, and the heights h and h' can bo Fig 67. 

lead off on these scales Let it bo the 
atmospheric pressuie 

Then the pressuie of the enclosed air at C and D is the 
same 

But pressuie at (7 = pressure at B 

— IT + ta/i, 

and piessure at D = pressure at B 

-7T+ «7t'. 
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Hence ah — ah', 

and as in (i) specific gravity of fluid in AS 

= co/w' = h'jji 

Another form of tho appaiatus suitable for two fluids is 
shew » in Fig GS 

E\ri imtrj«T 25 To compare (he densities of two liquids 
uhch tall mix by means oj the into ted U -tube 

An inverted U-tubo ASGD, Fig GS, dips into tw r o beakers 
containing the liquids At the 
top of the tube there is an opening 
to which a short length of india- 
rubber tubing is attached Hus 
can be closed by a clip or by tho 
insertion of a piece of glass rod 
Air is sucked out of the tubo 
through this upper opening, and 
the liquids rise m the two limbs of 
tho tube. Tho rise of the liquid 
is caused by tho atmospheric pres- 
sure acting on the suifaco of the 
liquids m tho beakers (see Section 
68). The heights of the columns 
of liquid m tho two tubes will bo 
found to be different Scales are 
fixed to the apparatus and by their 
means tho heights of tho columns 
can bo measured Measure the 
two heights All , CD, reckoning 
from tho le\cl of the liquid m the 
beakers in each case, lot them bo 
h and h\ and let a and a bo tho 
weights of unit volume of tho two j? lg eg 

liquids Let 7T bo the atmosphei ic 

pressure Then tho piessme of the enclosed aii at B and C is 
the same, and the pressures at A and D of the liquids within 
tho tubos me equal to the pressuics at the same level of the 
liquids in the tespectivo beakers. Each is tlieiefoie equal to 7 r. 
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Hence from tlie column AB 

IT = pressure at B + ah, 
and from column CD 

7 r = pressure at C + ah' 


Thei ef ore ah = a'li' 


Thus, as before, the ratio of the weights of unit volume of 
the two liquids is inversely pioportional to the ratio of the two 
heights Also if the liquid m CD be water, we have 


Specific gravity of the liquid ul AB = 


a 


to 


] L 

h 


65. Columns m tubes of unequal Cross Section. 

It should be noticed in connexion with the foregoing 
experiments that the aiea of the cross section of the tube 
is immaterial 1 

Each limb need not be of the same cross section throughout, 
and the sections of the two may be quite different , the results 
■ft ill be the same Thus, to take the 
simple case of Fig 66, the pressure 
at B, that is, the thrust per unit 
area over a hoi izontal section at B, 
is equal to the thrust per unit area 
over a horizontal section at C, but 
the whole thrust over the cross 
section at B need not be equal to 
the whole thrust over the cross 
section at C , for the areas of these 
two cross sections may be very 
diffeient It does not follow 
therefore that the weight of the 
fluid AB is equal to that of the 
column CD The true statement 
is that the weight of a column of 
height AB and unit ci oss section is 
equal to the weight of a column of Fig 69. 

height CD and unit cross section 

1 If the tube be very narrow capillary action will produce an effect, but 
apart from this the statement is true 
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In dealing with the problem when the two tubes have, as 
in Fig 69, very different cross sections, let us consider an 
inner tube described within the wider tube and of the same 
cross section as the narrow tube We may suppose that the 
column of fluid within this tube is balanced by the thrust due 
to the fluid in the narrow tube, the weights of these two 
columns measured from the common surface, are equal The 
rest of the fluid m the wide tube is supported by the vertical 
component of the thrust on the sides of this tube. 

Example. The cross sections of the two limbs of a U -tube are 1 square 
inch, and 1 square inch in area respectively The lower part of both tubes 
contains mercury (specific gravity 13 6) What volume of water must be 
poured into the wider tube to raise the surface of the mercury in the narrow 
tube 1 inch l 

Since the cross sections of the two tnbes are as 10 to 1, if the meromy 
rises 1 inch in the narrow tnbe it sinks 1 inch in the other. Thus the 
upper surface of the mercury is 1 1 inches above its surface of junction 
with the water in the wide tube 

Hence the height of the water column is 1 1 x 13 6 or 14 9G inches 
above this surface Hence since the cross section of the water column is 
1 square inoh 14 96 cubic inches of water have been poured into the tube 


EXAMPLES. 

SPECIFIC GRAVITY. 

[For a Table of Specific Gravities see p 15.] 

1. Find the specifio gravity m the case of each of the following 
substances in which the first number gives the weight m air, the second 
the weight in water in grammes weight 

256 3, 159 A, 3119, 195 5, 

5116, 466 6, 123 0, 116 0 

2. In experiments on the specific gravity of some bodies whioh float 
m water a sinker weighing 87 2 grammes m water is used Find the 
specific gravity in the case of each of the following bodies in which the 
first number gives the weight of the body in air, and the second the 
combined weight of the body and sinker m water 

20, 23 89, 50, 

63 5, 76 3, 105, 


42 83 
17'5 
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3 A body whose weight in air is 56 grammes and in water 
35 gra mm es has the following weights in a senes of fluids 

33 5, 30 8, 29 2, 28 6 

Find the specific gravity of each of the flnids 

4 In a Nicholson’s hydrometer 30 grammes are required to sink the 
instrument to the mark 

The weights necessary when a certain solid is (a) in the upper pan, 
(6) in the lower are respectively 2 54 grammes and 10 23 grammes , find 
the specific gravity and the volume of the body 

5 With a Nicholson’s hydrometer for which the standard weight is 
13 1 grammes the weights required with a given solid are 2 02 and 4 76 
grammes, find its specific gravity 

6 The weight of a Nicholson’s hydrometer is 53 6 grammes In 
vater 30 grammes are needed to sink it to the mark, and in a certain 
fluid 35 75 grammes are needed, find the specific gravity of the fluid. 

7 If 35 grammes are required to sink a Nicholson’s hydrometer in 
water and 61 grammes m a fluid of specific gravity 1 33, find the weight 
of the hydrometer 

8 A specific gravity bottle when filled with water is found to weigh 
53 2 grammes Some crystals weighing 2 6 grammes m air are then put 
in and the whole is found to weigh 54 75 grammes, find the specific 
gravity of the crystals 

9. An empty specific gravity bottle weighs 25 22 grammes, when 
filled with water the weight is 75 23 grammes, when filled with various 
liquids it is respectively 78 41, 71 23 and 76 85, find the specific gravities 
of the liquids 

10. The weight of a bottle full of water is 75 23 grammes "When 
crystals weighing 8 60 grammes in air are inserted the weight is 79 69, 
find the specific gravity of the crystals 

11. If 6 432 grammes of felspar are inserted into the same bottle the 
weight is 79 338 grammes, find the specific gravity of the felspar 

12. A piece of gold and a piece of silver are suspended from the two 
arms of a balance and are m equilibrium when the silver is immersed in 
alcohol, the gold m nitric acid Compare the masses of the two 

13. The lowest graduation on the stem of an hydrometer is 1 000, 
the highest is 1 200 , find the specific gravity of a fluid in which the 
instrument floats with the stem half immersed 

14. A. solid whose specific gravity is 1 85 is weighed m a mixture 
of alcohol (specific gravity 82) and water It weighs 28 8 grammes in 
air and 14 1 grammes in the mixture, find the proportion of alcohol 
present 
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15. The lower portion of a U-tnbe contains mercury, how many 
centimetres of alcohol (specific gravity 82) must be poured into one limb 
to raise the mercury 2 5 cm in the other? 

16. Vhen a hydrometer floats m water 1 inch of the stem is 
exposed, when it floats in a liquid of specific gravity 1 2, 11 inches are 
exposed How much will be exposed if it be placed in a liquid of 
specific gravity 11? 

17. Shew that the volume of a body can be calculated from its 
weight in air and its weight in water, if the density of water be known 

18 A cubic foot of water weighs 1000 ounces, and 288 cubic inches 
of a certain substance weighs 128 lbs , what is the specific gravity of the 
substance’ 

19. A piece of stone weighs 3 grammes m air, and 2 in water, find 
its specific gravity, and its volnme 

20. A certain piece of lead weighs 30 grains m water. A piece of 
wood weighs 120 grains m air and when fastened to the lead the two 
together weigh 20 grains in water Find the specific gravity of the 
wood. 

21. The weight of a body is 25 grammes, when weighed in water at 
4° C it weighs 20 grammes Shew that its volnme is 5 c cm and its 
specific gravity 5 Explain the statement that its density is 5 

22. A lump of copper weighing 16 ounces is placed m a tumbler full 
of water, and causes 1 8 ounce of water to overflow calculate the 
specific gravity of copper 

23. A lump of metal weighs 10 ounces, 8 ounces m water, and 
7 ounces m a certain fluid; find the specific gravity of the fluid 

24 A piece of wood weighs 12 ounces, a piece of lead weighs 5§ 
ounces, the lead weighs 5 ounces in water, the lead and wood together 
weigh 2 ounces m water Find the specific gravity of the wood 

25. A beaker of liquid is placed in the scale-pan of a balance 
andcounterpoised by 253 grammes A cube of glass each of whose edges 
is 25 4 mm in lengto is suspended by a veiy fine string from a separate 
support so that it is immersed in the liquid, and the counterpoise has 
to be increased in consequence to 205 9 grammes Find the specific 
gravity of the liquid. 

26. A lump of metal is known to consist of silver and gold, bnt it is 
not known bow much is gold and hov. much is silver The metal weighs 
20 grammes in air and 18 7 in water, how much gold is there in the 
mixture? 

27. Explain the principle of the common hydrometer 

The specific gravity corresponding to the lowest mark on the stem of 
a certain hydrometer is 1 S TVhat must he that corresponding to the 
highest mark if the reading midwaj between the two is 1 6 ? 
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28 The volume of a hydrometer is 10 o cm and its weight 7 5 
grammes Rind how mnch of it will be nmmmersed when set to float lq 
a liquid of specific gravity 0 880 

29 Describe Nicholson’s hydrometer and shew how to nse it to 
determine the specific gravity of a solid lighter than water 

30. The lower portion of a U-tube with vertical limbs contains 
mercury (specific gravity 13 6) Some liquid is poured into the right- 
hand limb till it occupies 12 inches of the tube The difference of 
level on the two sides is found to be 10 inches What is the specific 
gravity of the liquid? 

31. Explain how to compare the densities of two liquids which do not 
mix by means of a U-tube Mercury is placed at the bottom of such a 
tube and water sufficient to occupy a length of 54 cm of the tube is 
poured into one limb By how much will the level of the mercury be 
altered and how much oil must be poured into the other limb to bring it 
back to its original position? 

32 The lower portion of n U-tube contams mercury How many 
inches of water must be poured into one hmb of the tube to raise the 
mercury 1 inch m the other, assuming the specific gravity of mercury 
to be 13 6 ? 



CHAPTER VII 


THE PRESSURE OF THE ATMOSPHERE. 


66. Density of the Air. 

The fact that air has weight was first proved by Otto 
Guencke, the inventor of the air-pump in 1650, and may be 
shewn as follows Two large spheres of 
glass are suspended from the pans of a 
balance and counterpoised The spheres 
should be nearly equal, both in weight and 
volume 1 One of them, Fig 7 0, has a nozzle 
attached, by means of which it can be 
connected to an air-pump and exhausted 
This is done and the sphere is replaced 
on the balance It is found to be lighter 
than it was previously, its weight is 
reduced by the weight of the air it con- 
tained The weight of a given volume of 
air depends (see Heat, Section 78 and also 
Chapter vn ) on its pressure and tem- 
perature Under standaid circumstances 
when the temperature is the freezmg-pomt of water, and the 
pressure that due to a head of 76 centimetres of meicury, it 
has been shewn that a litre (1000 c cm ) of dry air weighs 

1 By this means the correction for the buoyancy of the air is 
reduced See Section 52. 



Fig 70 
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1 293 grammes Thus in these circumstances the density 
o £ air is 001293 grammes per cubic cenfcimetie 

67. Density of different gases. 

If the one globe in the experiment just described be filled 
■with air, while the other is filled with difterent gases in turn, 
the piessure and temperature being kept constant, it will be 
found that equal volumes of different gases have different 
masses 

This can be shewn in the following way, suspend two 
beakers, approximately equal m size, from the arms of a 
balance, let the open end of one beaker be downwards, that of 
the other being upwards, if the weights of the two be not 
exactly equal, counterpoise the heavier with shot or sand 
Allow coal-gas to pass from an india-rubber tube into the first 
beaker. The gas fills the beaker, displacing the air, and the 
balance arm rises, shewing that the coal-gas is lighter than 
air Then remove the coal-gas and restore the balance 
Now pass caibonic acid gas into the second beaker, it sinks, 
the caibonic acid is heavier than the air it displaces 

68 . Pressure of the Air. 

Various expenments can be performed to 
shew that air can exert a thrust on a surface 
with which it is m contact Thus 

(l) Close a small bladder and place it 
under the receiver of an air-pump, on ex- 
hausting the receiver the bladder swells and 
finally bursts, or again, close one end of a 
glass tube with a piece of tlnn sheet india- 
rubber, connect the open end to the air- 
puinp and exhaust, the india-rubber is forced 
into the tube and buists 

(ii) Depress a beaker or tumbler, moutb 
downwards, into water, it will be found that 
the surface of the water within the beaker is 
below that outside 

(ni) The effect of the pressure due to the 
atmosphere is shewn in von Guencke’s ex- lig. 71. 
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penraent with the Magdeburg hemispheres, Fig 71. A 
receiver is formed by two hemispheres which fit so closely 
together as to be airtight When the receiver is full of air 
they can bo easily separated On exhausting the receiver 
however very great force is needed to separate the two 
halves In von Guericke’s original experiment it is said that 
a team of 16 horses was needed to pull the two hemispheres 
apart 

(iv) Dip a tube into water or mercury and exhaust the air 
in the upper part of the tube The liquid rises m the tube in 
consequence of the pressure of the air on its free surface 
Galileo discovered that water could not be raised in tins 
manner more than 18 Italian ells, about 33 feet Thus the 
pressure of the air is equivalent to a head of water of about 
33 feet Torricelli suggested the use of a head of mercury 
rather than of water to measure the atmospheric pressure, and 
this idea was earned out by Ymam in 1643 and is exemplified 
m the barometer 

69. The Barometer. 

A glass tube about a metro long and 1 to 1 o cm m dia- 
meter, is closed at one end and filled with clean diy meicuiy 
Cate must be taken to expel from the tube all traces of air 
For this purpose close the open end of the tube with the 
thumb, leaving a small quantity of air above the mercury 
Then, by inclining the tube gently, pass this bubble of air 
from end to end and thus include m it the small bubbles of 
air which adhere to the gloss, in this way nearly all the air 
can be got nd of 1 . 

Now fill the tube completely, close the open end with the 
thumb in such a way as to leave no air between it and the 
mercury, invert the tube and place the lower end below the 
burface of the mercury in a small trough If the thumb be 
now' removed the mercury will descend m the tube, but after 
a few oscillations, remain stationary at a height of about 
76 centimetres above the mercury in the trough If sufficient 

* For accurate instruments the remainder of the air is removed by 
heating the mercury m a suitabh constructed furnace till it boils m the 
tube. 
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care has been taken the space m the tube above the mercury 
is a vacuum, except for the presence of a little mercury 
vapour On inclining the tube gently the mercury will nse 
to the top and completely fill it. On again placing the tube 
vertical it will sink to its former level 

The pressure on the upper sur- 
face at B, Fig 72, is that due 
to the mercury vapour, and this is 
practically inappreciable The pres- 
sure at A, a point m the tube at the 
same level as the mercury in the 
trough, is that due to the head of 
mercury AB The piessure at a 
point m the ftee surface of the 
mercury, ie at the same level as A, 
must be the same as at A , this 
pressuie is due therefore to the head 
of meicury AB There is therefore 
exerted on the surface of the mer- 
cury in the trough a downward 
pressuie measured by the height of 
the column AB. This downward 
pressure is due to the atmosphere, it 
measures the weight of a column of 
air of unit cross section and of 
height equal to that of the atmo- 
sphere 

The following experiments illus- 
trate these points 

Experiment 26 To shew that the height of the mercury vn 
a bat ometer depends on the pressure of the air 

You are given two barometer tubes In the one, Fig 73 ( 1 ), 
the tube is moveable and can be inclined to the vertical at 
■various angles In the other, Fig 73 (n), the reseivoir is under 
the receiver of an air-pump Place the first with its tube ver- 
tical and note the height of the meicury m the tube above that 
in the reservoir Then incline the tube at various angles to the 
vertical and measure the vertical height in each case It will be 
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found that the vertical height of the top of the column above 
the mercury in the reservoir is always the same, so that 
though the mercury runs up the tube the level of its 
surface is unchanged The veitical height of this column 
measures the pressure of the atmosphere on its base, and 
hence, so long as the atmospheric pressure is unaltered, this 
vertical height does not change 

Let us now turn to the column m the second experiment 



When the receiver of the air-pump is open its height is the same 
as that of the barometer Close the receiver and exhaust the 
air, as the an is withdrawn, and the pressure on the mercury 
m the reservoir thereby reduced, the level of the mercury 
column falls If the process could be continued till no air were 
left in the receiver the levels of the mercury m the tube and 
the reservoir would be the same On gradually readmitting 
the air to the receiver the mercury again rises in the tube till 
the former level is reached 


The apparatus described is shewn in Pig 73 (i) and (n) 

10 


O HYD 
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70 Pascal's Experiment. * 

Pascal took a long glass tube of the form shewn in Figure 
74, the tube is open at A and B, 
but can be closed at B with a close- 
fitting coik, each of the lengths 
AB, CD is greater than the baro- 
metric height The whole is filled 
with mercury and placed with A 
downwards in a vessel of mer- 
cuxy On opening the end A, 
while B is closed, the mercury 
separates into two portions as in 
the figure, with a vacuous space 
between them at B The height 
of the column in AB is that of the 
barometer, the mercury m CD is 
all collected near C, and the level 
of the mercuiy m CD and GB is 
the same. 

The cork is then withdrawn 
from B and the atmosphere thus 
has access to the mercury near B 
The column m AB is thus driven 
down the tube to the reservoir, 
the pressuie on the column in BC 
drives it up the tube CD, and it Fig. 74. 

now stands with its upper surface 
at the baiometric height above that in CB 

71. Fortin’s Barometer. 

Mercury barometers are made in various forms, according 
to the purposes for which they are required, the form most 
commonly employed in a laboratory is Fortin’s, shewn in 
Fig 75 In this instrument the barometer tube is enclosed 
m a brass tube which forms the scale for reading the height 
of the mercury The cistern is attached to this scale and the 
instiument is suspended from a hook or other suitable sup- 
port by a lmg at the top As the mercuiy in a barometer 
tube uses or falls the mercuiy m the cistern falls or rises. 
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By ma kin g the area of the tube small in comparison with that 
of the cistern the nse and fall in the latter can be 
made small, still for accurate work it is necessary 
either to allow for this in the graduations, or else 
to arrange that the zero mark of the scale may 
readily be brought to coincidence with the surface of 
the mercury in the cistern In Foi tin’s barometer 
the bottom of the cistern is made of leather and it can 
be raised or lowered slightly by means of a screw 
shewn m the figure The zero of the scale coincides 
with the point of a small ivory index which is visible 
above the mercury in the cistern A reflected 
image of this index in the surface of the mercury 
can also be seen The mercury surface is adjusted by 
means of the screw until the point of the index and 
its image appear just to touch, then the level of 
the mercury m the cistern coincides with the zero 
of the scale The scale, as shewn in the figure, is 
usually only graduated from about 27 to 32 inches 
A sliding vernier is attached, by means of which 
the scale can be read to one five-hundredth of an 
inch The scale is m inches divided to twentieths, 
and twenty-five divisions of the vemiei are equal 
to twenty-four of the scale The vernier slides m 
a vertical slot m the upper portion of the brass tube, 
and through this slot the mercury is visible At the 
back of the tube there is a coi responding slot m 
which a brass plate connected with the vernier 75 

slides The lower edge of this plate is at the 
same level as the zeio of the verniei, hence an observer 
whose eye is placed so as just to see the edge of the 
brass plate behind the verniei is looking in a horizontal 
direction The top of the column of mercury is slightly 
convex and, in reading the instalment, the vernier is raised 
until there is a cleai space above the mercury, it is then 
giadually lowered until the top of the mercury column, 
the lower edge of the plate of brass at the back, and the lower 
edge of the vernier all appear m the same line By t.fng 
means it is secured that the zero of the vernier is at the same 
height as the top of the column, for the observer, when the 

10—2 
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reading is taken, is necessarily looking in a horizontal 
direction 

#72. Corrections to the barometer reading. 

The height thus read requires various coirections 

The atmospheric pressure is measured by the weight of a 
certain column of mercury The weight of the column 
depends on its height, on the density of the mercury, and on 
the value of g, the acceleration due to gravity Moreover the 
mercury column is depressed, though very slightly, by the 
pressure due to the mercury vapour above it, and by the 
capillary action at the sides of the tube 

1 Correction for TempeiaTf/ie 

The height of the column is measured by a brass scale 
Now brass expands when its temperature rises, so that if the 
scale be correct at some standard tempeiature, such as the 
freezing-point of water, 0° C , it will be too long at any other 
tempeiature But it is known that a centimetre of brass 
expands 1 m length by 000019 cm for each nse of temperature 
* of 1°, and that the increase of length is proportional to the 
rise of temperature 

If we denote this coefficient by a, then, for t°, the increase 
in length of each centimetre is at centimetres, hence if h 
centimetres is the height of the column as read on the scale, 
the true height is H wheie E=h{ 1 + at) 

We have thus found the true height of the column of 
mercury, but we need the weight of the column Now the 
density of mercury decreases as the tempeiatuie rises and the 
decrease, foi each degree of temperature, is 000181 of the 
density at 0° 0 Let us denote this fraction by y, then if p 0 
is the density at 0, the density at t° is p 0 /( 1 + yt) 

Thus at t" the weight of the column is less than that of a 
column of equal height at 0° in the ratio 1 to 1 + yt 

Thus the height of a column at 0° which would give the 
same piessure as that observed is E/(l + yt) 

1 Glazebrook, Heat, pp 55, 62, 92 
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Hence, substituting for R in terms of h we find for the 
height of the barometer corrected to zero Centigrade the value 
II 0 where, 

h(l + at) 

1 + y t 

How a and y are so small that quantities like ft- or ay? 
may be neglected 

Hence, dividing by 1 + yt, we get 

R 0 = /i (1 + at — yt) 

= h — h (y— a)t 

Again, y — a is veiy small, being foi mercury and a brass 
scale equal to 000181— 000019 or 000162, hence the last term 
is very small At any one place the value of h does not vary 
very greatly, thus at sea-level it may range from 70 to 80 cm 
We may therefore without serious error calculate the value 
of h(y—a) as though h had its mean value 76 cm and it 
becomes 76 x *000162 oi 0123 cm We thus arrive at the 
following approximate rule 

To reduce the barometer i coding to zei o Centigrade subtract 
from the observed, reading at t° 0123 x t centimetres 

Thus, if the observed leading is 74 centimeties and the 
temperatuie 15°, the true reading is 74— 184 or 73 816 centi- 
meties 

Tins correction is not quite acourate, it ought to be 74 x 000162 x 16 
or 179 cm., but tho difleience of five-liundredths of a millimetre is, for 
most purposes, inappreciable 

n Goriection for Capillarity 

The capillary action always depresses the mercury column, 
the correction required depends on the bore of the tube and 
also on the methods employed m cleaning it If the mercury 
has been boiled in the tube, the correction for a tube of about 
1 cm m diameter is about 02 millimetres, this must be added 
to the observed height 

in Correction for Vapour Pressure 

Again, the vapour pressure of the mercury depresses the 
column, the correction therefore is to be added to the column, 
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but it is very small, being approximately equal to 002 x t mm 
where l is the tempeiatuie 

ir Collection f 01 Value of Gravity 

The value of g depends on the latitude and on the height 
of the place of observation, it is usually loforred to sea-level 
in 45° of latitude It is known from the theory of the figure 
of the Eaith that, if g bo the value at a height of l meties m 
latitude <f>, y a the v aluc at sea-lev el in latitude 4 5°, then 

g=g 0 (1 - 0026 cos - 0000002Z) 

In order to coriecb then to sea-level and 45* of latitude, 
the obseived height must be midti jibed by 

1- 0026 cos 2<£ — 0000002Z 

v Collection for Capacity of the Cistern 

If the level of the mcicuiy m the cistern be not adjustable, 
the correction foi the use and fall m the cistern may be 
considerable Let us suppose tlio mcicuiy in the tube uses a 
distance x from its standard position, the moicury m the 
cistern falls a distance X say The tine increase in the 
height of the column thercfoie is x + X How let a be the 
rnea of the moicuiy m the tube, A that of the mercury in the 
cistern Since the volume ax of mercury which lias entcied 
the tube has come fiom the cistern it must be equal to the 
volume AX which has loft the cistern 

Thus A X = ax 

and X =s a . , x. 

A 

Hence the tiue uso is 

a (i a \ 

X + A r or ^ * + t) 

Thus, if a nso of x centimetres bo observed, it has to be 
coirected, to obtain the true rise, by multiplying it by 1 + a{A 

In some instruments this correction is avoided by making 
the divisions too small in the ratio 1 to 1 + a/ A. 
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73. Forms of Barometer. 

There .ire various other forms of met cu rial barometei 
Tn the wheel barometer, which is veiy commonly used, the 
tube is U-shaped; the two limbs being of very unequal 
length The longer limb is closed and above the mercury 
there is a Torricellian vacuum, the shorter limb is open and 
the atmospheric pressure acts on the mercury it contains 
A small piece of iron or glass floats on the surface of this 
mercury and is partly supported by a light thread which passes 
over a pulley and carries a counterpoise To the axis of the 
pulley is fixed a pointer which moves o\ er a dial Changes 
in the level of the mercury in the tube are thus indicated by 
the motion of the pomter 

The siphon barometer is an instrument similar to the above 
but without the weight and pointer The bore of the two 
tubes is usually the same, so that the meicury falls as much 
m one limb as it rises m the other Scales are however 
generally provided for each limb The divisions m the upper 
scale to be reckoned upwards, those m the lower scale down- 
wards 

*=74:. Standard Barometer. 

It is never easy to read accurately the position of a 
mercury surface which cannot bo reached, and therefore the 
exact detcrinmation of the height of the barometer is not very 
easy In some standard instruments a small index of glass or 
metal is fixed m the glass tube above the surface of the 
mercury , the point of the index is directed downwards The 
cistern below is adjustable, and the level of the meicury column 
in the tube can be raised or loweicd until it comes m contact 
with the tip of the mdex When this is the case the index and 
its image, formed by reflexion m the mercury, just coincide 

The exact position, relative to the scale, of this index can 
be determined once for all, and hence the level of the top of 
the column can bo found. A similar index is fitted to the 
lower part of the scale and can be made to slide up and down 
by a rack and pinion or in some othei w ay To this index the 
vernier is attached. 
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The height is measured by adjusting the cistern until the 
upper index is in contact with the mercury in the tube, the 
lower index is then brought into contact with the surface of 
the mercuiy in the cistern and the scale and vernier are read 
The distance between the indices is thus found with accuracy 
and is the barometric height 

75. The Aneroid Barometer. 

The principle of this instrument is the same as that of 
Bourdon’s gauge. (Section 39 ) 

A small chamber is closed with a diaphragm of thin 
corrugated metal and partially exhausted Variations in the 
external pressure cause this diaphragm to yield to an amount 
pioportional to the change of pressure, the motion of the 
diaphragm is magnified by means of a lever and transmitted 
to an index, by tbis means the variations of pressuie are 
indicated 

In other instruments the chamber takes much the same 
shape as in the gauge, it is, however, closed and exhausted and 
the variations in its form are due to changes in the external 
pressure 

An aneroid barometer can be arranged to record its indica- 
tions on a piece of moving paper by means of a pencil fitted 
to a long lever , it then becomes a barograph 

An aneroid barometer should be graduated by direct comparison with a 
mercury instrument, while for many purposes, owing to its great portability, 
it is of more use than the standard form, still its indications, specially 
if it be subject to rapid changes of pressure, must not be implicitly relied 
on The metal diaphragm is rarely perfectly elastic , it does not therefore 
always take np immediately the same position for a given pressure, and 
changes m its form progress for some time after the change of pressure to 
which they are due haB taken place Changes m temperature also may 
produce some alteration m the reading though good instruments are 
usually compensated for these 

76. Measures of Atmospheric Pressure. 

The standard atmospheric pressure is measured by the 
weight of a column of mercury at 0°0, one squaie centi- 
metre in section and 76 centimetres high 

Since the weight of a cubic centimetre of mercury is 13 59 
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grammes weight, the atmospheric piessure per square centi- 
metre is 13 59 x 76 or 1032 8 grammes weight Again, the 
■weight of 1 gramme m London contains* 981 dynes or absolute 
c G s. units of force Thus the pressure of the standard 
atmosphere is 1032 S x 9S1 or 1013177 dynes per square 
centimetre 


This is npproumately 1 013 x 10®, or rather greater than 
one million dynes per square centimetre 

How ono square inch contains 6 451 square centimetres 
Thus the thiust on a square inch is 1032 8 x 6 451 grammes 
■weight Also 1 lb contains 453 G grammes Hence the 
pressure of the standaid atraosplieie in pounds weight per 
square inch is 


1032 8 x 6 451 
453 6 


or 14 69 


Thus there is a thiust of nearly 15 pounds weight on each 
square inch of the Earth’s surface 

In England the standard height of the barometer is usually 
taken to be 30 inches 

Since 1 inch is equal to 2 54 centimetres, 30 inches is equal 
to 76 2 ccntimcties Thus the standaid height of the baro- 
meter on the metric system differs slightly from that adopted 
in England 


77. Water Barometer. 

A bai onieter might be made w ith other liquids than mercury, 
water, for example, might be used, but m this case the tube 
would be icry long j for, since mercury is 13 59 times as dense 
as water, the height of a water column which would balance 
the column of the mercury barometer wou Id be 13 59 times its 
height or 13 59 x 76 centimetres This reduces to 1032 8 centi- 
metres or 10 32S metres 

Since the weight of 1 cubic centimetre of water is 
1 gramme weight, the height of the water baiometer in 
centimetres is equal to the piessure per squaie centimetre m 
grammes w eight 


1 Dynamics , Section 85 
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Again, 1 foot contains 30 48 centimetres, so that the 
height of the "water barometer m feet is 1032 8/30 48. 

This comes to about 33 88 feet 

Another objection to the water barometer is that the vapour 
pressure 1 of water is considerable and mci eases rapidly with 
the temperature In consequence, therefore, the column will 
be depressed by a considerable amount and this amount will 
vaiy with the temperature , thus the correction for the pres- 
sure in the closed space above the column becomes considerable 
and is troublesome to apply 

The glycerine barometer is fiee from this disadvantage and . 
is sometimes used 

78. Height of the Homogeneous Atmosphere. 

Since the barometer column is balanced by the weight of a 
column of air extending from the earth’s surface upwards as far 
as there is air, it is possible, if the density of the air be known, 
to calculate the height of this column But the density of the 
air decreases, as we ascend, accoidmg to a complex law, and a 
limit to the height of the atmosphere cannot thus be found 
We may, however, calculate how high the air would be if it 
were homogeneous throughout and of sufficient height to pro- 
duce the pressure actually obseived. How this pressure is 
equal to the weight of 1032 8 grammes per square centimetre, 
and the weight of 1 cubic centimetre of dry air at freezing 
point and standard pressure is 001293 grammes weight The 
air column therefore must be 1032 8/ 001293 or about 
7 988 x 10 5 centimetres 

But 10 5 centimetres is 1 kilometre 

Hence the height of the homogeneous atmospheie is 7 98 
kilometres 

Again, 1 mile is 1 609 kilometres 

Thus the height of the homogeneous atmosphere is 
7 98/1 609 or about 4 97 miles 

We may say then that the pressure on the Earth's surface 
is about the same as it would be if the earth were surrounded 


1 See Glazebrook, Seat, Section 116 



155 


77-79] THE PRESSURE OF THE ATMOSPHERE. 

by an ocean of air, 5 miles m depth and of the same density 
throughout as the air is at the Earth’s suiface 

*79. Measurement of heights by the Barometer. 

Obsen ations with the air-pump have shewn (Section 69) that 
the reading of the barometer depends on the pressure of the air, 
and we have seen that an like other fluids has w eight N ow the 
pressure at any point of a bod}’ immersed m a heavy fluid depends 
on the depth to w Inch that body is immeised , if the depth be 
reduced by raising the body, the prcssuie is reduced also 

Thus consider a flexible bag tied on to the end of a glass 
tube as shew n in Fig 76 Eill the bag with, 
mcicury or some otliei fluid and immerse it 
m a vessel of -water, keeping the upper end 
of the tube above the sui faco of the water 
The bag is squeezed by the water pressure 
and the mercury nses m the glass tube, 
becoming higher as the bag is depressed 

Or again, instead of enclosing the mer- 
cuiy m the flexible skm, place it m a 
beaker and insert m the mercury one end 
of a long glass tube open at both ends, then 
immerse the beakei and tube m a vessel of 
water, keeping the lower end of the tubo 
under the mercury and the upper end above 
the surface of the water The pressure of 
the water on the surface of the mercury 
dm es it up the tube A column of mercuiy 
is suppoited by the w’alci piessuio m just 
the same way as the barometer column is supported by the air 
Clearly also, if the depth of the beaker bo altered, tlieie will 
lie a relation between the altciation of depth and the change 
of height of the column. Alterations in depth could be 
measured by obseiving the cliango m height of the column 
When the liquid is water the alteration of depth is given 
by multiplying the change in the height of the mercury column 
by the specific gravity of mercury 

The same principles apply to the atmosphere If the rise 
of tlio mercury m a barometer tube really bo due to the weight 



Fig 7G 
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of the air above the mercury in. the cistern, then when the 
barometer is earned up a mountain, the column will fall and 
there will be a relation between the amount of the fall and 
the height of the mountain 

This was pointed out by Pascal, and his prediction that the 
column would fall was verified by Clermont, who in 1648 made 
use of the method for the first time, to measure the height of 
the Puy-de-D6me 

In employing the method to determine the difference m 
level of two stations the bai ometer is read at the two stations 
Prom the difference in readings the weight of the column of 
air between the two can be calculated , hence, if the density 
of the air be known, the height of the column can be found, 
and this height is the difference of level required It remains 
therefore to calculate the relation between the weight of the 
column and its height Now the density of the air depends 
on its temperature and pressure When the piessure is p 
centimetres of mercury and the tempeiature 1° Centigrade, the 
density, p, is given m terms of p 0 , the density at 0° 0. and 
76 cm , by the formula 1 

273 p 

p -P°* 273 + «* 76’ 

but p and t both vary as the mountain is ascended and the 
calculation becomes complex We may, however, assume, if 
the difference in level is not very gieat, that the column of air 
considered is of the same weight as it would be if the air were 
throughout at a uniform pressure and temperatuie equal to the 
mean of those observed at the two stations 

Observe then the pressui e and temperature at each of the 
two stations and calculate fiom the above formula the value of 
the density corresponding to their mean, assuming the density 
at 0° 0 and 760 mm pressure to be 001293 grammes per c cm 
Let JS be the required difference in level, 7^ and \ the two 
barometer readings corrected m the manner described m 
Section 72, then the column of an balances a mercury column 
of height 7ij - 7ij Thus if p be the density of the air 

pH = 13 59 x (7i g — hj) 

1 See Sections 80, 83 , also Glazebrook, Heat, Section 102 
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Hence 


xr n x \ 13 59 

H = (Ji 3 — hj) x 


Example The barometer at the lower station reads 751 9 mm and at 
the upper 638 7 mm , while the temperatures of the air at the two are 13° C 
and 7° C respectively. Find the difference in level 

The difference m pressure is 118*2 mm , the mean pressure is 692 8mm 
and the mean tempeiatnre 10° G 

The mass of a colnmn of air 1 square centimetre in section between 
the stations is 13 59 x 11 82 grammes The density of air at 692 8 mm. 
pressure and 10° G is 

001293x692 8x273 
700 x 283 


Henco the difference in level is 

13 59x11 82x760x283 

- - --- prn 

001293x692 8x273 * 

or about 1413 metres 

In obtaining the result no allowance lias been made for the aqueous 
vapour in the air In consequence of its presence the density will be 
rather greater than the value used above The difference m level, 
therefore, should be less 

We may obtain a more accurate formula thus 

Suppose that at the lower station the height of the barometer is h 0 
and that, in going to a height of z metres, it falls to a height hh 0 , 
It being a proper fraction 

Suppose further that the temperature is uniform and that z is so small 
that we may treat the density of the air as constant throughout each 
stratum of thickness z, though it changes as we pass from one stratum 
to the next 

On rising through a second distance z the barometer will 
fall by the same fractional amount as previously, for the fall is 
proportional to the average density of the stratum through which the 
barometer is being carried, and this average density in the second 
stratum bears the same relation to the pressure at its under side or hh 0 
as the average density m the first stratum does to the pressure h 0 
Hence, at the top of the second stratum, the height of the barometer is 

On rising through a third stratum the pressure falls to h?h 0 and so 
on in succession 

Thus, for a senes of heights in anthmetical progression, the 
barometer readings form a senes in geometncal progression with the 
common ratio h 

Now, let JET be the total height through which the barometer is raised, 
and let the distance H be divided into n-layers, each of thickness z, 
throughout each of which we may treat the density as constant 
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Then S=nt, while, xf h be the barometer rending nt the top, 7i=fc"7i 0 
Therefore 

“0 

Hence, taking logarithms, 

n log 7.= log {^j =log 7i -log 7i„. 

But n=~. 


Hence 


II= Ri'/. {lo8, " log, ' o) 


Again, if p 0 bo the average density of the air in the first layer of 
thickness z at the lover station and <r the density of mcrcuiy, 

then 47< r (fy>-bi) s =0/>o 2 , 

for the difference in the lioiglits of the barometer is duo to the 
weight of a column of air of height e 

Also 7ij = 7 h 0 

Hence 7» 0 (l-7)=2s£ 

<r 

Moreover, if r is small, k is very nearly equal to unity, and wo may 
wnto k=l-x where x is very small 


Hence 

Also 

since x is very small 
Thus 

But 

Therefore 


xh 9 = P -£. 
v <r 

log 7. slog (1-*) 

=log e (l-a:)log I0 es= -*log 10 e, 

jr= *i4^ {loe7, °- losA} 


s _ g7» 0 

x p a ’ 


n=-— *- 




In calculating the value of p 0 wo take the average temperature of the 
column of air and assume the whole of the air in the column to bo at 
this average temperature 

If the air nt the lower station is nearly under standard conditions 
the value of <r7/ 0 //> 0 log 10 e will be found to be 2 x 10° centimetres 

Hence we get the following rule for finding the difference 
in level between two stations. 



159 


79 - 80 ] the pressure or toe atmosphere. 

Multiply the di faience between the logarithms of the two 
barometric leadings by two million The result will be the 
dijjcicnco requned in ccnhmHies 

Hence since 1 cm = *032S1 feet, if the measurements are 
made in feet, the coefficient will be 0G562 x 10® or 65620 feet 

Example Worh out by the more accurate formula the Example 
already solved 

In tho Example given on p 157 wo have 7i 0 =751 9 mm , 7i=G33 7 mm 

The difference between tlio logarithms is 07128, and tho height is 
therefore 1485C0 centimetres or 1185 G metres. 

Tho correct rosnlt, allowing for tho fact that the mean tomporaturo is 
10° C and the pressure at the bottom 751 9 mm , obtained by using tho 
complete coefficient <r/)f//> 0 log 10 c, is found by multiplying the above valuo 
by a boat 1 05 , and comes to briery nearly 15G0 metres Thus the result 
found by assuming the air to be at stnndard pressuro and tempornturo is 
about 74 metres or 5 per cent too loa , that given by tho approximate 
formula on p 157, is nearly 150 metros or 10 per cent too low In 
any case n correction is needed to allow for the nqueous vapour present 
Tins, assuming the air to bo half saturated, wonld lcduco tho height by 
about 2 parts in 1000, or say 3 metres 

80 . Boyle’s Law. 

Tho volumes of most bodies can bo changed by change of 
pressuio For solids and liquids, however, this change is 
extremely small, and, theteforo, in dealing with the dilatation 
of such bodies duo t-o use of temperature it is not necessary 
to notice thoso changes m volume winch may be pioduced 
by variation of pressure 

A gas, on the other band, altera in volume considerably 
for small changes of pressure, even though tho temperatiue 
i emam constant, and wo lcquiro to investigate fust the 
law which legulatos this change This law, called Boyle’s 
Law*, was first enunciated by the Hon llobert Boyle in 
1662 

Boyle’s Law. The pressuio of a given mass of gas 
at constant tcmpcratuie is miciscly pi opoi tional to its volume 

Experiment 27 To venfy Boyle's Law 

In Fig 77 AB, GD are two glass tubes connected by 
stout mdia-iubbor tubing and fixed to a vertical stand 



HYDROSTATICS. 


160 


[CH VII 


AB is closed at its upper end and may bo 50 cm long 
and 5cm m diameter, CD is a 
■wider tube and is open at tbe top 
A vertical scale paiallel to the tubes 
is attached to the stand, and GD 
can slide up and down this scale 
The mdia-rubbei tubing and the 
lower parts of the glass tubes con- 
tain mercuiy The upper pait of 
the tube AB is filled with dry air, 
which constitutes the given mass of 
air on which the experiment is to 
be made The volume of this air 
is proportional to the length, AB, of 
the tube which it occupies, and this 
length can be read off dnectly on 
the scale To find the pressure of 
the air, let the liouzontal lino 
through B meet the mercury xn the 
moveable tube at E, and let 2? be 
the top of this mercuiy column. 

Then the pressure at B is equal 
to the pressure at E, and this is Fig 77. 

equal to the pressure of the atmo- 
sphere at D together with the weight of a column of mercury 
of umt area and height DE Thus, if 5 cm bo the height 
of the barometer, the picssure at B is measured by a column 
of mercury of height b + EE 

Now, according to Boyle’s Law, if the tempeiature is con- 
stant the ptessure is inversely proportional to the volume 
Hence if the pressure and the \olumo of the gas in AB be 
multiplied together the product obtained will be always the 
same however the piessure be vaiiedL 

Raise or lowei the sliding tube until the mercuiy stands 
at the same level in the two tubes 

Read on the scale the level of the top of the tube AB and 
the position of the mercury in the tube , the difference will be 
proportional to the volume of the air Since the mercury in 
the two tubes is at the same level the pressure of the enclosed 
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air is the atmospheric piessure Observe the height of the 
barometei, let it be b cm. , the pressuie of the enclosed an is 
measured by a mercury column 6 cm in height Raise the 
sliding tube The mercury m the closed tube also nses but 
not so fast, the volume of the enclosed air is 1 educed, but its 
jiressure is increased, being now measured by the height of 
the barometer together with the column of mercury between 
the two levels Continue to raise the sliding tube until the 
mercury in the closed tube reaches a pomt B 13 half-way 
between A and B j let the level of the mercury m the open 
tube when this is the case be at D 1 The volume of the 
enclosed air is noiv half what it was Its pressure is 
measured by 6 + Z^-Sj Read the levels at and B v it will 
be found that DjBx is equal to 6, the height of the barometer, 
hence the pressure of the enclosed air is now measured by 26 , 
that is, it is twice what it was originally The volume has 
been halved, the piessure has been doubled Thus Boyle’s 
Law has been verified for tins case 

The verification may be made more complete by taking 
readings of the volume and of the pressuie m a number of 
other positions of the sliding tube 

If I?i be corresponding levels of the two mercury 
columns, the volume of air is proportional to AB V the 
pressure to 6 + B-J ) Set down in two parallel columns the 
values of AB U and of b + B 1 D 1) and in a third column the 
numbers obtained by multiplying the corresponding values 
together It will be found that these products are constant 
within the limits of experimental error 

The results of the experiments maybe entered m a table thus 


"Volume 

Pressure 

PY 

60 

76 

3800 

40 

76+18 8 ' 

3792 

30 

76+60 5 

3795, 

20 

76+113 

3780 


o IIYD 


11 
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The same apparatus may be used for pressures less than 
that due to the atmosphere by lowering the position of the 
sliding tube until D is below B , in this case the piessuro is 
gn on by b — BD 

81. Deductions from Boyle’s Law. 

Boyle’s Law may be expressed in symbols in v anous ways 
Thus if p be the pressure, v the volume of a given mass of 
gas, then, since the piessure is mvoisely proportional to the 
■volume, we have the result that the latio of p to ljv is 
constant, denoting this constant by i we find 



v 


Theiefoie n = 

v 

or pv = k 

When we say that k is a constant we mean that it does not 
change when the pressuie and volume are changed, if the 
tempeiature and mass of the gas arc not varied When a gas 
is allow ed to expand under the condition that the temperature 
docs not alter the expansion is said to be isothermal If 
coriespondmg values of the piessure and volume are plotted 
the curve foimed is said to be an lsothcimal curve 

Or again, if the volume v becomes v', and in consequence 
the pressure p is changed to p\ since the product of the 
piessure and volume does not alter we have jiv=p'v\ 

Again, the volume of a given mass of gas is inversely 
pioportional to its density , since, therefore, the volume is 
inversely proportional to the pressuie, we see that the pressure 
of a gas is pioportional to its density, oi if p be the density, 
the ratio of p to p is a constant We may wnte this p=kp, 
where k is a constant 

Examples involving Boyle’s Law may bo worked m various ways 
Thus we maj use the formula directly os m tho following 

(1) The volume of a mass of gas at 740 mm pressure j s 1250 c cm , 
find its volume at 760 mm 
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Let v be the new volume, then from tbo formula py=pV 
vx 760=1250x740, 
v = 1250 x 74/76 = 1217 1 e cm. 

Or we may preferably put the argument m full thus 
Volume at pressure 740 is 1250 o cm 
Volume at pressure 1 is 1250 x 740 c cm 

' . _, A 1250 x 740 

Volume at pressure 760 is — ^ — c cm 

It is of course by no means necessary to measure the pressure in 
terms of the height of a column of mercuiy. Thus, 

(2) A bubble of gas 100 c mm in volume is formed at a depth of 100 
metres in water, find its volume when it reaches the sui face, the height of 
the barometer being 76 cm 

Since the density of mercury is 13 59 grammes per c cm , the height 
of the water barometer is 76 x 13 59 cm , and this is very approximately 
10 34 metres 


Thus the pressure at the surface is measured by a column of water 
10 84 metres high, that at 100 metres by a column 110 34 metres 

tt . 100x110 34 

Hence the now volume= — - — or 1067 c mm approximately 


(a) The mass of a litre of air at 760 mm pressure and 0°G isl 290 
grammes Find the mass of 1 cubic metre of air at a pressure of 1 9 mm 

The volume of the given mass of air at a pressure of 19 mm is 
1000000 c cm 


Therefore the volume at pressure of 76 cm is 


10000x19 

76 


or 2500 c cm 


The mass of 1 c cm air is 001293 grammes 

Therefore the mass of 2500 o cm is 2500 x 001293 grammes, and 
this is 3 24 grammes 


82. Variations from Boyle’s Law. 

More exact experiments have shewn that Boyle’s Law is 
not absolutely true, though for the so-called permanent gases, 
oxygen, hydrogen, nitrogen and others, it holds very nearly, 
other gases, such as carbonic acid, which can be condensed to 
a liquid at ordinary tempeiatuies by the application of a not 
very large pressure (see Heat, § 119), deviate more from the law. 

11—2 
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83. Dilatation of Gases by Heat. 

The volume o£ a gas changes consideiably with, change of 
temperature In most of the pioblems m Hydiostatics we 
suppose the temperature to be constant It will be useful, 
however, to state the law connecting the rise of temperature 
and the increase of volume, winch is due to Charles and 
Dalton 

Law of Charles and Dalton. 

The volume of a given mass of any gas increases for each 
use of temperature of 1° by a given fraction (about 1/273) of its 
volume at 0° G 

Thus if the volume at 0° C be v 0 c cm , the increase for 
each nse of l 8 is v 0 j 273 Foi a rise therefore of f the increase 
m volume is u 0 </2 73, hence, if v c cm be the volume at t 0 a , we 
have 

273 + t 
~ v ° 273 

The quantity 273 + 1 is called the absolute temperature of 
the gas, let us denote it by T Then, if we denote 273 the 
absolute temperature of the freezing-point by T 0) the foimula 
becomes 

v_% 

T~ T 0 

Hence the volume of a given mass of gas at constant 
pressure is proportional to its absolute temperature 1 

It follows from the above two laws that if the pressure, 
absolute temperature and volume of a gas vary, then pvjT 
lemams constant 

*84 Pressure of a Mixture of Gases. 

It can be shewn by experiment that if two gases m 
different vessels be at the same piessuie and tempeiatuie, and 

1 For an explanation of the meaning of the term absolute tempeiature 
and a description of experiments to verify Cliailes’ Law, see Glazebrook, 
Heat, Seotions 98-104 
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if a communication be opened between the vessels, then the 
g.ws form a imxtuie in which tho pressure is the same as 
before piovided no chemical action takes place From tins 
result vve obtain tho following Pioposition 

=*• Proposition 27. If the prcssutes of two gases at the same 
tempo aim c t° and volume vccm be p u p s respectively, the 
pi fssure of the mixture at the same temperature t* and volume 
v c cm will be p x +p t 

Let the volume of each gas bo v 

Change the volume of tho second gas until its pressure 
becomes p l \ its volume will be p a vjp l 

Let tho vessels containing the two gases, each of which is 
at pressure p u communicate with each othei, the piessure will 
lcmam p lt the volume of the two gases together will be 

v+ w 01 <V'±vA 

pi Pi 

Alter tho volume to v, tho now piessuie will, by Boyle’s 
law, become p , + p s 

Thus the Proposition is established 

Examples, (l) The space al/oie the mercury in a barometer is 
supposed to contain some air How would you test for this and how 
icouM you determine the correction due to the presence of the air, supposing 
no other barometer to be available J 

Slightlj incline the lube taking care not to spill the mercury from 
the reservoir, tho merourj rises m the tube, and if there be no air 
present it will when the tube is sufliciontly inclined fill it completely, 
if air is presont the mcrcurj will not till the tube but a bubble of air 
will be visible between it and tho glass In ordei to determine 
the correction without tho use of another baiometer it is neces- 
sary to raise the level of tho mercury m the reservoir relative 
to the end of tho tube If it bo possible to do this, Read the 
barometer and note tho distance between the top of the column and 
tho closed end of the tube Let the height of tho baiometer bo h^ 
Depress tho lower end of tho tube m the reservoir until the distance 
between the closed end of the tube and the top of the column which 
rises in tho tube is half what it was The volume of the an above the 
column ib thus halved, its pressure therefore is doubled Let p, be the 
pressure due to tho air before tho tube was lowered, measured m mm 
of mercury, after it Las been lowcied tbo pressure becomes 2p x Read 
the height of the barometer column in the second case Let it bo 7 i 2 
and let w bo the atmospheric pressuic both measured in mm of mercury 
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Then in the first case, a column of height 7i 2 with a pressure p 1 on 
the top balances the atmospheric pressure, in the second case, the height 
of the column is 7i s and the pressure at the top is 2p 2 . 

Thus p 1 +h 1 =:ir=2p 1 + 1iv; 

hence 3 > i=^i _ ^ , 2 

This gives the correction when the height of the column is 7 i 2 
Under these circumstances let the length of tube filled with air be ij , 
then, when owing to a change in the atmospheric pressure the height 
becomes 7t and the length above l, the pressure due to the air is, by 
Boyle’s Law, jp 2 l 2 /l or (7 i 2 - 7/») \jl 

Thus the true height of the barometer will be 7i+ --- - 1 

(2) According to Mr Whijmper's observations the baiometer on the top 
of Chimborazo read 14 1 inches, while that at Guayaquil on the sea coast 
below read 30 inches The mean of the temperatures at the two places 
was nearly 10° C Find the height of Chimborazo 

The density of half-saturated air at 10° 0 is given by the Tables 1 as 
001245 grammes per 1 c cm , that of mercury is 13 59 grammes per 
1 o cm 

HenC6 E= 001245 xlog 10 e * log 30 " log 14 mche * 

= 754 x 10® { log 30 - log 14 1} inches 
=20,600 feet 

The height given by Mr "Whymper as resulting from his observations 
after inserting all collections is 20,545 feet 


EXAMPLES 

PRESSURE OP THE ATMOSPHERE 
[Por a Table of Specific Gravities see p 15] 

Mass of a litre of hydrogen at 0°0 and 760 mm pressure 0896 grammes 
Specific gravity of oxygen referred to hydrogen 16 
Specifio gravity of air referred to hydrogen 14 4 

1 The volume of a mass of gas at a pressure due to 76 om« of 
mercuiy is 500 o cm Determine its volume at the follow mg pressures 
10 cm of mercury, 5 mohes of mercury, 53 inches of water, 60 fnf.lmma 
of water 

2, Pmd the volume at 0° C of 50 grammes of oxygen at a pressure 
due to 68 cm of mercuiy 

3, Pmd the mass of 1000 oubic feet of coal-gas at standard pressure 
and temperature [Specifio gravity of coal-gas referred to air 496 ] 

1 Lnpton’s Tables (36) 



167 


CH VIl] THE PRESSURE OF THE ATMOSPHERE 

4, A balloon 10 metres m diameter is filled with coal-gas at a 
pressure of 76 cm of mercury What is the weight of the balloon and 
its appendages if it just will not float in the air? 

5. The space above the mercury m a barometer tube contains some 
air and the barometer reads 656 mm when a standard barometer rends 
762 Find in grammes weight per square cm the pressure of the 
enolosed air 

6. There is a column of water 9 mm m height above the mercury in 
a barometer, the temperature is 15° C and the pressure of aqueous 
vapour at 15° 0 is 12 7 mm of mercury , find the correction on this 
account to the observed reading 

7, How much will a barometer rise on descendmg a coal-pit 50 yards 
deep, assuming the average temperature to be 20° 0 ’ 

8 Find tbe true weight of a piece of cork which weighs 75 grammes 
when weighed with brass weights m air 

9. Two spheres of equal volume when filled the one with air the 
other with hydrogen and weighed in air are found to be equal m weight, 
compare the pressures of the two gases 

10. Calculate the height of the mercury barometer corresponding to 
the following pressures 10® dynes per square cm , 13 5 lbs weight per 
square inch, 1500 lbs weight per squaie foot 

11. Fmd the volumes of the following masses of air all at 0° C 

1 gramme at 76 cm when the pressure becomes 75 2 cm , 
300 c cm at 15 lbs per square inoh when the pressure becomes 76 cm , 

235 oubic inches at 60 feet of water when the pressure becomes 30 inches 
of mercury 

12. A barometer leads 30 inches and the space above the mercury is 
6 inches If a bubble of air which at normal pressure would occupy 1 
inch of the tube is introduced what will the reading become ? 

13. Find the volume of 2 35 grammes of hydrogen at a pressure of 
830 cm of mercury 

14. If a vessel containing 25 grammes of hydiogen at a pressure due 
to 25 mokes of mercury is allowed to communicate with one containing 
2 5 grammes hydrogen at a pressure of 25 feet of water, find the pressure 
of the mixture when equihbuum is restored 

15. At what depth in water will the density of air be the same as 
that of water? 

16 State Boyle’s Law What is the change m volume of a quantity 
of air which measures 20 cubic feet if the pressure change from 15 to 10 
lbs per square inch? 

17. A bubble of air -fa inch in diameter starts from the bottom of 
the Atlantic at a depth of two miles Fmd its size on reaching the 
surface 
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18 An air-bubble at the bottom of a pond 15 feet deep has a volume 
equal to of a cubic inch, find its volume when it reaches the snrface, 
the height of the w ater-baiometer being 30 feet 

19. The volume of a mass of an is increased from 1 to 20 cubic feet, 
how is its pressure affected ’ 

20 An elastic bag contains 25 cubic feet of air at atmospheric 
pressure What will be the volume when sunk 250 feet below the surface 
of the sea? The height of the water barometer may be taken as 33 feet 
and the specific gravity of sea water as 1 026 

21 Air is contained in a cubical vessel whose edge is 4 inches long, 
and the pressure on a face of the vessel is 5 owt If air be allowed to 
escape freely, find the volume of the escaped air if the atmospheric 
pressure at that time is 15 lbs to the square inch [The thickness of the 
material may be neglected ] 

22 A piston whose area is G square inches fits into a cylinder 
containing air at atmospheric pressure, namely 15 lbs to the square inch 
What force must be applied by the hand to the piston m order that the 
volume of the air in the cylinder may be trebled ? 

23 The density of air at atmospheric pressure is 00129 grammes 
per c cm How deep must a bladder filled with air be sunk m the sea in 
order that its density may be equal to that of water, the specific gravity of 
sea water being taken as 1 025 and the height of the water barometer 
33 feet? 

24 A litre of air at 0° O and under atmospheric pressure weighs 1 2 
grummes, find the mass of the air required to produce at 18° O a 
piessure of 3 atmospheres in a volume of 75 o cm. 

25 Explain how a measurement of the pressure of the atmosphere 
can be obtained from a reading of the height of the barometer 

Describe any method that you are acquainted with of obtaining an 
accurate barometer reading 

26. Explam the way m which the height of a mountain may be 
deduced from barometrical observations 

Shew that as long as the temperature of the air and the amount of 
aqueous vapour in it remain unaltered the ratio of the heights of the 
barometer at the top and bottom of the mountain will be constant 

27 Explain carefully why the mercury m a barometer falls m 
ascending a mountain At sea level the barometer reads 750 mm , on 
going up a mountain the reading falls to 600 mm Compare the weights 
of a cubic metre of air m the two positions, the temperature being the 
same 

28 What experiments would you perform to shew that the height of 
the barometer measures the pressure of the atmosphere ? 

29. In a barometer with long vertical cistern the height of the 
mercury is 29 inches When the tube is depressed so that the space 
above the mercury (which contains air) is reduced by one-half, the height 
of the mereuxy is 28 inches "What is the pressure of the atmosphere? 
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30, A ceitain bottle, wlucli has an outlet at the bottom fitted with a 
tap, is nearly filled with water and is closed with an air-tight stopper 
When the tap is turned on, the water runs out, at first quickly, then more 
and more slowly and at last not at all, though there still remains water 
in the bottle Explain this and state what difference of pressure exists 
between the air in the bottle and that outside, when the flow has ceased 

31. "What adjustments have to be made before reading the standard 
barometer, and what corrections have to be applied afterwards? 

32 Eind the height of the homogeneous atmosphere at a temperature 
of 16° 0 when the height of the mercury-barometer is 750 mm The 
specific gravity of mercury is 13 66, and that of air at 0° 0 and 760 mm 
001293 


33. Desoribe an experiment to prove that the pressure of the 
atmosphere is measured by the height of a barometer column Emd the 
height between two stations, having given the following data 

Density of mercury 13 6 grammes per c cm 

Mean density of air between the two stations 0 00121 giamme pei 
c cm 

Height of barometer at lower station 785 mm 
n ii ii »i upper „ 630 ,, . 


34. The height of the Torricellian vacuum in a barometer being 3 
inches, the instrument indicates a pressure of 29 inches when the true 
pressure is 30 inches Assuming that the faulty readings are due to the 
pressure of some air in the Torricellian vacuum, shew that the true 
reading corresponding to any faulty reading h is 


35. A barometer which is known to have some air above the 
mercury is constructed so that the tube can be depressed into the cistern, 
thus varying the volume of the tube above the mercury column "When 
the top of the column is 6 inches below the top of the tube the barometer 
reads 30 inches On depiessmg the tube 3 5 inches the barometer reading 
is reduced to 29 5 inches Find what the reading would be if there weie 
no air abovo the mercury 

36 A bent uniform tube has two equal vertical branches close 
together, one end being open and the other closed Mercury is poured 
into the open end, no air escaping If when the mercury just fills the 
open tube the air occupies two-thirds of the closed branch, piove that 
the length of cither biauch is equal to thiee times the height of the 
mercurial barometer 
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85. The Pipette. 

This instiumcnt is shewn m fig 78. It consists of 
n glass tube with n bulb blown on to it about one-hnlf 
of the wri} down . the lower end of tho tube is draw’ll 
out to a point and ends in n small orifice It is used 
foi removing liquid ftom 011 c vessel to another The 
lower eml is placed m the liquid, which is drawn up 
into the pipette li) suction nt the fop When there 
is a sufficient quant it} in the bulb the mouth is 
removed and the uppoi end closed with the finger 
Thelowei end is then withdiaw n from the vessel and 
tho atniospheuc prcssuie noting at the orifice is sufii* 
cient to ictuin within the hull) tho liquid it contains 
Tho lower end is then placed m the vessel to which 
tho liquid is to be truisfeiied and the fingci removed 
fiom the top. the liquid then flows out, and its flow 
may bo hastened by blow mg into tho upper end. 

In some cases pipettes aro constructed to hold 
measured quantities, 10, 25 or 50 ccm of liquid A 
niaik is made on flic uppci pait of the tube, and the 
volume, when tho instrument is idled up to the 
mnik, is indicated on the bulb 

86. The Siphon. 

This is an insliument by means of which wc can 
empty a vessel filled with liquid without moving the 
vessel 



Fig 78 



HYDROSTATIC MACHINES 


171 


85 - 86 ] 


It consists of a bent tube ABC, Fig 79, open at both 
ends, one limb being longer than 
the other. It is filled with water 
or whatever liquid the vessel to be 
emptied contains , the ends are 
then temporarily closed with the 
fingers and the shorter limb AB 
is placed below the surface of 
the liquid in the ■s essel it is de- 
sired to empty 

The other end G is outside 
the vessel and below the level of 
the liquid surface On opening 
the ends at A and G, the liquid 
flows througli the siphon from A 
to C, as shewn m the figure 

To explain the action of the 
siphon, let us suppose it to be 
filled with liquid and the end C 
closed Let it cut the surface of 
the w ater in the vessel m B and 
let BE be houzontal Let us consider the forces acting on 
the column of liquid EG 

Smce B and E are pomts in the same horizontal plane in a 
liquid at lest, the pressure at E is equal to the pressure at B 

But the pressure at B is the atmospheric pressure , hence 
the pressure at E is the atmospheric pressure acting down- 
wards on the column EG . 

Thus the downward forces on EG are the thrust at E due 
to the atmospheric pressure acting on the area of the top of 
the column, and the weight of the column, these forces are 
balanced by the upward thrust exeited by the finger at G 
which closes the end of the tube, this upward thrust then 
must be greater than that due to the atmospheric pressure 
acting on the end of the column EG 

If the end G be opened the pressure at G becomes equal to 
the atmospheric pressure, thus at the moment of opening the 
column EG is acted on downwards by the thrust due to the 
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atmosphenc pressuie at E ancl its weight, and upwaids "by the 
tlnust due to the atmospheric piessuie at G. 

This upwaid thrust is too small to balance the downward 
thrust and the column EG begins to move downwards The 
piessuie at E is theieby lessened, and if ne now considoi the 
col umn DEE, the upward thrust at D on tins column becomes 
gieater than that at E and the liquid is foiced fiom the vessel 
A thiougli the siphon. 

In passing fiom A to C the liquid loses potential energy, 
being earned from a lnghei to a lowei level, and hence this 
motion takes place 

It is clear from tlio pi oof that, if G bo above D, the level of 
the water m the vessel, the siphon will not votk , on opening 
the end C the water in the tube would flow back into the 
vessel 

Again, it is also clear that the height ED must not be 
gteatei than the baiomctnc height of the liquid to bo emptied 
For the column ED is supported m tlio tube by the atmo- 
spheric pressuie on its base, if then ED be greator than tho 
baiometuc height, some of the liquid will mn back into the 
vessel A untd the height of tho column of liquid in ED is ]ust 
equal to the baiometric height In this case, when C is 
opened, the liquid in EC will run out until tlio upper free 
smface of the column m EG is at tho baiometric height 
above 0. 

The final condition will depend on various circumstances, it is quite 
possible that the momentum acquired by the column in BO niaj bo 
suflioient to carry tho whole of the column out of the tube, or ngaui 
bo wo portion of tho column maj run out and then tho atmospheric 
pressuie acting on tho lower end of tho column mnj force it back up tho 
tubo until it joins tho column in tho other limb and then the whole of 
tho liquid in tho tube will How back into tho vessel A 

Foi convenience in filling, the siphon is often made in the 
foi m shewn in Fig SO, the lowei end is closed and the liquid 
is diawn from the vessel by suction at the side tube 

87. Experiments with the Siphon. 

An experiment duo to Pascal illustrates the action of the 
siphon A three-armed glass tube of the form shewn, AEG, 
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Fig 81, is employed The two lowoi arms dip into two 
vessels o£ mercury, the arm G being longer than the arm A. 



Eig 80 





rig 8i 


The iv hole apparatus is immeised m a deep vessel of wafcei, the 
arm B being kept open to the atmosphere As the tubes are 
lowered, the water pressuio forces the mercury up the tubes A 
and G until the column m the shorter tube 
rises to its top, tuns along the houzontal tube 
and joins the column in the tube A , thus a con- 
tinuous column of mercury is formed from A 
to G When this has taken place the tube A 
to G foims a siphon and the meicuiy flows fiom 
A to G 

88. The Syringe. 

This instrument is the simplest foim of 
pump for raising water It consists of a hollow 
cylinder AB , Fig 82, in which a solid air-tight 
piston works, the lovvei end of the cylinder |:ggjB 
terminates in a nozzle G, which is placed under I 
the liquid it is desned to laise -- 

Let the syringe, with tlio piston at the bottom Fig 82 


jui 
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of the tube, be placed m the liquid, if the piston be now 
raised, the atmospheric pressure, acting on the upper surface 
of the liquid, forces it through the nozzle into the cylinder to 
fill the vacuous space which would otherwise be formed under 
the piston Thus as the piston is raised the liquid flows into 
the cylinder after it 

The syringe and the various foims of pump act by the 
principle of suction , this consists in enlarging the volume of 
a space to which the liquid has access , the pressure within the 
space is thus reduced and the atmospheric pressure foices the 
liquid into the space until equilibrium is again established In 
this way air is sucked into the lungs , the muscles of the chest 
cause the lungs to expand, the internal pressure is thereby 
reduced and the air passes in The act of drinking water 
through a tube is similar The drinker causes the air m his 
mouth and the upper part of the tube to expand and then the 
atmospheric pressure drives the water up 

89. Valves. 

In most hydrostatic machines valves aie employed A 
valve may be described as a trap-door which will open m 
one direction only, it will thus yield to an excess of pressure 
on one side and, opening, will allow the passage of fluid, an 
excess of pressure m the other direction will close the valve and 
stop the flow of the fluid 

A simple form of valve is the hanging flap valve , it is a 
flat disc which turns about a hinge in its upper edge and thus 
opens or closes a passage In the ordinary bellows the flap is 
a piece of leather, this is raised when the bellows are 
expanded and allows the air to entei On compressing the 
bellows the leathei disc is driven against the opening it 
covers and the an is forced through the nozzle 

The ball-valve is anothei form in use A metal sphere 
fits accurately over the opening of a pipe thiough which the 
fluid is to pass, when fluid is foiced along the pipe the sphere 
is raised and it passes out, piessure m the other direction 
only drives the spheie more closely against its seat The 
sphere is constrained by suitable guides, so that it can only 
nse and fall and not move far from the orifice it is to close 

A form of valve used in many au-pumps is shewn in 
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Fig 91 (a) It consists of a strip of oiled silk covering tightly 
a small orifice; two opposite sides of the strip are secured 
firmly, the other two aie free, when air is forced against the 
valve through the orifice the silk stretches slightly and the 
air escapes under the free edges of the silk; if air is forced in 
the other direction the silk is drawn against the onfice and 
closes it securely. 

A perfect valve would work with the very slightest 
difference of pressure; in reality no valve satisfies this 
condition, a definite excess of pressure is required to work it 
and there is always some leakage 

90. The common Pump. 

This consists of a cylinder AB, Fig 83, in which a piston 
P works The piston is fitted with a valve F opening 
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upwards (In the figure there are two such valves ) Above 
the piston is the spout E from which the water flows; the 
bottom of the piston is connected to a tube CD which 
communicates with the water to be raised. This tube is 
closed by a valve C opening upwards 

Let the piston be at the bottom of the cylinder and suppose 
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th.it the tube CD and the cylinder contain no Mater but 
mo tilled with air liaise the piston, this increases the space 
below the piston and reduces the piessuie, the atmospheric 
piessuie acting on the valves F, F' closes them, the piessuie 
of the an m DC becomes gi eater than the pressure above the 
valve C Thus this valve is laiscd and the air m DC 
evpands into the pai t of the cylinder below the piston In 
consequence the ptessure on the surface of the Mater in the 
tube at D is t educed and the atmospheric pressure forces the 
Mater up the pipe DC 

Now depress the piston, the pressure m the cylinder is 
inci eased and the valve C is m consequence closed The 
valves F, F' open when the pressure below' the piston 
becomes greatei than that above and the an escapes, this 
continues until the piston i caches the bottom of the cylmdci 
When it is again raised the process is repeated and tho water 
is dtawn fuither up tho pipe DC, until at last after sevci.il 
strokes, depending on tho size of the pump and of the pipe, tho 
water enters the cylinder Ali When the piston is again 
lowered the water is foiced through the piston valves and is 
laised at the next stiokc to the spout E, from which it 
escapes In Fig 83 (i) tho pump is shewn with tho piston 
using aflci one or two stiokes, the water is still m the pipe 
only, tho valve C is open while F and F' are closed, in 
Fig 83 (u) it is m full action, the piston is rising and tlio 
water issuing fiom the spout 

Smco the water is raised m DC solely by the atmospheric 
pressure it is clear that, if tho pump is to work, DC must not 
exceed the height of tho water-barometer, otherwise the water 
would never reach tho valvo C and enter tho cylinder, the 
solo result of the pumping would bo to maintain a column m 
tho pipe DC equal m height to that of the vvater-biromeler 

It was tlio failure of certain pumps belonging to the Grand Duke 
of Tuscany to act which led Galileo in about 1010 to investigate the 
pressure of tho atmosphere 

Tho following Examples will illustrate tho action of n pnmp 

Examples, (l) To find the force on the piston rod required to raw e 
Vic water in a common pump 1 . 

1 The force actually exerted will ho ven considerably greater than 
that calculated in this example, becauso of the friction 
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( 1 ) Before the water has risen to the spout 

Let the height of the water-barometer be £T cm , the height of the 
column in the pipe DC h om , the pressure of the an m the cylinder, 
measured as a head of water, p, and the area of the piston A sq cm 
The force on the uppei side of the piston is the weight of A H c cm 
of water, that on the lower face is the weight of A p com of watei 
Hence the force required is A (£T -• p) 1 grammes weight 
But the pressure on the top of the column m the pipe is p, that on 
the bottom is H. 

Hence p + h=H 

Therefore H-p=li - 

Thus the force on piston rod=.d h grammes weights weight of a 
column of water equal in cross seotion to the area of the piston and in 
height to that of the column in the pipe 

(u) When the pump is in full woi lc 

Let the piston be at a depth h below the spout, the other symbols 
being as before 

The downward force is A ( H+h ), the upward force is A p 
Hence the force required is A(H+k-p) 

But as before paK-li 

Thus the foice required = <4 {/t+ k)= weight of a column of water equal 
in cross seotion to the area of the piston and in height to that of the spout 
above the water in the well 

(a) Find the height the water nses m one sti ole, 

(i) When the water is beloio the lower valve 0 

Let a be the length of the strolce, G the area of the pipe and c the 
height of the bottom of the cyhndei above the water m the well, let h be 
the height of the water in the pipe above the well at the beginning of the 
stroke, z the distance it rises during the stroke Then at the beginning 
of the stroke the air above the water occupies a volume equal to G(c~h) 
and its pressure is H-h At the end of the stioke the volume is 
G[c-h~z)+A a and the pressure is H-h-z 

Hence, since the product of the volume and pressvue is equal, 

( H-h){G{c-h)}-{H-h-z){G[e-h-z)+A a), 
and from this equation z can be found, and this is the height the water 
nses 

(n) When during the sti ohe the water nses into the cylindei 
Let y be the depth of water in the oylinder at the end of the stroke 
At the beginning the water was at a depth c-h below the valve. The 

1 If we are not working in centimetres and grammes but in some 
other units, the force will be wA [H -p), where « is the weight of a unit of 
volume of water 
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volume of tlio air before the stroke was C{c-h) and its pressnro Jf-7i 
After the stroke the volume of the air is A(a-y) and the pressure is 
JT- (c+y) 

Hence, since the product of the volume and pressure is constant, 

(II- h) G(c - h) = {17- (c+y)} A(a-y) 

From this equation y can bo found and then the rise is y+c- 7i 


r § 








91. The Lift-pump. 

This is shewn in Fig SI, and consists of a cvhndcr All with 
a valve C at the bottom opening upwards From 
C a pipo CD leads to the well A piston P 
works in the c) lindei, and in the piston there 
is a valve G , also opening upwards A tube EF 
communicates with the upper part of the cj lindcr 
and is closed bj a vnlv o at E opening outw'ards 
f loin the cylinder 

Let the piston ho nt the bottom of the c)- 
Imdei and suppose the pipe CD and the cylinder 
are tilled w ith air liaise the piston The v olumc 
of the space below the piston is thus increased and 
the pressure in it is diminished, the atmospheric 
pressure acting on the -valve G closes it, tho 
pressure of the air m DC becomes greater than 
the pressuio above the valve G Thus tho mho 
is raised and the an in DC expands into the 
part of tho cyhndci below tho piston In con- 
sequence tho pressuio of tho watei m the pipo 
at D is l educed mid the atmospheric pressure 
forces the water up tho pipe DC At the same tune the air 
m tho cj lindei above the piston is compressed and in con- 
sequence tho valve E is oponed , the air then escapes up tho 
tube EF 


y 
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Now depicss tho piston, the picssuio in the cylinder is 
inci eased and the valve C is, m consequence, closed The 
valve G opens and the air fiom below passes into tho cj lindei 
above the piston This continues until the piston reaches the 
bottom of tho cyhndei When it is again raised tho process 
is repeated and the w atoi forced further up the pipe DC until 
at last the w atei entei s the cyhndei All "NVhen tho piston 
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is again lowcied the water passes through the piston-valve 
and is raised at the next stiolce to the valve E The pressure 
opens this valve and the water passes on up the tube EF 
When the piston is again depressed the valve E is closed by 
the water-pi essure above and remains closed until the next 
upstroke, when it is again opened and more water is lifted up 
the tube EF. The piocess thus continues, the height to 
which the water can be lifted depends only on the force 
applied to the pump-handle and the strength of the pump 

The force on the piston until the water has reached tho tube EF is 
gnen by tho same expression as that found for the common pump 
When the water has been raised into the tube EF, let h' be tho head of 
water abo\o tho piston. Then tho force on tho uppor side of the piston 
is { £l+h')A grammes weight, that on the lower side acting upwards is 
(H — h)A grammes weight, h being tho height of the piston above the well 
Thus the resultant downward force is 

( H+K)A-(H-h)A or (h'+h)A grammes weight 
It Is thus tho weight of a column of water, having tho area of the 
piston for its base and the total height to which the water has been raised 
for its height 

Tho rise of the water for a single stroke can also bo found. 

92. Force-pump. 

This consists of a cj Under AB with a solid piston oi a 
plunger II, working m an ail -tight collar, as m 
Fig 85. 

At the bottom of the cylinder there is a 
valve F opening upwaids A tube GE rises 
from close to the bottom of the cylinder and 
is closed with a valve C opening outwards 
from the cylinder 

Suppose that tho piston is initially at the 
bottom, let it be raised, the pressure in the 
cyliuder is diminished, the atmospheric pres- 
sure closes the valve G, the valve F is opened 
and air passes in from the pipe 1 3D, thus 
reducing the picssure m the pipe at D The 
atmospheric pi essure foices the water up the 
pipe 1)B As the piston descends the valve F 
is closed while G is opened and the air is 
forced from the cylinder up the tube GE. ■ Flg 85 

12—2 
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This piocess is repeated until the water rises into the cylinder 
above the valve F , at the next downstroke the water is forced 
through the valve G and up the tube GE When the piston 
again rises the water-pressure in GE closes the valve G 
More water is foiced up the pipe through the valve F to be 
forced up the tube on the next downstroke Thus the height 
to which the water can be forced depends on the force applied 
at the handle and the strength of the pump. 

The force on the piston rod during the upstroke is found m the same 
way as for the common pump, Section 90 

During the downstroke the force will depend on the height to which 
the water has been raised in the tube GE This force must clearly be 
applied downwards, and if A be the area of the piston, h' the height of 
the water m GE above the bottom of the piston, the force is Ah' grammes 
weight 

In all three pumps it is necessary that the height of the valve at the 
bottom of the cylinder above the water in the well Bhould be less than 
the height of Hie water-barometer, in piactice it is found that this 
height must be considerably less because of the imperfection of the 
valves 

93. Continuous action pumps. The fire-engine. 

In the pumps just described the action is discontinuous , in 
the first two, the water only flows from the spout during the 
upstiokes, in the last the flow 
occurs only during the downstroke 
In some pumps this is remedied by 
the introduction of an air chamber 
The water is foiced into a closed 
chamber A, Fig 86 From the lower 
part of this chambei a pipe BE 
passes through the top of the chambei 
to the spout When the water is first 
pumped into the chamber it rises 
above the open end of the pipe BE, 
enclosing a quantity of air m the 
upper part of the chamber This air 
is compressed by the water which, 
when the piston is being rapidly 
lowered, enters the chambei with 
considerable velocity As the piston 
is raised, and the valve C is closed, 
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the air in A expands, thus driving the water, which otherwise 
would cease to flow, up the tube BD Energy is stored up m 
the compressed air during the downward stroke, this is used to 
raise the water during the upward stioke 

The hand fire-engine consists of two force-pumps connected 
to a common air chambei The handles of the pumps are so 
ananged that while one descends the other rises 

94. Bramah’s Press. 

The principle of this apparatus has already been described 
as an illustration of the transmissibility of pressure and was 
known to Pascal Two cylinders filled with fluid and fitted 
with pistons of different areas are connected together, thus a 
small force applied to the small piston enables the large piston 
to exert a much greater force 

The invention was howevei useless for very many years 
because of the difficulty of rendering watertight the apertures 
through which the piston rods work Bramah overcame 
the difficulty by his invention of the cupped leather collar. 
A leather nng, semicircular in section, fits round the pistons in 
a groove in the sides of the cylinder The concavity of the 
nng is turned downwards and water passing between the 



Fig 87. 
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piston, and the sides of the cylinder fills the hollow under the 
nng, and by its pressuie forces thenng against the sides of the 
piston, thus forming a packing which becomes more tight as 
the pressure increases 

The press is shewn in Big 87 and the collar in Fig 87 a 
A small sobd plunger is worked by the handle 
D , this as it rises draws liquid through a 
valve shewn at F from a reservoir 'When the 
plunger descends the liquid is forced into the 
large cylmder A through a valve opening into F x g 87 a 
the tube GE The pressure at each point 
of the liquid m A is then the same as in the small cylinder, 
and since the area of the plunger R is much greater than that 
of the other plunger, the upward thrust exerted on R is greater 
than the downward thrust exerted by the small plunger The 
force is applied to the small plunger by the lever ED By 
shifting a pm on which this lever woiks, its shorter arm can 
be considerably reduced and greater mechanical advantage 
obtained 

Let P be the force appbed to the lever, and m its 
mechanical advantage Let a be the area of the small plunger, 
A that of the large 

The downward thrust on the small plunger is mP, this is 
apphed over an area a , the pi essure therefore in the fluid is 
vnPJcL. This pressure is transmitted to each unit of area of 
the large plunger , thus the upward thrust on the large piston 
is mPAja 

Hence the mechanical advantage of the whole instrument 
is mA/a. Thus if the long arm of the lever be 10 times that 
of the short, and the area of the large plunger 100 tunes that of 
the small, conditions which might easily occur in practice, the 
value of A I a. is 100 and the mechanical advantage is 1000 
Any force apphed at D is multipked one thousand times by 
the machine 

*=95. Work done in a Press. 

It follows from the principle of work that, in order to raise 
a weight through a given distance by such a press, the smitH 
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plungei will lmvo to movo ovoi 100 times that distance and the 
handle of tho lover ovei 1000 times the distance 

Wo can easily shew that tins is true thus Let the end of 
tho small plunger descend n distance a; while the laigo plungei 
rises a distance X 

Then tho volume of tho water m tho small cylinder is 
dcci eased by a v, that in the large cylinder is increased by 
A . X. But these expressions must bo equal since each is the 
volume of water forced from one cylinder to tho other. 

Therefore AX — ax. 


Thus 


a os 

i= *Z=Ioo 


if the ratio of tho areas of tho plungers bo 100 to 1. 

Again, if y lepiesent the distance traversed by the handle 
when the plungei descends a distance x, then y — mx. 

V 


Hence 
if A I a=100 and »n = 10 


r a a. 
X=X A~*^A 


1000 


Examples (l) The lower vahe of a common pump is 10 feet aboic 
the water and the aiea of the cijhndci is font times that of the pipe 
leading to the well Assuming the height of the water-barometer to be 
*53 feet, find the length of strobe if the water gust uses to the valve at the 
end of the first upstrobc. 

Let the stroke bo x feet and lot w bo tho weight of a unit of volume 
of water and a the area of tho lower pipe 

Tho voltimo of tho air in tho pipo originally is 10a c. feet, and its 
pressure is 3 3to. 

After one stroke its volume is x x ia c feot, and its pressure (33 - 10 ) w 

Now tho product of tho lolumo and picssuro is constant by Boyle’s 
Law 

Hcnco 10a x 33?o = Ixa x 23w 

Therefore x = = 3 59 feot 

4 x 23 

(2) A force-pump is used to draw water from a depth of 5 metres and 
drnc it to a height of 20 metres, the diameter of the plungei is 125 cm , 
find the force on the piston rod in the bach and fouoard stiube 

The area of tho plunger is £ w x 625 sq cm 



184 HYDROSTATICS [CH VHI 

During the back stroke tho pressure on the piston is less than that 
outside by that due to 5 metres of water Tho force on the piston 
therefore is 500x£:rxG25 grammes weight 1 or 2454x10® grammes 
weight 

In the forward stroke tho pressure in the cylinder exceeds that out- 
side by that due to 20 metros of water The force therefore is four 
times as great as pienously and acts in the other direction 

It is therefore 9 816 x 10® grammes weight 

(3) The stroke of a common pump is 8 inches, the diameter of the 
hai rel 4 inches, that of the pipe 1 inch The lower valve is 15 feet above 
the reservoir How high does the water rise on the first stroke, assuming 
the height of the water-barometer to be 30 feet t 

Let the water rise x feet 

Initially tho volume of air m the pipe is £irxl B x 15x12 o inches, 
and its prcBsuie is that due to 30 feet of water At the end of one stroke 
the volume is £ir |l 2 x (15-a;)12+l6x 8} o inches, and the pressure is 
that due to 30 - x feet of water Therefore by Boyle’s Law, 

£irxl6xl2x30=£ir{(15-a:)12+lG 8} (30 - a:) 

Therefore 16 3 30={(16-s)3 + 4.8} (30 -a) 

Hence 3s 2 -167*+ 960=0 

and *=6 5 approximately 

Thus tho water rises about 6 6 feet 

(4) In a Bramah press the diameter of the ram is 20 inches, that of 
the piston 2 5 inches. What foi ce must be applied to the piston to raise 
1000 tons weight i 

The areas of the ram and the piston are £7rx400 and £ttx 6 25 
square inches respectively 

Thus the force required is 1000 x 6 25/400 or 15 626 tons weight 

(6) If Abe the area of the cioss section of the piston of a force-pump, 
1 the length of the stroke, n the numbci of strokes per minute and B the 
area of the pipe from the pump Find the mean velocity with which the 
watei runs out 

At each stioke a volume A l of watei is transferred to the pipe, the 
length of this when m the pipe is AljB Hence the longth of the column 
transfen ed to the pipe per minute is nAl/B Henoe a particle which 
was at the \abe when a stroke began has at the end of 1 minute moved 
a distance nAl/B This length then measures its velocity per minute 

3 Stnctly the force on tho piston will alter slightly with its position 
in the cylinder, it is assumed that the length of stroke may be neglected 
compaied with the heights the water is raised 
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(6) Determine the i cork done in each stroke of a common pump after 
the i rater has risen to the spout. 

If h is tho boiglit of tho spout above tho well, A tho area of the 
piston and l tho length of tho stroke, the force on the piston is tho 
weight of a volume Ah of water, hcnco if w be tho weight of a unit 
■volume of wntor tho foreo on tho piston rod is wAh, hut tho piston rod 
moves a distance 1, hcnco the work done is uAld 

If wo write this u -If x /« wo see that it is tho work done m raising a 
volume of water which would fill tho cylinder to tho height of tho spout 

This result is obnous. 

(7) Find the work done m a complete stroke back and forwards of a 
force pump 

(i) When the stroko has been completed the sfato of tlio piston and 
of the wnter m tho cylinder is exactly ns before, but a voluino of water 
Al, where A is tho area of the piston and 2 tho length of tho stroke, has 
been raised n height h+h', where h' is the height of the spout above tho 
lower vnlvo and h that of tha lower vnlvo nboro the well , thus the work 
done is tail (h + h'). 

Otherwise thus; 

(u) Let h bo the height of tho lowor valve from tho well, li' tho head 
of water m tho dohvery tube, and lot the piston bo at a height x from the 
bottom of tho cylinder When it is descending tho force on it is 
wi f/i'-s) upwards, hcnco m descending a Bmnll distance 5 through this 
position the work dono is w4 (h' —x)5 

When tho piston is in tho sarao position but asconding tho force is 
wA (h + x) and tlio work is wA {h +x)S 

Hcnco the total work done in traversing the distance o down and up 
is uA (It’ -x)B+o>A (ft+x)o or a l ( h + h')B 

Thus the work done in traversing tho whole stroko l down and up is 
uA (h + h’) l ns before 

It follows nl3o from this that tho work dono m descending is 

(fi'-J/Jf, that in ascending is wA (h+$l)l 

Wo may obtain these results otherwise as follows 

a In raising the piston a volume of water cqnal to tho volume of 
ndor is lifted and the centre of gravity of this volume is raised to 
a height (A + £f) Hcnco tho work dono is wAl(h+il) In depressing 
tho piston this same volume is raised to a height h' abovo tho bottom of 
the cylinder, that is to a height h'—^l above tho ongmal position of its 
centre of gravity 

TIiub tho work dono ib w Al (It' - £ I). 
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96. Hawksbee’s Air-pump. 

This consists of a cylinder called the barrel AB, Fig 88, 



in which a piston P works This piston has a valve P 
opening upwards, at the bottom of the cylinder is another 
valve B also opening upwards and closing a pipe GD which 
leads from E to the receiver or vessel to be exhausted 

On raising the piston the pressuie m the lower part of the 
ban el is reduced, the air m the receiver expands, opening the 
valve B, and passes into the bai rel Thus the pressure m the 
receiver is reduced "When the piston is depi essed the valve 
B is closed by the increasing piessure in the barrel, the piston 
valve F is opened and the air which during the upstroke was 
withdrawn fiom the receiver passes thiough it and escapes 
Thus at each stroke the air which fills the barrel is withdrawn 
The exhaustion however is never complete, for there is always 
some space, known as the “ clearance,” left at the bottom of the 
bairel even when the piston is pushed quite home This space 
is then filled with air at atmosphenc pressure , when the piston 
is at the top of its stroke therefore there will be air at a small 
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pressuie inside the barrel, and since the air in the receiver 
escapes into the barrel by raising the valve B its pressure can 
never be less than this limiting piessure of the air in the 
barrel. 

When the piston is being raised the downward thrust which is being 
overcome is that due to the atmospheric pressure, the upward thrust is 
that due to the pressure of the air in the receiver, when the exhaustion 
is considerable the difference between these two will be great and 
towards the end of the exhaustion the full atmospheric pressure of about 
1 kilogramme weight per square centimetre of the piston has to be over* 
come , when the piston is descending thiB same force presses it down 
Thus a considerable amount of energy is spent uselessly m securing the 
exhaustion 


97. Smeaton’s Air-pump. 

This consists of a cylinder or barrel in which a piston with 
a valve opening upwards works , the cylinder is closed at both 
ends One end communicates with the receiver through a 
tube, and the tube is closed by a valve opening into the 
cylinder, the other communicates with the atmosphere through 
a valve opening outwaids 1 . 

On raising the piston, the piston valve is closed and the 
air above forced out through the upper valve The pressure 
below the piston is diminished and the an from the receiver 
opens the lower valve and expands into the baireL On 
lowering the piston both the cylinder valves are closed, the 
piston valve is opened and the air below the piston passes 
above At the next stroke this air is expelled through the 
upper valve, and more air is drawn from the receiver to fill 
the barrel, the process is then lepeated 

This pump has two advantages over Hawksbee’s In the first place 
until the upper valve is opened the pressure on the upper side of the 
piston during the upstroke is less than the atmospheric pressure , thus 
less force is required to raise the piston , while during the downstroke 
the difference of pressure between the two sides of the piston is very 
small 

Secondly, when the piston is at the bottom of the barrel after a few 
strokes the pressure of the air above the piston is very small instead of 
being as in Hawksbee’s pump the atmospheric pressure, hence the 
pressure of any air which is left m the clearance space below the piston 
is small and the exhaustion can be made more complete 

1 The pump is thus the same as Hawksbee’s except that the com- 
munication with the atmosphere is through the last valve. 
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98. Double-barrelled Pump. 

This is shewn in Fig 89. In the ordinary pump no air is 
exhausted duiing the downstroke , m the double-barrelled 



pump there are two cylinders and pistons These are 
connected together by racks and a pinion, so that while one 
piston is rising the other is falling, thus air is exhausted 
during each stioke Moreover since the atmospheric pressure 
tends to depress each piston equally, its effect on the one 
piston which is rising is just balanced by that on the other, 
which is descending Less force theiefore is necessary to 
raise the piston than m the ordinary pump, this compensation, 
it should be observed, does not exist throughout the stroke, 
for the pressure under the descending piston is continually 
increasing and when the piston-valve is open the atmospheric 
pressure on the other piston is entirely unbalanced As the 
exhaustion proceeds the compensation at all parts of the 
stroke becomes moie complete, and the pump is easier to 
work 
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99. Tate’s Air-pump. 

This, "which is a \ery usual foira, is shewn m Fig 90, and 
m section in Fig 91 A double piston, P, P\ woiks in the 



Fig 90 

barrel AB 1 At A and B are valves opening outwaids The 
constiuction of these is shewn in Fig 91 (a) The pipe 



a 

Fig 91 

OB leads to the lcceiver In the figure the portion 
AP of the ban el is m communication ^vith the leceiver 


1 In some cases the piston is a solid plunger 
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When the piston is drawn back the air m AP is compressed, 
the valve at A is opened by the pressure and the air is 
expelled The distance between the pistons is such that, 
when P is brought home, the piston P' just conies to the left 
of GD, so that the receiver is now in communication with the 
othei end of the barrel, and some of the air which it contains 
expands into the barrel On pushing the piston back the air 
which has entered BP 1 is shut off from the leceiver, com- 
pressed and expelled through the valve B Thus the receiver 
is exhausted The advantage of the pump lies in the fact that 
the valves in the piston and in the tube flora the receiver 
are both dispensed with, hence the leakage is reduced 


100. Air-pumps. General Considerations. 

Proposition 28 To determine the density of the air , aftei 
any number of strokes of a single ban el an -pump, m tei ms of 
its initial value and of the volumes of the barrel and the receive* 


Let Fbe the volume of the receiver, v of the ban el, p the 
original density, p u p 2 p„ the density after 1, 2 n upstrokes 

After one upstroke the air in the receiver occupies the 
receiver and the bairel, its volume theiefore changes from F 
to F+v and its density from p to p, The mass of air how- 
ever is unchanged and the mass is equal to the product of the 
volume and the density 


Thus 


or 


<T+v)Pi= Yp 


Pi = 


7 

Y+v p 


On the next downstroke the air is divided into two parts, 
a mass vp x escapes, a mass Fpj is retained in the leceiver 
After a second upstroke this last mass fills the receiver and 
the barrel; its density is then p 2 and its volume F+v 

Hence ( F + v) p 2 = Fp t 


Therefore 



Pioceedrag thus we see that the density after any stroke 
is found by multiplying the density before the stroke by the 
proper fraction P/( F+v) 
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Thus, after n stiokes, we have 

V ( Y \* 

p»~r+v~ Pn -'~ “~\r+v) P ‘ 

Hence, when n is large, the density is veiy eonsideiably 
diminished and, if the law weie to hold continuously, could 
he made as small as we please by sufficiently mci easing the 
number of strokes As we have seen however m practice, 
tins condition cannot be realised because of the necessity of 
leaving clearance spaces and of the imperfection of the valves 

Since the pressuie of air at a constant temperature is 
always pioportional to its density we may write m place of 
the above equation 



where p n is tho pressure after n stiokes and p the original 
pressure 

101. Measurement of the Pressure of the Air 
in a Receiver. 

Tho pressure of tho air m a receiver is measuied 
experimentally by the use of one oi other of the gauges 
described in Sections 36-39 For fairly high exhaustions a 
vacuum siphon gauge, Fig 31, is usually employed If it be 
desired to watch the effect of each stroke on the pressure, the 
veitical tube shewn m Fig 32 is com ement The top of the 
tube is connected with the receiver and the height of the 
column is measuied after each stroke The differences 
between the height of the barometer and these heights give 
the pressuies 

Examples. (X) The capacity of tlic hanel of a Smeaton's air-pump 
is %tli of that of the receiver, determine the pressure after five strobes 

Let the volume of tho barrel be v, then that of the receiver is 9» 
Thus a mass of air which occupies 9« c cm befoie anj stroke occupies 
lOu c cm at tho end of the stroke At each stroke therefore the pressure 
is reduced in the ratio 9 to 10 Thus after five strokes it becomes (j^) 6 
of its initial value 

Now { 9) s is approximately 59. Hence the pressure is reduced to 
about *59 of its original value 
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(2) Sow many sti oles must be made with the same pump to reduce 
the pressure to 1 of its original value * 

Let the number of strokes be n, then after n strokes the initial 
pressure p is reduced to ( 9 ) n p 

Hence l=(9) n 

We can find a value for n by trial 

Thus for n=5, ( 9)”= 59 

Hence w=10, (9) n =( 59) a = 35 approximately, 
n=20, ( 9) n =( 35) 2 = 12 approximately. 

Thus for 71=21, ( 9)"= 12 x 9= 108, 

71=22, ( 9) n = 108 x 9= 0972 

Hence during the twenty-second stroke the pressure will reach the 
required value 

But we can find the result more readily by the use of logarithms, thus 


log ( 1) = 71 log ( 9), 

log 1_ -1 _1000 

”“log 9“ - 046“ 46 


=21-16, 


giving the same result as above, viz that during the twenty-second stroko 
the required value is attained 


( 3 ) The capacity of the receiver of a Smeaton's pump is nine times 
that of the ban el At what point in the sixth upward strobe will the 
upper valve open l 

When the piston is at the bottom, after five upward strokes, the 
pressure of the air m the barrel is 59 of the atmospheric pressure (see 
Example 1) 

As the piston rises during the sixth stroke the air is compressed, and 
it must be compressed to 59 times its original volume to increase the 
pressure up to that of one atmosphere Thus the piston must complete 
1- 59 or 61 of its stroke 


( 4 ) In one air-pump the barrel has f v th of the volume of the receiver , 
m another it has \th Hoio many strokes of the latter are needed to 
produce the same exhaustion as that due to four of the former f 

In the first pump the density is reduced by eaoh stroke in the ratio 
10 to 11 Thus after four strokes the density becomes (10/11) 4 or 682 
of its former value 

In the second pump the reduction for each stroke is 5/6 or 833. 
Thus after two strokes the density becomes ( 833) a or -694 of its former 
value and hence two strokes of the second are rather less effective than 
four of the first 
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102. Mercury Air-pumps. 

When working with the an-pumps which have been de- 
scribed it is impossible, becauso of leakage and the necessity 
for clearance space, to secuie a very high vacuum Yanous 
forms of mercury-pump have however been invented, in 
which the exhaustion can be carried to a much higher 
degree of exhaustion Spicngcl's pump and Geissler’s pump 
well illustrate two types of mcrcuiy-pump. 

#103. Sprengel’s Air-pump. 

Tins consists of a veitical glass tube BG, Fig 92, the lower 
end of which dips under mercury m a vessel G 
The upper end is connected i\ ith a resei voir 
E which can bo filled with meicury At B 
a branch tube, BD, is inserted, this com- 
municates with the vessel to be exhausted 
The height, BG, is greater than that of the 
mercuiy-baiomcter The reservoir E is 
usually connected with the vertical tube by 
a short piece of flexible tubing which can be 
closed by a clamp F Let us suppose also 
that it is possible to close the tube to 
the receu cr, by a tap oi second clamp D, 
and let this tap be closed Release the 
clamp F, meicury will run down the tube 
BG carrying the air before it and will 
completely fill the tube Close the clamp F 
The atmospheric pressure will sustain a 
column of mercury equal m height to that 
of the barometei in the tube BG Above 
this column there will bo a vacuum Row 
open JD Air from the receivei expands 
into this vacuum, the mercury column falls somewhat and 
the pressure in the receiver is i educed Close JD and open F, 
the stream of mercury down BG carnes the air again out of 
that tube and, on closing F, the mercury stands at the 
barometric height Again open JD, more air enters BG fiom 
the receiver and this, on closing D and opening F, can again 
be removed This description may serve to explain the action 
of the pump, but, in practice, the tap D is unnecessary and 

13 
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the clamp F is only used to stop the flow when the receiver is 
sufficiently exhausted It is found that if the receiver is 
permanently connected to the vertical tube BG and the clamp 
F is opened, the piocess described goes on in a partial 
manner continuously The mercuiy column descending from 
E bieaks into drops at B, as the piessure in BG is reduced, 
through the air being carried down by the mercury, the air 
from the receiver expands into the tube and is earned down 
between the diops There is no need therefore alternately 
to open and close the tap Z>, hence it may be removed and 
the risk of leak which it gives nse to may thus be avoided 
The process continues until the degree of exhaustion in the 
leceiver is comparable with that of a Torricellian vacuum 

As the mercury from the reservoir E flows away, it is 
replaced by mercury overflowing from G, which is caught m a 
suitable vessel at one side 

In the more modem forms of Sprengel’s pnmp, which are used for 
exhausting the bulbs of incandescent lamps nnd other work needing a 
very high exhaustion, the tube ABC is bent in the manner shewn in 
l?ig 93 The efficicncj of the pump is thereby moiensod. 
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*104. GS-eissler’s Air-pump. 

This pump in its simplest form consists of two glass 
reservoirs of considerable capacity 
One of these A, Fig 94, is fixed, 
the other, B, can be raised or 
lowered at will, the two are con- 
nected by a piece of stout mdia- 
rubbei tubing 

The moveable reservoir B is 
open to the atmosphere, while A can 
' be put into communication with the 
atmosphere through a tube which 
enters at its top , the tube is closed 
by a tap G A second tube, con- 
nected to A, communicates with the 
receiver to be exhausted through a 
pipe, which can be closed by a second 
tap 2>. The reservoir B when in its 
lowest position is filled with mer- 
cury Close the tap D and open G. 

Raise B slowly until it is at a 
slightly higher level than A The 
mercury passes from B into A, 
driving the air out until A is 
filled with mercury up to the level 
of the tap G, all the air bemg 
expelled Close the tap G and 
lower B , the mercury passes back 
into B and stands at the barometric height m the tube 
between the two reservoirs Now open the tap D The air 
from the receiver expands into A and the pressuie m the 
receiver falls Close D and raise the reservoir B, the air 
which now fills A is compiessed by the mercury as it rises 
into A , when the mercury is nearly at the same level in the 
two, indicating that the air above the mercury m A is at 
atmospheric pressure, open the tap G and continue to raise B 
until the mercury in A rises again to G Then close G and 
repeat the process In this way the air is drawn from the 
receivei and a high degree of exhaustion is attained 

13—2 



Fig 94 



196 


HYDROSTATICS. 


[CH VIII 


taps 


In the form of pump just described the tap I) is a source of difficulty 
It is nearly impossible to make the fit so good that there shall he no 
leak when the lap is turned, and thuB the vacuum which can be obtained 
is impaired 

*105. Topler’s Air-pump. 

In Topler and Hagen’s modification, Fig. 95, the 
are done away with Com- 
munication is made with the 
leceiver which is to be ex- 
hausted through a long in- 
verted U-tube IIDE which 
enters at the bottom of the 
reservoir A The height of 
D above the top of the reser- 
voir is gi eater than that of 
the barometer To reduce the 
risk of fiactuimg the pump, 
by a sudden mi ush of an f i om 
the receiver when the mer- 
cury m the reseivoir falls be- 
low the level of the tube DJI, 
a side tube connects C the top 
of the reseivoir to the point 
II just above the junction of 
the reservoir A and the in- 
verted U-tubo DU From the 
top of the reservoir a tube 
GFG bent twice at light 
angles runs dowmvaids and 
ends, either under mercurj m 
a small vessel, or in a siphon 
bend as shewn in the figure 
The distance of the bottom of 
this bend below C is gi cater 
than the barometuc height 

As the vessel B is laisecl 
the mercury mits ascent closes 
the mouth of the tube UDE and thus shuts off the aii m the 
receiver from that m the reservoir A The air in A is then 
compressed, and finally by laismg B until the mercuiy begins 
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to flow om into CFG it is expelled through this tube The 
vessel B is then lowered The atmospheric pressuxe forces 
mercury fiom the siphon bend up FC, but since OF is greater 
than the barometuc height the mercury does not reach C and 
the reservoir A is completely shut off from the atmosphere 
A vacuum is thus formed m the reservon A until the level of 
the mercury it contains falls below the point U where the tube 
from the receiver enters, when this is the case, air enters from 
the receiver The process is then repeated. 

It is necessary that BE should be greater than the 
barometric height for, as the vessel B is raised, the air- 
pressure on the surface of the mercuiy in B forces mercury up 
the tube DA and, when the exhaustion is considerable, this 
mercury will rise to very nearly the barometric height above 
the level of C 

In using the pump the vessel B can be raised and lowered 
by hand, in general however some mechanism for doing this 
is attached to the stand of the pump 

106 . The Condenser or Compressing Syringe. 

This is an aii-pump arranged to compress air into a vessel 

A piston F with a valve B opening into the barrel works in 
a barrel AB, Pig 96 ( a ) The \essel into which the air is to be 



Fig 96(a) 


compiessed communicates with the end of the barrel through 
a tube This tube is closed by a valve F opening outwaids 
from the barrel Theie is also usually a stopcock in the tube 
so that communication between the vessel and the air may be 
cut off at will Let the piston be at the end of the barrel 
near the valve F On withdrawing it the pressure m the 
barrel is reduced, the atmospheric pressure opens the valve E 
and the barrel is filled with an at atmospheric pressure The 
piston is then depiessed, the valve E is closed and F is opened , 
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hence all the air from the barrel is forced into the vessel , on 
a gain withdi awing the piston the process is repeated At each 
downstroke a ban elf ul of air at atmospheric pressuie is forced 
into the vessel 

A form of condensing pump used for the tyres of bicycle 
wheels is shewn m Fig 96 (b) The piston rod DC is hollow 


B 



P 

Pig. 96 (Z>) 


and contains a valve at D At. C there is communication 
with the tyre When the piston is pressed up against the end 
of the cylinder at B air can entei the cylinder behind the 
piston through the apeiture B The cyhndei is then pushed 
forward and the piston moves past the aperture B , thus 
cutting off the cylinder from the atmosphere , as the piston 
is moved towards A the air in AD is compressed and forced 
through the valve D into the tyre 

We may find the density of the air, after any number of 
strokes, thus Let V be the volume of the vessel, v that of the 
bairel At each stroke a volume v at atmospheric piessure 
enters Thus after n strokes the air m the receiver would, at 
atmospheric pressure, occupy a volume V + nv, and if p be the 
density of air at atmospheric pressure, the mass of air m the 
vessel is p(V+nv) But its actual volume is V and, if p n be 
its density, its mass is p n V 

Thus p n F = p ( V + nv) 

Hence p n = p{l+n^j. 

Again, by Boyle’s Law the pressure of air is proportional to 
its density Thus if p n be the pressure after n stiokes, 7 r the 
initial piessure, 

Pn = 7r(l + 

Examples (l) If the volume of the vessel is ten times that of the 
carrel, how many strokes are required to double the pi assure f 
We aie to have p n = 2ir, also v/V=10, 
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Thus 2=1 + 

or 10+n=20, n=10. 

Hence the pressure is doubled nftor 10 strokes. 

(2) IFlicn the piston of a condenser is pushed as far down as it mil 
00 a volume V is left beneath tt The valves will open when there is a 
difference of pressure p between the two sides Shew that the pressure of 
the air inside thereeeiver can never be greater than (ir-p) v/v 7 — p, where 
ir is the atmospheric pressure 

"When tlio piston is drawn up there is a volume v of air below in tho 
barrel, tho pressure of this air is ir-p 1 . 

As tho piston is pushed down this air is compressed , let ns suppose 
that its pressure at its greatest is just insufficient to open tho lower 
valve, then when tho stroke is completo its volume is v , its pressure 
therefore is (v-p)t>/p 7 . Smco tho valve just does not open the pressure 
inside is less than tins by p Hcnco the greatest pressure inside is 

107. The Diving-hell. 

This is an apparatus foi enabling a man to descend to a 
considerable depth under water, thus a sunken vessel could be 
examined, or the foundation of a pier laid or repaired, or work 
of other kinds earned out 

Take a beaker and immerse it mouth downwards in water 
as the beaker is depressed the air it contains is compiessed, 
but the water does not nso so as to fill the beaker completely, 
there is always air in the upper part of the beaker, a fly or 
small animal might live thcie for some time The beaker 
is a diving-bell in miniature 

The bell, Fig 97, consists of a large boll-shaped or cylin- 
drical vessel closed at the top but open underneath This can 
be lowered mouth downwards into the water, its weight is 
greater than the weight of water which would fill it, hence 
it sinks in the water. As it sinks the air it contains, like that 
m the beaker, is compressed, and the water rises in the bell 
but never fills it The bell is so constructed that a person can 
stand within it and thus be lowered into the water without 
depriving lnm of air to breathe The bell is usually filled with 
air by two tubes leading to the atmosphere above Through 

1 If, as has been assumed in tho text above, tho valves open with no 
difference of pressure it would be w, it is less than this by the pressure 
required to open tho valve 
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one of tliese fiesh air is forced into the hell, tlnough the other 
foul air is withdiawn The piessure m the bell depends on 
the depth to which it is sunk The difficulty of working 
under veiy great pressure limits of couise the depth at which 
it can he used 



Fig 97 

The tension on the chain suppoitmg the bell is equal to 
the difference between the weight of the bell and the weight 
of water it displaces • as the bell sinks the water rises inside, 
the weight of water displaced therefore is 1 educed and the 
tension mci eased 

Examples (l) A comeal wine-glass 4 inches in height is lowered 
mouth doicnwards into watci until the level of the water inside is 34 feet 
beloto the surface, the height of the water-barometer being Si feet, what 
is the height of that part of the cone which is occupied by airi 

The pressure in the wine glass is doubled, thus the volume of air is 
half what it waB 

But the volumes of two cones of the same angle are proportional to 
the cubes of their heights, hence, if s is the height of the conical volume 
of air m the bell, wo have 
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Therefore 



=3175 


Hence the height required is 3 175 inches 

(3) A cylindrical diving-bell 6 feet in height and Bfeet in diameter is 
lowered till its top is 45 feet below the surface What volume of air at 
atmospheric pressure — that due to Bi feet of water— must be pumped in to 
fill the bell completely} 

[To solve this it is simplest to suppose the bell to be full and then to 
find what will be the volume at atmospheric pressure of the air actually 
in the bell ] 


Let Fbe the volume of the bell 


"When the bell is full the level of the water inside is 45+6 or 61 feet 
below the surface The pressure therefore is that due to a head of 
(34+51) feet of water or 2£ atmospheres If the air then were at at- 
mospheric pressure its volume would be $ of V The volume of air 
added is at atmospheric pressure f of V 


Now V=%- x 25 x 6 c feet 

Hence the volume required is 9 x 25 x ir/4 or 177 9 c feet 

(3) A piece of wood floats half immersed at the top of the water, how 
much of it will be immersed when floated in water within the bell 
mentioned in Example 2? 

Let 2» be the volume of the wood in cubic centimetres, o the density 
of air at atmospheric pressure referred to water. Let v+x be the 
volume of the wood in the air in the bell, v—x then will be the volume m 
the water 

The density of the air in the bell is for 

The mass of air displaced in the first case is av and of water it is v. 

Since the wood floats the mass of the wood is equal to the mass of 
fluid displaced 

Therefore o+<rt/=mass of wood in grammes 

Under the bell a mass §a{v+x) of air is displaced, the mass of water 
displaced is v- x 

Thus o-s+4(r(t;+a!)=mass of wood 

Hence, since the mass of the wood is unchanged, 
v + av = v - x + a (v + a) 

Therefore *(l~-fc7-)=$ <rv 

Thus a:/e=£c-/(l--f<r) 

The fraction of the whole volume m the air is 

<¥) - *H) 

Since a is approximately 000129 this fraction is approximately 
}(1 000193) ** 3 
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#108. The Volumenometer. 

This ins trument, as its name indicates, is devised for the 
measuieinent of volume and is founded on an application of 
Boyle’s Law Let the top of the closed tube A m the apparatus 
shewn m Fig 77 communicate with a vessel whose volume is to 
be found Let V bo the volume of this vessel, v the volume of 
unit length — 1 centimetre — of the vertical tube. Let II be 
the height of the meicury baiometer, Oy the length of the 
vertical tube AB which is filled with air, hy the difference 
in level between the mercury columns in the two tubes 
The pressuie of the air m the closed tube and vessel is 
measured by a head of mercury of height II + hy, and the 
volume of the enclosed an is V + ctyV 

Now raise the reservoir G , the mercury rises in AB. Let 
« 2 be the length of this tube now occupied by air and let h 3 be 
the difference m level between the two columns 

Tlie air pressuie is now measured by a head of mercury 
E + lu, the volume of air enclosed is V + a s v 

But the mass and temperature of the air enclosed remain 
unchanged, hence by Boyle’s Law the product of the pressuie 
and volume is constant 
Therefore 

(U + 7 h )(F+ a x v) = (R + /g ( V + a 2 v). 

Whence 7(hy — 7< s ) = v{a 2 (H + h s ) — dy(II + 7t,)}, 

and from this expression F can be found if v is determined by 
measuring the tube, and a 1} cu, h X) lu and R are observed 

In this way the volume of a closed vessel which can be 
connected to the volumenometer is found. To use the instru- 
ment to determine the volume of a solid, the solid is placed 
m the vessel whose volume F has previously been deter- 
mined and the experiments are icpeated m the same manner 
Let F' be the volume of the solid and 7^', hi, a/, a 3 ' the new 
values of hy, etc 

The volume of air m the vessel is now F— V, for a volume 
F' of the interior is occupied by the solid 
Hence the above equation becomes 

(F- F') (W - lu') =v{a s '(H + h') - 7ij')} 
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Erom this equation F — V can be found, but the value of 
V has already been determined, thus the value of V' is given 

A convenient form for the closed vessel is shewn in Fig 98 
It consists of a bulb of known volume F 0 opening 
into a funnel-shaped space The upper edges of 
the funnel are ground flat and the whole can be 
closed in an air-tight manner by means of a giound 
glass plate and grease. 

Two maiks are made on the glass, the one at 
F between the bulb and the funnel, the other at G 
below the bulb , the volume of the funnel above F 
is F, the volume between F and G is F 0 . To use 
the appaiatus the glass plate is removed and the 
sliding reservoir adjusted so that the mercury fills 
the bulb and stands at the mark F On replacing 
the plate and making the apparatus air-tight we 
have a volume F of air at atmospheric pressure II 
When the leservoir is lowered the mercury sinks m the bulb 
Lower it until the level of the mercury is at G, the mercury in 
the other tube will be below '<?, let h be the difference m level 
The pressure of the air m the bulb and funnel is now H—h , 
and its volume is F + F 0 

Thus (F+ V 0 ) (H — h) = YE, 

and V= 

0 h 

Now repeat the expenment, placing the body of volume F' 
in the funnel, let h' be the observed difference of level 



Fig 98 


Then 


F- 


V 


= Po 


H-h’ 

h’ 


Hence F' = F {?-■ --- - — —l 

°l h h' J 

_ y H(K'-K) 

0 hh' 

The method is chiefly useful m determining the volume of 
a light body of considerable size which cannot be easily 
weighed in water By measuring with the balance the mass 
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of tlie body and dividing this by the volume the density can be 
found 

In this way the volume of a piece of pumice-stone, a 
quantity of glass-wool, or a number of feathers could be 
found. 


EXAMPLES. 

HYDROSTATIC MACHINES. 

[For a Table of Specific Gravities see p 15] 

1, The column of water m a siphon contains a small bubble of air, 
how is the working of the instrument affected? 

2. How may a siphon be used to withdraw air from a vessel under 
water and open below? 

3 A small hole is made m one leg of a siphon, how does this affect 
its working ? 

4. "What height can (1) Mercury, (2) Alcohol be raised by a siphon ? 

5 A siphon tube leads from the bottom of a vessel, the top of the 
siphon being below that of the vessel Water is allowed to drop into the 
vessel Explain what happens and shew how this may be applied to 
explain the action of some forms of intermittent springs 

6 The piston of a common pump is 3 inches in diameter and the 
spout is 21 feet above the well What is the force on the piston-rod when 
the pump is working * 

7. In the same pump the length of stroke is 1 foot and the diameter 
of the pipe leading to the well is 1 inch, how many strokes must be made 
before the water will flow? 

8. If in the same pump the distance from the fulcrum of the pump 
handle to the piston be 6 inches and from the fulcrum to the point at 
which the force is applied 4 feet, find the force required to work the 
pump 

9 What weight of water could be raised per hour by an engine of 5 
horse-power working the same pump? 

10. A force-pump is employed to raise water a height of 60 feet, 
what work must be done to deliver 10 cubic feet of water per minute ? 

11, If the height of the cistern into which water is being pumped be 
25 feet and the mechanical advantage of the handle 10, what force is 
needed to raise water with a pump whose piston is 4 inches m diameter? 

The pump is worked at the rate of 10 strokes per minute and the 
handle moves through 3 feet at each stroke , find the work done and the 
weight of water raised m an hour 
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12. Water is tang lifted by a pump to a haght of 30 feet, the 
diameter of the piston is 1 foot and the length of stroke is 3 feet ; find the 
number of strokes per minute if 1500 lbs. are discharged in that time 

13. A force-pump raises water a height of 20 feet and forces it 
a further height of 60. The diameter of the piston 13 6 inches , find the 
force on the piston rod dnnng the back and forward stroke 

14. The area of the piston of a force-pump is 1 square foot and the 
length of stroke 5 feet. Find the work done during one down stroke if 
•water is bong raised to a height of 50 feet above the pump 

15. How high conld a liquid of specific gravity 1 34 be raised by a 
suction-pump 9 

10 If the volume of the recaver of an air-pump be three times that 
of the barrel, calculate in terms of the initial pressure the pressure after 
5, 10, and 15 strokes 

17. If with the same pump the gauge originally stood at 30 inches, 
determine the number of strokes after which it will stand at 25 inches 

18 Find the number of strokes which with the same pump —ill 
reduce the pressure to 1 per cent, of its initial value 

19 If the volume of the recaver of a Smeaton’s pump he 3 tunes 
that of the barrel, at what point of the third stroke will the valve a* the 
top of the barrel open ? 

20 The range of a Smeaton’s pump is 5 inches and the piston at the 
top and the bottom of its stroke is 4 inch from the ends of the cylinder, 
determine the minimum density of the air in the receiver neglecting the 
difference of pressure required to open the valves 

21. Fmd the ratio of the volume of the receiver to that of the barrel 
if at the end of the fourth stroke the density of the air is of its 
original density. 

22 Describe some form of air-pump If the size of the receiver of 
an air-pump he I cubic foot and that of the barrel of the pump 21 cubic 
inches, how many strokes are required to reduce the pressure of the aur 
to one-tenth of the atmospheric pressure* 

23 . The volume of the recaver of an air-pump is 4 times that of the 
barrel- Shew that after 5 strokes the air will be reduced to less than 
one-third of its initial density. 

24. The volume of the receiver of an air-pump is 500 c cm , and 
that of the barrel 75 c cm , find after how many strokes the pressure 
will he reduced to less than a half of its original value 

25. The barrel of a Smeaton’s air-pump of the same capacity as 

the receiver and connecting tube Supposing that the valve at the 
bottom of the cylinder is the first to cease working, and that there is no 
leakage, shew that the most complete cshau=tiou the fur p.mp can gi~e 
will be accomplished at the end of 8 strokes The area of tne valve is 
supposed to he Y 5 ?rv °f a squere inch ard its — cght ' n 

ounce, the atmospheric pressure being just und«>r 2112 Ics. we grt per 
square foot. 
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26. In a Geissler pump the fixed reservoir contains 1000 c. cm Find 
tiio donsity of tlie air remaining in a bulb 100 o cm m volume after 
3 strokes of the pump 

27 Assuming the volumo of the tube of a bicycle tyre to ho 100 cubic 
inches and the bairel of a pump used to fill it to bo 10 cubio inches, find 
the number of strokes required to produce double the atmospheric 
pressure in the tyie 

28 Determine the volumo of the barrel of a condenser if one stroke 
is sufiicient to pioduce a pressure of 5 atmospheres m a tube J an inch 
in diameter and 50 feet long 

29. A spending tube, of 1 square inch section, is found to bo blocked 
somewhere A condensing pump, the capacity of whoso barrel is 60 
cubic inches, is attached to the mouth of the speaking tube, and after 40 
strokes the pressure of air m the tube is found to bo 3 atmospheres 
Shew that the block is 100 feet from the mouth of the tube 

30. A cylindrical dmng-bell 9 feet long is sunk m water to such a 
depth that the water rises 3£ feet m the bell At wlmt depth is the 
surface of the wator inside the bell if tho wator barometer stands at 34 
feet? 

31. A cylindrical bell 10 feet in height is sunk under the sea until 
the water rises halfway up tho bell , find the depth of tho top of the bell, 
taking the height of the wator barometer as 33 feet 

32 The same bell is sunk, in fresh water and the water rises 2 feet 
in the bell, find tho depth to which it is sunk 

33 What volume of air at atmospheric pressure must bo pumped 
in to fill the bell m each of those two cases * 

34. A diving-bell is let down into water so that the lovel of tho water 
m the bell is 33 feet below the surface of the water If the bell is cylindrical 
and no air 16 pumped into it whilst it goes down, how high will tho water 
have risen in the boll itself? 

35 The capacity of a diving-bell is 100 oubic feet What volume 
will the air, which fills it at a depth of GO feet, occupy when raised to the 
surface, the height of the wator barometer being taken as 30 feet? 

36. A cylindrical dmng-bell is lowered to such a depth that the 
confined air occupies two-thirds of tho interior Half as much air again 
is pumped into tho boll How much further may tho bell descend before 
it becomes half full of wator? 

37. The height of a cylindrical bell is a feet at tho surface, a mercury 
barometer reads h feet, when the hell is sunk it reads h' feet If p he the 
specific gravity of mercury, find the depth to which the hell has sunk 

38. The diameters of tho pistons of a Bramah picss are 1 inch and 
20 inches respectively, find the weight wlneh can ho raised if a force of 
2 5 tons weight be applied At each stroko tho small piston moves over 
10 inches, find tho number of strokes required to iaise the weight 25 feet 



HYDBOSTATIC MACHINES. 


207 


CH VIII] 


39 A lift constructed to carry 10,000 lbs weight is supplied with 
water from a height of 150 feet Find the diameter of the piston 

40. If the sections of the cylinders of a Bramah press be 18 square 
inches" and 1 square foot respectively, what pressure must be applied to 
the cmniw cylinder to produce a pressure of two tons upon the larger? 

41. The diam eter of the large piston of a press is 10 times that of 
the small one, and at each stroke the small piston moves through 
5 inches What weight can bo raised by a force equal to the weight of 
28 lbs applied to the smaller piston, and how many strokes are required 
to raise the weight 1 foot’ 

42 The ram of a press is 20 inches m diameter, and it is required 
to lift 100 tons, what size should you make the plunger of the pump, 
if the mechanical advantage of the handle be 10 and the force on the 
man’s hand working the pump 10 lbs wt ? 

43. If the ram of an hydraulic accumulator be 6 inches m diameter, 
what load is required to pioduce a pressure of 500 lbs on the square 
inch? To what head of water does tins correspond? 

44 . The mechanical advantage of the arm of a safety-valve is 5, 
and Hie diameter of the steam valve is 1 mch If the load at the end 
of the arms be 30 lbs weight, find the steam pressure 

45. In a volumenometer the volume of the space into which the 
body to be measured is put is 100 c cm , that of the measured space 
below is 50 c cm When a body 25 grammes m mass is inserted and 
the mercury is brought to the lower mark the pressure is found to be 
38 cm , find the density of the body 

46 . In another experiment with the same instrument when the 
mercuiy is brought to the lower mark the pressure is 46 cm , find the 
volume of the body introduced 

47 . A horizontal waterpipe is connected with a reservoir , the level 
of water in the reservoir is 300 feet above the pipe The pipe whose 
internal diameter is 1 inch, is cut and stopped by a cork. Find the force 
exerted by the water on the coik 

48 . A safety-valve is kept in position by a horizontal lever 12 inches 
long having its fulcrum at one end and a weight of 5 lbs on the other 
The valve itself is one square mch in section and its centre is at a 
distance of one inch from the fulcrum What is the greatest pressuie 
that the steam m the boiler can have? 

49 The safety-valve of a steam-engme is one square mch m section, 
and its centre is placed 4 inches from the end of a 20 mch lever, from 
the other end of which a weight of 27 lbs is suspended If the 
atmospheric pressure be 15 lbs per square mch, find the maximum 
pressure of the steam m the boiler, when it begins to escape by the valve 

50 . The weight of a cubic foot of water bemg 62 lbs , what volume 
of water will an engine of 12 horse-power raise by pumping for 1 hour 
from a well 20 feet deep? If the loss of work from frictional causes bo 
equivalent to 1000 foot lbs per second, calculate by how much the 
volume raised will be reduced 
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EXAMINATION PAPERS. 

I 

X Distinguish between a solid and a fluid, gmng examples and 
shewing how the substances mentioned conform to the definition 

2. What is meant by viscosity and plasticity? Why is pitch a 
viscous fluid while wax is a plastic solid? What do you understand by 
elasticity? 

3 Define the pressure at a point in a fluid, and shew that the 
pressure at any point is the same in all directions. Shew also that m a 
fluid under gravity the pressure is the same at any two points at the 
same depth 

4 Shew that if p lt p a be the pressures at two points in a fluid of 
density p and h the vertical distance between the points, p a —p y +Jipg 

5, Shew that the resultant thrust on an area immersed in a fluid is 
equal to the weight of a column of fluid whose base is the area, and 
whose height is the depth of the centre of gravity of the area 

6 Explain how the pressure of the air is mensuied by the barometer 

7. Explain the action of the siphon 

n 

X. Describe the construction and mode of action of the barometer 
When a barometer tube is inclined the top of the column remains at the 
same vertical height above the mercury in the dish Why is this? Does 
the height of the barometer depend on the area of the cross section of 
the tube? 

2. Explain the mode of aotion of the common pump, the force pump, 
and the air-pump 

3 Shew both from theory and expeiiment that the resultant force 
on a body immersed m a fluid is equal to the weight of fluid displaced 
Deduce hence the lows of floating bodies 

4 Define specific gravity, distinguishing carefully between it and 
density 

5 Describe the use of the hydrostatic balance, and shew how to 
employ it to find the specific gravity of a solid lighter than water 

6. Shew how to find the specific gravity of a liquid (a) by the use of 
the specifio gravity bottle, (6) by the use of Nicholson’s hydiometei 

7 A long U-tube contains two liquids which do not mix Shew how 
to compare the densities of the two by measuring the heights of the 
respective columns above the common surface 
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CHAPTER I. (Page 18 ) 


1. (1) 35*558 eras ; (2) 182 87 ems , (3) 152 39 ems , (4) 20115 82 ems 

2. (1) 1 G0927; (2)6437-08, (3) 5486, (4) 001, (5) 000025 

3. (1)19158; (2)6747 38, (3)4046,153,000, (4)471,428 6 

4. (1) 2919 52, (2) 2G27570 ; (3) 1302266 x 10 1S , (4) 1768 x 10 7 

5 5Gir sq in =176 sq in 6. ^ *0 nuleB=24C,400 Bq yds 


7. 42 ft 


8 The oncle 


10 . 

12 . 

14. 

16. 

18. 


20 J2 


20 

— cm 

V3 


cm nnd 

-s/8 

2 10 mm , 55 44 sq. mm. 
112 62 grins 
1 19 grms per c cm 
18 5 grms per c cm 


9. 25 JE sq ft =43 3 Bq ft 

11. 800 sq cm 

13. 428 mm 
15. 76 37 lb per c foot 
17 1 22 grms per c cm 

19 3437 grains per c inch 


20. The density of the sphere = the densitj of the cylinder x 7 80 


CHAPTER II. (Page 53) 

1. (1) 145, (2) 30, (3) 981, 333, 333 J, (4) 15275. 

2 (1) J, (2) 62$ , (3) x y*= 1267, (4) 2 032 

3 1117 543 4 (1) 2640; (2) 8801600; (3) 1387584000 

5. (1) Safr ft P er see ; (2) 55 miles por hour 

6. 4 miles from A's starting-place 
A'b speed is 4 8 miles per hour 

„ 24 „ 

7. 5 miles 8. 2750 It 9. { ft per second 

10. 248 to 256 approximately H. (1) 5, (2) 10, (3) 19-21; (4) 6. 
12. (1) n/37 =6 083, (2) 12 96, (3) 2 91; (4) 2 65. 

G. nr 
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13 6 miles per hour 14. 16 1 ft per second 

15. 60$ minutes from start. 2$ miles 

18 (1) -s/2, (2) 2 J2, (3) 2 =4 47, (4) 3 J2 = 4 24 

19 (1) 0, (2) t/E, (3) -s/19 = 4 3G, (4) 3 -s/3 

20. (1) 500 -s/3 horizontally, 500 vei tically, 

500 J2 „ 500 -s/2 „ 

500 „ 500 Jd „ 

55 

(2)— p=31 8 ft per sec horizontally, 18J-ft per seo vertically. 
-s/3 

21. 577 ft per sec 22. 250 -s/3 ft per sec =433 ft per see. 

23. 5 -s/2 miles pei hour in the north-west direction 24. BC 

25. (a) 35 -s/2 cms per sec to the north-west, (6) 6 

26. 30 -s/3 miles per hour 27. 900 ft 

28 The velocities during each of the 4 minutes are 2, 6, 10 and 14 ft 

per second respectively 

t s 

29. g ft 30. The angle between the two components is 003-1=,^. 
32. h AB 33. nur+VT-^~^ 34. 73 3 to 55. 

CHAPTER III (Page 73) 

1. ¥0 and i£g 2 $g 3. 16625 ft 62 5 sec. 

4. (1)12 5, (u} 26 25 5, 15 625 

6. Change m velocity =5 »J2 Acceleration = 

-s/2 

7 1150 ft 8 a=T 4 sV(= 326) ft per sec per sec 

9. u=160 -s/l3 (=577) ft per seo Height=5200ft 
10 420000 ft 1300 ft per seo JJ. 36 B eo 

12. {«) 3 sec 13^0 ( 6 ) 1^ sec 3|p 

13. f r l7, 14. S. 

15. Half the height -s/!height x g jg > 3 sec 

17. 272 ft per sec 18. Initial velocity =0 19 976 56 ft 

20. 4 sec 21. 833$ cm per sec 3$$ cm per seo per sec 

JJ 1 ff!L 2metreS After 61 16 secs 23. 88 6 metres per seo. 

24. 38624 25. 10 2 sec 26. 144 ft 



ANSWEttS TO EXAMPLES 


111 


27. ft ft per sec per sec 28. 12 1 ft per sec No 

29. 16 ft per sec u=ft ft per sec per sec 

30. - - 056) ft per sec per sec 31. 18| sees 

34. 25 ft 40 ft per sec 36 61ft- ft per sec 276ft ft 

37 velocity at end of 5 sec =320 ft, per sec 
initial velocity =20 ft per sec. 

38. 120 ft 39. 120 ft 

40 At an angle cos -1 J with the direction of motion of the tram 

41. G“ miles per lionr .15 J ft per sec 

1 mile m CJ nun. = If 2 ft per sec 42. tangent= J 

m j* 

43. velocity ft per sec , angular velocity - jy-( 18 °) P or sec 

44 , mean acceleration =^-~- 40 100 ft 80 ft per sec 

47. 32 JZ ft por sec JZ secs 

48 14 ft per sec 24 ft per sec per sec 49. 160 ft npprox 
50. 3888000 miles per hr per hr 


CHAPTER VII (Page 142.) 

1. (i) 100,000 units of momentum , 

(n)20j, (m) 2,682,210, (w) 9,000,000 

2. momentum of second mass =momeutura of first mass x 231 5 

3. 27jcm per sec per sec l,G00,006j dynes 
4 impressed force on second mass 

= impressed force on first ma*s x '2572 
5. 469 BrxlO 31 c o s units of momentum 6. 45 4 cm 

7. impulse =30 JZ xm, whore ja=mass of cricket-ball , 

average force = 1500 JZ x m poundals 

8. 2215 cm per sec 9. 256 lbs 8192 poundals 11, 62^ poundnls 

12 3G3}fcm per sec 181 era 218225 cm 13. 24 ft per sec 

14 10J pounds 15. 21ft pounds 16 60,500 ft =11’ J miles 

17 -Ifs ft por sec per sec of tbo weight 

20. forces are equal 21. 200 poundals 22. 2133’ poundals 
23. a dyne 25. 17| poundnls 28$ ft 2G. OjZo mm =27 4 mm. 

AM 80 k/o 

27. — jj — =59 6 ft per sec 28 16 ft per sec 

29. 255 7 cm per see 30 38080 poundnls. 

31. 2| lb weight 10’ ft per sec per see 



IV 


ANSWERS TO EXAMPLES 


32. 38 8 ft per sec per see 33 14 85 cm per sec per sec 

34 ft per eec per sec 16 ft per sec 24 ft 

35 8 83 cm per sec per sec 

onJ, £ 

36. (1) — r- ft per sec per sec (2) — = secs (3) 16 ft per sec 

t 4 v7i 


37. (1) 
41. 13J 
44. (1) 


<7 k 

(2) — secs 

* <7 

42 2 

p 

2mii sin Ja (2) 


(3) 28 ft per sec 


43. 

(3) 
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45 313 cm per sec 46. (1) 30°. (2) 56 6 cm per sec 

47. (1) 23 ft per sec per sec (2) 24 r p s units of momentum 
48 (1} 5^ ft per sec per sec (2) 106§ ponndals (3) 66§- ft 
49. (1) 3 tons’ wt (2) 525 2 ft 50. 1 kd° wt 

51. 20 stone wt 52 288 »J2 ft 

54 45 poundals 55. 125 ft 

56 (1) 2 ft per sec per sec (2) 150 ponndals and 136 poundals 

2 m' m g 


57. (1) 


m'+m 


(2) 1J secs. 


CHAPTER VIII (Page 184) 

1Q4 

3. -== 0104 secs 
9* 

4. (1) momentum of bullet =37 5 units , 

energy „ =22,500 foot-poundals. 

(2) momentum of large mass = SCO units , 

energy „ „ =140 foot-poundals, 

force to stop bullet in ^ Bee = 375 poundals , 

„ „ large mass „ „ =5600 „ 

work done by bullet =22,500 foot-poundals , 

„ „ large mass= 140 „ 

6. 150p rfe ergs 8. 9 cm per sec , before impact =3840 ergs 

after „ =3240 „ 

9 (1) 1792 ft per sec (2) lGjf = 42 4 ft per sec. 

10. (1) 19,200 rrs units of momentum 

(2) 1645714? ft -poundals (3) 1645714? ft -poundals 



ANSWERS TO EXAMPLES 


V 


11. (1)31, 250ft -poundals. (2)10, 41Gf poundals 12. 149 oz 2 5ft -tons 
13. & horse-power. 14 5 ft -pounds 15. 5'7 liorse-power 

16. "When the pendulum has fallen through half the vertical height of 

its swing 

17. 5,040,000 ft -poundnls 18. 3520 ft -pounds 

19 (1) 20 ft per see. (2) 1 to 100 

20. 17f ft per see. 21. 1 59 h r 22 7ig h r 

23. 2199/ t h p 25. 4 inches 28. 7812J poundnls 

29. 31,500 poundals 30. 2685 x 10 10 ergs 31. 68J o ft 


CHAPTER IX (Page 208 ) 

1. 40 J2 yds 2 14 06 ft 4. (1) 108 ft (2) 3 sees 

5. (1) 1000 ft per seo (2) 144 ft 6. (1) 13 secs (2) 104 g ft 

7. - 5 ~ 2a - miles 9. 100 ft per seo 10. 70 ft per seo 

12. (1) 22,050 ft (2) 553 48 ft per sec 14 — ? coe 2a 

CHAPTER X. (Page 221.) 

1. ^ °f that of the impinging ball 2 2 to 5. \ 

4. 15 ft per sec m opposite directions 

5. Their masses are equal and e is unity 6 0878 ft 

7. tan-H 8. v=in, 0=90° v'=^u, (T~0° 

v , , 1 - c B 

9. 008 a ”2»* 11 — * 


CHAPTER XI (Page 236) 


2 . 

5. 


1 65 revolutions por second 3 lengthened by 08 inches 

(1) In first position pressure on support = 800 */f grms wt , 

tension of string = 200 „ 

weight of bob (1000 grms wt ) 

(2) In second position pressure on support 250 Jl5 grms wt 


(3) 


In third position pressure on suppoit kilos, wt. 



VI 


ANSWERS TO EXAMPLES 


7 Intensity of gravity at Z?=mtcnsity at A x 1 00023 
14 801 ft -pounds 15. 24 ft per soo 16. 80854 ergs 

23 40 */t> ft pei sec 24. 9 to 8 25. 1. 

27. 28 ^2 ft per seo 3GJ ft 28. i of tlio way across. 

29 3 times as far as it foil in the first case 

30 20J ft Aftor i seo and socs 31. 31 6 ft per seo 

33. (1) 13£ ft per sec 

, , kinetic energy of projectile 

(2) lunetio energy of gnn = . 

34 (1) 4$ ft per sec per soo (2) 109f poundals 

35. (1) 8j miles per Lour (2) 933,333fr ft -poundals. 

36 (1) ft per seo per sec (2) 33 poundals 


MISCELLANEOUS EXAMPLES (Page 238.) 


3, Increased 12,960 times 4 - 4 = secs. 

Vff 

6. l^lb-wt 7. H 

3. 45° to tbe direction in which the hall is coming 9. 400 ft 
10 7 miles per hour 12. 1108 ft per sec 


13. 5 >J 13 miles per hour 

15, 62 miles 

17. 15 1 J 3 miles per hour 


14 Increased 3600 times 
16. sVb- ft pei sec per sec. 
18. 6 ft per seo per seo 


IT 

19. $ secs 21. g + sin -1 £, with the motion of the tram 

22. 4 65 secs 37, (1) 448 ft -poundals. (2) 18 ft 

40. 195* ft lb 41, 22500 ft lb 

42. (1) 22400000 ft -lb (2) 678 8 n r 43. * 

44. 9856 ft -lb 47 ft per see 48. 3* pounds 

49. (1) 19200 IPs units of momontum (2) 1G48571J ft -poundals 

(3) 1648571f ft -poundals 

50. (1) * P cr seo per seo (2) 147 x 8 r miles per hour 

51. 8 ft per seo. 52. 11 ft -poundals 54. 38554687 6 ft.-lb 



ANSWERS TO EXAMPLES IN STATICS. 


CHAPTER I (Page 31.) 

1. 5«/l3lb.wt 2. 13 P 4 10 lb and 26 lb 

5. 5 lb and 13 lb 13 5 a/ 3 lb each 

14. Place the forces parallel to the sides of a nght-angled triangle whose 
sides are 3, 4 and 5 

16. Weight of bob=l kilogramme 

Tension of horizontal string= 258 kilogramme. 

„ pendulum „ =1 033 „ 

17. P( 2+V3) 21, ~ times the side of the tnangle 

a 

26. A force equal to the given forces bisecting the angle between them 

29. (i) p Q (n) 6 48 lb -wt 

32. 5 a/7 lb -wt 33 699 5 dynes 

34 i lb -wt and £ lb -wt 

38 5 a/ 2 to the North-west, 5 to the South 

41. sin -1 ( - H) '"itk the force 5 sm -1 ^ with the force 12 

44. 27 7 oz 46. a/2 P 47. P 

48. 391b 49 61b and 8 lb -wt 


CHAPTER II (Page 57 ) 


2. 21ft 3 in 3. 3 lb -wt 

6. 171b 7. 5| lb -wt 

9. AC=2 in BG=SG in 


5 51b 

6 35 lb and 40 lb 
10 &and£| 



VIU 


ANSWERS TO EXAMPLES. 


12 1001b 13. *131 ft fiom the axle 15 lift from the man 

16 2 P at an angle of 45° ■with the force 4 P 

17. In the line joining the middle points of the two Bides, and at a 

distance of 5£ m from the side which supports the two 5 lb -wt 

18. ilb-wt 


CHAPTER IV. (Page 83 ) 

W \/3 W g CO lb 4 ft from the thicker end. 

2*2 

4 Pressure on shorter end=f of the man’s weight. 

„ longer „ =f „ 

6. P, iAG from C 10 JTF tan Ja. 

12. The radius to P bisects the line AB 13. 20 lb. 

15. The end 18 3 to 1. 


CHAPTER V (Page 110.) 


1. 3501b 

3. Piom any point on the rim within a distance of t>V of the whole 

circumference from any of the 4 legs 

4. At a distance of i of the side of the square from the centre of the 

square , the straight line joining the centre of gravity with the 
centre of the square is parallel to a side of the square 

5. At a point on the diameter drawn from the middle one of the 

3 particles mentioned and at a distance of G 5d from that point 
where d is the length of the diameter 

6. In the perpendicular drawn from the angle which is adjacent to the 

2 bisected sides, and at a distance — below the o a of the whole 

i , 6^3 

triangle 

7. In the diameter of the rectangle parallel to the side a and at a 

distance of $a from G 

8. At the point G in the straight line AG where iG=^r AG. 

0. In the diameter drawn from that angular point on which no weight 
is placed and at a distance of of the diameter from that point 
11 In the straight line drawn parallel to JBG from the middle point of 
AB and at a distance of £§• of the side of the square from this 
point 

12, Half the weight of the whole table 



ANSWERS TO EXAMPLES 


IX 


13, In the diameter drawn from the point at which the two circles touch 

one another and at a distanco of — — from the centre of the 

Ji+r 

larger circle 

14. In tho diagonal drawn from the angle enclosed between the two 

bisected sides and at a distanco of of the diagonal from this 
point 

18. 60 lb. 6 ft from thinuci end 19, ^ IK JT 7 

20. — "—!=■ lb 2 cwt , 3 cwt , 0 

1+4V3 

22. In the straight line joining the two centres, and at a distance of 

1 ft 8J m from the centre of the hole 

23. The centre of the circular hole must be 16 m from that of the disc 

24 If m 25 5!r m from tho thicker end 

27. On tho line joining the angle removed to the o of o of the whole 

and 1 of this distance from the angle removed 

28. tc °f total length from tha lieaviei end 29 6 ft from the end 

30. In the diagonal drawn from tho angle enclosed between the two 

28 <1/2 

bisected sides and at a distance of — ~ — of the side of the square 
fiom this point 


CHAPTER YI. (Page 160.) 


1 . 

2 . 

3. 

12 . 

13. 

18. 


19 

22 . 

25 . 


Left arm =s right arm x 1 018. 

Tho fulcrum is at G, that is, 13 ft from A 

§ of distance of centre of gravity from the end at which the weight 
is hung 

True weight =20 491 lb 

7i pence 15. W 16 \'3IF 17. 12 ft 

ff -- 1 -— JF (cos a ±siii a tan 0) depending on direction of force 
cos 0 v 

Vertically up 


TP. sin a „ .. 

— - Nothing 

cos/3 b 

20 4= ton 

s/2 

21. 

201b 

4= ton 

V3 

23 

23 V3 

24. 

IF, IK. 

1 —pz When tho force acts paiallol to the plane 
V3 
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ANSWERS TO EXAMPLES 


26. 5 lb -wt * 27. 51b 28. 3 Jib 

29. (1) 1 • 16 , (2) 9 in 30 7 lb 31. 16 lb 32. 9J lb 

33 5J lb 34 41 lb 

35. From a point distant i of the whole length of the bar from the end 

to which the string attached to the fixed pulley is connected 


TF radios of wheel 
P — radius of aide 


39. 121b 


40. (1) 45 72 grams, (2) 1 002 to 1 41. 2lV21b 21 lb. 

42. 2 lb 43. 16 ft 44. (1) ~ (2) 4{ lb 

45. (1) (2) 5 lb 46. 7 pulleys 141b 47. iV c lb. 


CHAPTER VII. (Page 174.) 


1 . 




2s 


3, tan-1 1, tan" 1 ^. 


6. 2 sin a 


\f g sin a - fxg cos a 

9, »j2 lb , tan -1 to the horizon , —■ times the weight 

11. With the largest face on tlio plane and tho length up the plane No 

1 50 


30 °’ Vi- 


12 

14. 2J owt 


13, VT V5 lb 

17. i owt ; 0. 



ANSWERS TO EXAMPLES IN HYDROSTATICS 


CHAPTER I (Page 18.) 

5. Density, 112 lb por cubic foot. Specific Grauty, 1 792 


6. 

112 58 grms 

7 

76 39 lb per c ft 

8. 

1 1937 grms per c cm 

9. 

1 2237 grms per c cm 

10 

18 476 grmB per o cm 

11 

3437 grains per c mob 

12. 

Density of Bphero ^ 

Density of cylinder - 


13 44 68 lb 

14 

199,200 tons 15. 

63 litres 16. 72 4 litres 

17. 

(i) 975 (n) 1027 


18 7 09 

19. 

00459 sq cm 


20 2 82 c inches 

21. 

Weight of glj ccrmo 

Weight of water 


22 2 98 c cm 


CHAPTER III (Page 76 ) 

1, Pressure m water at depth of 

(1) 25 om is 1025 grins -wt pei sq om. 

(2) 1 metro is 1100 ,, „ „ 

[A) 1 mile is 101,900 „ „ „ 

(4) 5 kilometres is 501,000 „ „ 

Pressure in vicuury at depth of 

(1) 1 om is 1013 6 grins -wt per sq cm. 

(2) 1 metre is 2300 „ „ „ 

(3) 25 metres is 35,000 „ „ 

(4) 1 kilometre is 1,3G1,000 „ 

2. 44 91ft 3. 40 66 inches 

4. ’795 p, 128 p, p, where p is the pressuie in the water. 



ANSWERS TO EXAMPLES 


XU 

5 Head of water=33 4 ft Head of merctiry=29 48 inches 

6. 130 2 lb -wt per sq inch 

7. Heads of watei, 10 metros, 829 4 inches, 1019 4 cm. Heads of 

mercury, 73 53 cm , 60 98 inches, 74 95 cm. 

8. 68,400 poundals 

9. (II +160 3) lb -wt per sq. in where ll=pressure of the atmosphere 

m lb -wt per sq inch 

10. 1584 5 lb -iv t per sq ft 11. 39270 lb -wt 

12. Pressure in liquid=178 25 lb -wt per sq inch Poice exoited 

by piston =14, 000 lb -wt 

13. (1) 25,920 lb -wt per sq ft (2) 233,280 lb -wt persq yd 
14 13 74 lb -wt per sq inch 

15. (1) 2033 6 grins -wt per sq cm (2) 6168 grms -wt per sq cm. 

16. 46 08 ft 17. 1000 kilogrammes weight 

18, 73,500 o cm 19. 2000 lb -wt persq foot 

20. 41 3 lb -wt por sq ft 21 5 63 lb -wt per sq inch 

22. 11 41 inches 24. 6912 ft 

26 3373 lb.-wt 27. 11 76 lb -wt poi sq inch 

28. 45 5 grms -wt. per sq cm 29 192 sq ft 

30. (i) Upward thrust on top of barrel =208$ lb -wt (u) volume of 
waters 144 cubio inches 


CHAPTER IT. (Page 93.) 

2. (a) 4 948 lb -wt (6) 61,500 tons-wt 

thrust on base with vertex upwards _ 3 

" vertical thrust on curved surface, vertex downvvaids ~ 

5. 10167 ft 

_ . . thrust on base of large cistern 

' ’ thrust on base of small cistern ~ 

. thrust on vertioal sides of large cistern 
■’ ' thrust on vertical sides of sieall cistern - 
7. 29 lb -wt 8. 288$ lb -wt 

9. A force equal to the weight of 562$ lb applied to the centre of the 
lower edge of the face 

10 1875 lb -wt 11. 60,625 lb -wt 

thrust on side . . „ 

12 tbrnst on bottom - ^ 13, 351,5G2 ^ lb - wt * 

14. 1,001,953$ lb -wt 15 25 323 ft 16 2273$ lb -wt. 

17. 46,2561b wt 20. 

x Force on small plate B 



ANSWERS TO EXAMPLES 


X1U 


CHAPTER V (Page 114) 

1. 25 9 cubic incJies 2. 87 11 grms, 

3 Resultant thrust of water =41§ lnlogrammes-wt Accelerations 

310GJ cm per sec per sec 

4. (1) 100 grms -wfc (2) 28 GC gnus -\vt (3) 925 grms -wt 

5. 57 of its volume 

6. Volume of cork = 15 8 times tlio volume of the iron 

7. 22 44 grms 8. 0 257 grms 9. 19,000 c ft 

10. 05 8 a inches 11. 45 c cm 12 0 97 

13. (1) 54541b (2) 39391b (3) -4251b 14. 3 07 grms 

15 Wt of most dense body =9 times the wt of least dense body. 

16. Mean speo gravity =0 9987 Volume=3S76 72 c inches 

17. 55 of the weight 

18. 537 of the volume of the iron is ra mercury, and 4G3 of the vol of 

the iron is in water 

19. Spec gravity of \\ood= 533 Speo gravity of cork= 25 Spec 

gravity of ice= 919 Spec gravity of oah= 75 

20. 72G inches 

21. Volume of iron =3G 4 c cm Donsitj of irons=7 5G grms perc cm. 

22. 48 cubic inches 23 *45 inches 24. Sp gr = -5 

25. 2 34 cm. m water 2 G6 cm m mercury 27. 93 75 cm 

28. (1) Pressure required =5 lb -wt (2) Wt of metal =61 lb 

30. (1) Floats m ordinary water with 00G4 inches above the sni face 
(2) „ sea-water „ 108 „ „ „ 

31 5 lb -wt 33. 20 o cm 36 89 8 ft 

37. Mass of iron =1 66 grms Mass of wax =34 34 grms 

38. 0 93. 39 277 0 o mobes 

CHAPTER VI. (Page 137.) 

1. (1) 2 637 (2) 1137 (d) 2 G8 (4) 17 57. 

2. (1) 240 (2) 8535 (3) 530 (4) G01 

3. (1) 10714 (2) 1200 (3) 1 270 (1) 1305 

4 Spec gravity =3 57 Volume =7 G9 c cm 

6. 1 069 7. 4 1 79 grms 8. 

9. (1) 1001 (2) 0 920 (3) 1032 

10. 2 077 11. 2 768 

12. Mass of silvcr= 997 times the mass of tlio gold 

14. 309 of the lolumo of the mixture is alcohol 


5. 4 04 
2 476 

13. 1A- 



XIV 


ANSWERS TO EXAMPLES 


15. 82 9 om. 16. 6 36 inches 18. 12 288 

19, Speoifio gravity =3 Volnme=l c cm 20 923 

22. 8 88 23 1 5 24 80 

25. 787 26. 18 92 grins 27 1 44 

28. 148 c om 30. 2 20 

31. Mercury falls 1 99 cm in one leg, and rises 1 99 cm m the other. 
G5 9 cm of oil are lequired 32. 27*2 inches 


CHAPTER VII. (Page 166) 

1. (1) 3800 c cm (2) 2992 c cm (S) 3839 c cm (4) 47 1 c cm 

2. 39 1 litres 3. 18‘12 kilogiatmnes 

4, 340 5 kilogrammes 5. 144 16 grms -wt pei square cm 

6, Add 13 36 mm 7. 4 05 mm 8. 75 394 grms 

9, Pressure of hydrogen =14 4 times the pressure of the air 

10. (1) 749 54 mm. (2) 27 445 inches (3) 21 176 inches 

11. (1) 783 c cm (2) 306 1 o cm (3) 414 7 cubic inches 

12. 26 48 inches 13. 2 401 litres 

14. 24 73 inches of meicury 15. 8752 yards 

16. Increases by 10 cubic feet 

17, 1 782 inches in diameter 18. 0015 cubic inches 

19 Diminished to ^th of its former value 20. 2 85 cubic ft 

21, yth of the air escapes, or, in other words, the escaped air occupies 

a volume of 85J cubic inches 

22. 60 lb -wt 23 8932 yards 24 2633 grms 

27. Weight on mountain =$th weight at sea-level 

29. 30 inches of mercury 

30. Pressure of the inside air is less than the pressure of the outside 

air by the pressure of the column of watei left in the hottle 

32. 8408 metres 33. 6181 ft 35 30 5 inches 


CHAPTER VIII (Page 204 ) 

4 (1) 30 inches (2) 513 2 inches Q. G4 4 Ih -wt 

7. 4 strokes 8. 8 1 lb -wt 9 47,142? lb -wt 

10. 37,500 ft -lb per minute 

11. (1) Force required =13 635 lb -wt (2) Woik done= 24,543 ft -lb 

(3) Wt of nater raised =981 721b 

12. 10 2 strokes. 



ANSWERS TO EXAMPLES 


XV 


13 981 75 lb -wt during tlie back stroke and 3927 lb -wt during the 

forward stroke 

14 15,590 ft -lb 15 304 5 inches 

243 59 049 

16. (1) jjjjjgx original pressure (2) x original pressure 

... 14,348,907 . . 

< 3) iwip ii * onglDfll P iet * mc 

17. £tli of a stroke. 18, 1C strokes 

19. When tbo piston in its upward stroke has traversed * of the barrel 

20. rlrrth of the atmosphcnc density « 

21. Volume of iecei\er= 1 times that of the barrel 

22. 1G7 strokes 24 5 strokes 

26. rsVr of ll,c atmospheric density 27. 10 strokes 

28 2727 cubic feet 30 21* ft 31 2716 ft 

32 Depth of top of bell =3 inches 

33 (1) 1153 V (2) *311 V. Whoie F= volume of the bell 

34. Half way up the cylinder. 35. 300 cubic feet 

36. Until its depth be doubled (neglecting the length of the bell} 

37. Top of the bell is jp ( h'~ h) - ft below the surface 

38. Weight raised = 1000 tons Number of strokes required =12,000 

39. l*sq feet 40. £ ton weight 

41. Weight raised=2800 lb Number of strokes =240 


42 

42G inches 


43 

Load reqmrcd=14,137 2 lb 

Head of water =1152 feet 

44. 

191 lb per sq inch 

45. 5 grins per c cm 

46. 

23J c cm 

47. 102 3 lb -wt 

48 

GO lb per sq inch. 

49 150 lb. per sq inch 

50. 

(1) Volume raiscd=19,lGl 
2903 o ft 

c feet (2) Eeduction of volume= 



INDEX TO DYNAMICS. 


The references are to the pages. 


Acceleration, unit, 58, uniform, 50, 
space tiaversed, 62 ; velocity and 
space traversed, 65, formulae 
connected with, 66, of a falling 
body, 94, 101, measurement of, 
and the Hodograpli, 224 
Accelerations, composition and 
resolution of, 71 
Action of Force, 125 
Action, 148, 152, during impact, 
218 

Amplitude of vibration, 202 
Angular velocity, 49 
Area, measurement of, 4 
Attraction and the tiurd law of 
motion, 151 

Atwood’s machine, 103, experi- 
ments with, 104, 106, 108, rate 
of change of momontum with, 
107 

Average rate of change, 22 
„ speed, 27 

Ballistic balance, Hicks’, 80, ex- 
periments with, 82, 86 
Bodies, falling, 69, problems on, 
70, impaot of elastic, 88, ac- 
celeration of falling, 94, 101 
Body, motion down a plane, 164, 
down a curve, 165, lb6 

Centimetre gramme, 177 
C G S system of measurement, 16, 


unit of force, 118, unit of work, 
156 

Change of momentum, 89, rate of, 
with Atwood’s machine, 107 
Change, of \elocities, 56, of form 
of energy, 172 
Circle, motion in n, 229 
Circular motion, 230 
Comparison, of masses, 14, 83, 121, 
of forces, 120, bj weighing, 131 
Component of displacement, 30 
Composition, of displacements, 29, 
special cases of, 32, 
of accelerations, 71 
„ of velocities, 3S; of forces, 
134 

Compression, moment of greatest, 
219 

Conservation, of momentum, 91, 
162; of energy, 175 
Conservative system, 176 
Constrained motion dno to gravity, 
102 

Curvo, motion down, 165, 166 , 
velocity on, 169 

Density, 14 

Displacement, 10, resultant and 
components of, 30 
„ composition of, 29, special 
cases of, 32 , parallelogram 
of, 32 , resolution of, 36 
Dynamics, 17 
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Dyne, 118, value of, 122 

Earth, shape of the, 232, conse- 
quences of rotation of, 230 
Elastie bodies, impact of, 88 
Energy, 152, 170, 179, and work, 
153, potential, 170, kinetic, 171, 
change of form of, 172; mntual, 
174, forms of, 174; conservation 
of, 175, in mechanics, 175, amt 
of, 177; and impact, 215 
Equilibrium, 130 
Erg, the, 177 

Experiments, on the parallelogram 
Law, 4G; on the measurement 
of mass, 78, with the ballistic 
balance, 82, 8G, with Atwood’s 
machine, 104, 103, 108, on falling 
bodies, deductions from, 109 , on 
the value of g, 139 — 141, with 
pendulums, 204 

Expressions for work and power, 
159 

Falling bodies, G9 , problems on, 70 , 
acceleration of, 94, 101; deduc- 
tions from experiments on, 109 , 
and the second law of motion ,12-5 
Foot-pound, 177 
Foot-poundal, 177 
Force, 92, 152, 179, measurement 
of, 93, 117; methods of measur- 
ing, 132, impressed, 101, 107; 
and impulse, 110 , Newton’s deli- 
mtionof,U2, cos unit of, 118; 
f p a unit, 118 , comparison of, 
120, action of, 125, gravitational 
unit of, 129, representation of, 
135 

Forces, composition of, 134 , paral- 
lelogram of, 135, 13G 
Forma of energy, 174 
Formulae, untform acceleration, GG 
F P S unit force, 118 , unit work, 
167 

Fundamental quantities in Me- 
chanics, 2 


p, experiments on the value of, 


139 — 141, value of, m different 
latitudes, 207 

Galileo, achievements of, 112 
Graphical construction for work, 
179, 180 

„ representation, of rate of 
change, 23, of velocity, 29, 
of space, 50 

Gravitation, law of, 12G — 129 
Gravitational nmt of force, 129, 
of work, 157 

Gravity, constrained motion due 
to, 102 ; work dae to, 1G5 , motion 
of a particle projected under, 194 

Harmonic motion, simple, 233 
flicks’ ballistic balance, 80, ex- 
periments with, 82, 86 
Hodograph, the, 223, and measure- 
ment of acceleration, 224 
Horse power, 158 
Hjdrodynamics, 17 
Hydrostatics, 17 

Impact, 211 , condition of rest after, 
8G, of elastic bodies, 88, 
oblique, 21G, action dnnng, 
218 

„ and energy, 215 
Impressed forces, 101, 107 
Impulse, 89 

„ and force, 110 
Instruments for measuring lengths, 
9 

Kinematics, 17 
Kinetic energy, 171 
Kinetics, 17 

Law of gravitation, 12G — 129 
„ of Motion, first, 113, second, 
115 

Laws of Motion, Newton’s, 113 
Length, nmt of, 2, methods of 
measuring, 3, 4 

Mass, 12, 77, measurement of, 13, 
78, unit of, 84, and quantify 
of matter, 84 , relation between 
weight and, 124, 203 


G V. 


b 



XVI 11 


INDEX, 


Masses, comparison of, 18, 83, 121 
Material particle, 17 
Matter, quantity of, and mass, 84 
Measurement, units of, 1, of 
lengths, 3, 4 , of aiea and volume, 
4, of mass, 13, 78, experiments 
on, 77, c a s system of, 16, of 
position of a particle, 20, of 
velocity, 25, of force, 93, 117, 
methods of, 132, of work, 154 — 
156, 162 — 163, of power, 159, 
of acceleration and the Hodo- 
graph, 224 

Mechanics, definition of, 1 , funda- 
mental quantities in, 2, terms 
used m, 16, 17, conservation of 
eneigy m, 175 

Methods of measuring force, 132 
Moment of greatest compression, 
219 

Momentum, 85, 179, change of, 89, 
transference of, 90 , conservation 
of, 91, rate of change of, with 
Atwood’s machine, 107 
Motion, definition of, 20, of a 
particle, 26, with uniform speed, 
49, constiained, due to gravity, 
102, Newton’s Laws of, 113, 
first law of, 118 , second law of, 
115, and falling bodies, 123, 
problems on, 136, 139, illustra- 
tions of the third law, 149, at- 
traction and, 151; of a body 
down a plane, 164, down a curve, 
165, 160, of a paiticle piojected 
under giavity, 194, m a circle, 
229, cucular, 230, simple har- 
monic, 223 
Mutual energy, 174 

Newton’s definition of force, 112 
„ Law’s of Motion, 113 

Obhque impact, 216 
Oscillation of a pendulum, period 
of, 205 

Paiallelogram of displacements, 32 
„ of velocities, 41 


Parallelogram Law, experiments 
on, 46 

„ of foices, 135, 136 
Partiole, measuiement of position 
of, 26, motion of, 26, motion of 
projected, undei gravity, 194 
Pendulum, the simple, 201 

„ period of oscillation of 
a, 205 

Pendulums, experiments with, 204 
Plane, motion of a body down, 164, 
165 

Position of a particle, measurement 
of, 20 

Potential energy, 170 
Poundals, 119 , value of, 123 
Power, 158, measuiement of, 159, 
horse-, 158, expicssions for, 159 
Problems on Motion, 136 — 139 
Piojectile, properties of the path 
of, 196 

Piojectiles, 188 — 192 

Quantity, rate of change of, 21 
Quantity of matter and mass, 84 

Bate of change, of a quantity, 21; 
average, 22, graphical represen- 
tation of, 23, variable, 23, of 
momentum with Atwood’s ma 
chine, 107 

Bate of working, 158 
Beaction, 148 

Relation between weight and mass, 
124, 203 

Relative velocity, 47 
Representation of a force, 135 
Resolution, of displacements, 36, 
42, of accelerations, 71 
Rest after impact, 86 
Rotation, consequences of the 
Earth’s, 230 

Simple harmonic motion, 233 
Space, graphical representation of, 
50 

Speed, 26; average, 27, variable, 
27, units of, 27, motion with 
uniform, 49 
Statics, 17 
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Stress and force. 111 

System, conservative, 176 

Terms used m Mechanics, 16, 17 

Time, 11 

Transference of momentum, 60 

Uniform velocity, 26 

„ speed, motion vntli, 10 
„ acceleration, 60, form nine 

connected with, G6 

Unit acceleration, 68 
„ of force, cos, 118, rrs, 
118, gravitational, 120 
„ of work, cos, 160, r i' b , 
157, gravitational, 167 
„ of enerpj, 177 

Units, ofmeasurement.l; oflcugth, 
2; of speed, 27, of mass, 84 

Value, of a Dyne, 122, ofa Foundal, 
134, of o in different latitudes, 
207 

Variable rate of change, 23 
„ velocity, 26 


Vanablo speed, 27 
Velocities, composition of, 38, 42, 
parallelogram of, 41, resolution 
of, 42 

Velocity, measurement of, 25, uni- 
form and i nnablc, 26 , graphical 
representation of, 20, relative, 
17, angular, 40, change of, 50, 
on a curve, ICO 
Vibration, amplitude of, 202 
Volume, measurement of, 4 


Watt, the, 159 

Weighing, comparison of masses 
by, ldl 

Weight, 101 , relation between mass 
and, 124, 203 
Work and Energy, 153 
Work, measurement of, 154 — 156, 
102, 163, cos unit of, 156, 
m unit of, 157, gravitational 
unit of, 157 , due to gravity , 165, 
graphical construction for, 179, 
180 
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Amount of Friction, 166 
Angle of Friction, 173 
Application of the Principle of 
Work, 115) 

Axis, motion ahont an, 43, mo 
ment abont on, 55 
Axle and 'Wheel, the, 123 

Balance, the, 148, dec of, 153 
„ tho Letter (Kobenal’s), 
158 

Barton, the Spanish, 147 
Bodios, rigid, 36 

Body, equilibrium of a rigid, 70, 
71 , equilibrium of, resting upon 
a horizontal surface, 103 

Calculation, centre of gravity found 
by, 1)1 

Centre of Mnss, 86, 87 

„ of Gravity, 88, 89 , experi- 
ments on, 90 , found by calcula- 
tion, 91, fonnnlro connected 
with, 94, 95, properties of, 100 
Coefficient of Friction, 170 
Cog Wheels, 146 

Combinations of Simple Machines, 
143, 144 

Common, or Boman Steel} avd, BC 
Composition and Bcsolntion of 
Forces, 12, 18 

Danish Steelyard, the, 168 
Differential Wheel and Axle, the, 
144 


Differential Scroti , the, 146 

Direction of Friction, 166 

Equilibrium, 3, of a rigid body, 
70, 71 , of a body resting on a 
horizontal surface, 103, stability 
of, 106 

Equilibrium of Forces, further ex- 
periments on, 10, 11; impressed 
on a particle, 25 

Experiments, on tho parallelograms 
of forces, 5, on parallel forces, 
11, on moments, 46, with pul 
leys, 133 

Force, Bcsultant, 4 

„ representation of a, 3 ; 
measurement of a, 31, moment 
of a, 45, work done by a, 67 

Forces, parallelogram of, 4, ex- 
periments on, 5 

Forces, eqmhbnmn of, further ex- 
periments on, 10, 11 ; impressed 
on a particle, 25 

Forces, Composition and Beso 
lution of, 12, Besolution of, 
21; work done hy a s}stcm of, 
68 , problems on, in one plane, 
76 

Forces, parallel, 36, Besultant of, 
40, 62 

Formula! connected with centre of 
gravity, 94, 95 

Friction, 166 , Amount and Direc- 
tion of, 166, Law 6 of limiting 
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169, 170, Coefficient of, 170, 
Angle of, 173 

Gravity, Centro of, 88, 89, experi- 
ments on, 90, found by cal- 
culation, 91 , formulto connected 
with, 94, 91 , properties of, 100 

Horizontal surface, equilibrium of 
a body resting on, 103 

Inclined Plane, the, 131 

Laivs of Limiting Friction, 109, 
170 

Leltor Balance, the (Roberval’s), 
168 

Lever, the, 116, 116, principle of, 
48 

Levers, Bent, 118 
Limiting Fnotion, laws of, 169, 
170 

Machines, Simple, 113, combina- 
tions of, 143, 144 
Mass, Contro of, 86, 87 
Measurement of a Force, 3 
Moment about an axis, 65 
„ of a forco, 45 
Moments, 48, experiments on, 46 
Motion about an axis, 43 
Moveable Pulley, 125 

Parallel Forces, 36, resultant of, 
40, 52 ; experiments on, 41 
Parallologram of Forces, 4, experi- 
ments on, 5 

Particle, equilibrium of forces im- 
pressed on a, 25 
Plane, the inclined, 134 
Power, 114 

Principle of the lover, 48 

„ of Work, application of 
the, 119 


Problems on Forces m one plane, 
76 

Projection, b7 

Properties of the centre of gravity, 
100 

Pulley, the, 125, the single move- 
able, 125 

Pulleys, bj stems of, 127, 128, ex- 
periments with, 133 

Itcprcscntation of a Force, 3 
Bcsolution and Composition of 
Forces, 12, 18 
Besolution of Forces, 21 
Resultant Force, 4 

, , of Parallel Foiccs, 40, 62 
Rigid bodies, 35 

„ body, equilibrium of a, 70, 71 
Roman or Common Steelyard, 156 

Sorew, the, 141, the differential, 
146 

Simple Machines, 113, combina- 
tions of, 143, 144 
Spanish Barton, the, 147 
Stability of equilibrium, 106 
Steelyard, the Common, or Roman, 
156, the Dauisli, 158 
SjBtcms of Pulleys, 127, 128 

Theorems about couples, 59 

Velocities, virtual, 73, 80 

Wedge, tho, 139, 140 
Weight, 114 

Wlicol and Axle, tho, 123, the 
' differential, 144 
Wheels, Cog, 146 

Work, application of tho Principle 
of, 119 

Work done by a force, 67, by a 
system of forces, 68 
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Air, buoyanoy of, 105 , corrections 
for weighing in, 106, pressure 
of, 142 , measure of pressure of, 
in receiver, 191 

An -Pump, HawLsbee’s, 180, Smea- 
ton’s, 187, Tate’s, 189, general 
considerations, 190 , Meroury, 
193, Sprengel’s, 193 , Geissler’s, 
195, Topler’s, 196 
Aneroid Barometer, the, 152 
Atmosphere, Height of the Homo- 
geneous, 154 
Average Pressure, 27 

Balance, Hydrostatic, 118, Jolly’s, 
127 

Balls, Specific Gravity, 128 
Barometer, the, 143, Tube Gauge, 
66, Fortin’s, 146, forms of, 151, 
Standard, 151, Aneroid, 152, 
"Watei, 153 , measurement of 
heights by, 155 

Barometer reading, corrections to, 
148 

Bell, the Diving-, 199 
Bellows, Hydrostatic, 41 
Bottle, Specific Gravity, 128 
Bouidon Gauge, the, 67 
Boyle’s Law, 159, deductions from, 
162, variations from, 163 
Biamah’s Press, 181 
Buoyancy of the air, 105 

Calculation of Thrust, 61 


Centre of Pressuie, 83 
Charles and Dalton, law of, 164 
Columns m tubes of unequal area, 
136 

Common Hydrometer, the, 122 
Condenser, the, 197 
Corrections to barometer reading, 
148 

Curved Surface, thrust on a, 90 

Dalton and Charles, law of, 164 
Deductions, from experiments on 
fluid pressure, 71, from Boyle’s 
Law, 162 

Density, 7 , propositions on, 15 
„ Surfaces of equal, 73, of 
gases, 142 

Dilatation of Gases by heat, 164 
Diving-bell, the, 199 
Double-barielled pump, 188 

Effective Surface, 53 
Equilibrium, of fluids, 75, stability 
of, 108 

Experiment, of Otto Gnenche, 141, 
Pascal’s, 146 

Experiments, on fluid pressure, 68 , 
deductions from, 71 , on floating 
bodies, 107 

Floating Bodies, 101, experiments 
on, 107 , stability of equilibrium 
of, 108 

Fluid-Pressure, 46, transmissibility 
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of, 37, illustrations of, 43, ex- 
periments on, 68 

Fluids, 1, 3, stress in, 22, funda- 
mental property of, 24, pressure 
within, 30, pressure at a point 
within, 32, pressure at various 
points in heavy, 50, equilibrium 
of, 75 

Fortin's Barometer, 14G 
Free Surface of Liquids, 6 

Gases, 4, 5, density of, 142, dila- 
tation by heat, 161 1 piessure of 
a mixture of, 1G1 

Gauge, tho Barometer Tube, GG, 
Bourdon, G7 

Geissler’s Air-Pump, 195 
Graphical Solutions, 30 
Gravity, Specific, 8, definitions of, 
10, measurement of, 11, values 
of, 14, propositions on, 15 
Gnernhe, Otto, experiment of, 141 

Hawksbeo’s Air-Pump, 18G 
Heat, dilatation of gases by, 1G4 
Ilcight of the Homogeneous Atmo- 
sphere, 154 

Heights, measurement of by baro- 
meter, 153 

Homogeneous Atmosphere, Height 
of, 154 

Horizontal Surface, Thrust on a, 
79 

Horizontal Thrust, 92 
Hydrometer, the Common, 122; 

Nicholson’s, 125 
Hydrostatic Bellows, 41 
,, Balance, 118 

Illustrations of Fluid Pressure, 48 

Jolly’s Balance, 127 

Law, Boyle’s, 159, deductions from, 
102, variations from, 1G3, of 
Charles and Dalton, 101 
Level Surfaces, 52 
Liquid, finds its own level, 55 
Liquids, 4, Free Surface of, 0 


Manometers, 62 

Measurement, of Specific Grant}, 
11, of heights by barometer, 
155, of pressure of air in a 
receiver, 191 
Mercury Air-Pumps, 193 
Mixture of gases, pressure of; 1G4 

Nicholson’s Hydrometer, 125 

Pascal’s experiment, 146 
Pipette, the, 170 

Press, Bramah’s, 181 ; work done 
in, 182 

Pressure, at a Point, 2G, Average, 
27, Units of, 28, 38; within a 
fluid, 30, at a pomt within a 
fluid, 32, of the nir, 142; in 
different directions, 33, trans- 
missibilitj of flmd-, 37 , illustra- 
tions of fluid-, 43; fluid-, 46, at 
various points in a heavy fluid, 
50 centre of, 83, of a mixture 
of gases, 1G4 

Pump, tho common, 176, the Lift-, 
178, Force-, 179, continuous 
action, 180, Hawksbee’s Air-, 
18G, Smenton’s Air-, 187, double- 
barrelled, 188, Tate’s Air-, 189, 
Spreugel’s, 193, Geissler’s, 193: 
Topler’s, 19G 

Besultant vertical thrust, 90 — 95 
„ horizontal „ 92 

Safety-valve, the, GG 
Shearing Stress, 22 
Siphon, the, 170, experiments 
with, 172 

Smeaton’s Air-Pump, 187 
Solids, 1 , stress in, 22; soluble m 
water, 131 

Solutions, Graphical, 30 
Specific Gravity, 8 , definitions of, 
10, measurement of, 11, values 
of, 14, propositions on, 15 
Specific Gravity Balls, 128 
„ „ Bottle, the, 128 

Sprengel’B Air-Pump, 193 * 
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Stability of equilibrium, 108 
Standaid Baiometer, 151 
Standard Substance, the, 11 
Stress, general considerations on, 
20, Sheaiing, 22, m solids and 
fluids, 22, distributed over a 
surface, 25 

Surfaces of equal density, 73 
Surface, stress distributed over a, 
25, Level, 52, Effective, 53, 
Thrust on a horizontal, 79, on 
a vertical, 80, on a curved, 
90 

Syringe, the, 172 

Tate’s Air-Pump, 189 
Tension, 21 

Thrust, 21, examples of uniform 
and variable, 28, Calculation of, 
Gl, on a horizontal surface, 79, 
on aveitical surface, 80, on base 
of a vessel, 8G, on a curved 


surface, 90, resultant vertical, 
95 

Toplei’s Air-Pump, 196 
Transmissibihty of Fluid-Pressure, 
37 

Tube Gauge, Barometer, 66 
Tubes of unequal area, columns 
in, 136 

U-Tube Method, the, 133 
Uniform Thi ust, examples of, 28 
Units of Pressure, 28, 58 

Values of Specific Gravities, 15 
Valve, the Safety-, 66 
Valves, 174 

Vanable Thrust, examples of, 28 
Vertical Surface, Thiust on a, 80 
Veitical Thrust, resultant, 95 
Volumenometer, the, 202 

Water Barometer, 153 
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will be found unusually free from the influence of the examination spirit 
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Guardian — “Every schoolmaster and teacher who has under con- 
sideration the selection of a text-book for his better students should most 
certain ly look, into this book The information is everywhere absolutely 
sound and reliable ” 


PREFACE Some words are perhaps necessary to explain the publi- 
cation of another book dealing with Elementary Electricity A considerable 
portion of the present work has been m type for a long time , it was used 
originally as a part of the practical work m Physics for Medical Students 
at the Cavendish Laboratory m connexion with my lectures, and was 
expanded by Mr Wilberforce and Mr Fitzpatrick m one of their Laboratory 
Note-books of Practical Physics 

When I ceased to deliver the first year course I was asked to print my 
lectures for the use, primarily, of the Students attending the practical 
classes, the lectures on Mechanics, Heat and Light have been in type for 
some years Other claims on my time have prevented the issue of the 
present volume until now, when it appears in response to the promise made 
several years ago 

Meanwhile the subject has changed , but w hile this is the case the 
elementaiy laws and measurements on which the science is based remain 
unaltered, and I trust the book may be found of service to others besides 
my successors at the Cavendish Laboratory 

The book is to be used in the same w r ay as its predecessors The appa- 
ratus for most of the Experiments is of a simple character and can be 
supplied at no great expense in considerable quantities 

Thus the Experiments should all, as far as possible, be carried out by 
the members of the class, the teacher should base his reasoning on the 
results actually obtained by his pupils Ten or twelve years ago this 
method was far from common , the importance to a School of a Physical 
Laboratory is now more generally recognized , it is with the hope that the 
book may be of value to those who are endeavouring to put the method m 
practice that it is issued now. 
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EXTRACTS FROM PRESS NOTICES. 

“ Schools ami Colleges w ill certainly benefit by adopting this book for 
their students " A'atmc 

“Mr Ghzcb rook’s volumes on Ilcat and Light deal with these subjects 
from the experimental side and it is difficult to adnnre sufficiently the 
ingenuity and simplicity of many of the experiments w ilhout losing sight 
of the skill and judgment with which they are arranged ” Saturday 
Review 

“The books almost coxcr the advanced stages of the South Kensing- 
ton prospt ctus and thur use can ccrtatnly be recommended to all who wish 
to study these subjects with intelligence and thoroughness ” Schoolmaster 

“Mr GHzcbrook’s great practical experience has enabled him to treat 
the experimental aspect of the hook with unusual power and it is m this 
that the great nine of the book as compared with most of the ordinary 
manuals consists ” Educational Review 

“The book is xery simply and concisely written, is clear and methodic 
in arrangement IVc recommend the book to the attention of all 
students and teachers of this branch of physical science ” Educational 
AVrtv. 

“We wish Mr Glazebrook every' success on the extension of Ins 
practical system to all the Colleges and Schools of the country It is the 
only way in which the interest of the student can be awakened and the 
study of the subject made popular and real ” Technical IVorld 

“ It w ill be especially apjireciatcd by teachers who possess the necessary 
apparatus for experimental illustrations ” Athenaum 

“Text-books on this subject arc generally too simple or too elaborate 
for a conception of elementary mechanical principles This book cannot 
fail to recommend itself therefore for a first course preliminary to the study 
of physical science No other book presents m the same space with the 
same clearness and exactness so large a range of mechanical principles ” 
Physical Review 

“ Marked ability' has been shew n m the development of the subject of 
Statics in the present volume The collected examples for students’ 
exercises arc excellent ” Glasgow Ha aid 
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